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The physics of the damping of nonlinear cold plasmaoscillationsis atopic of considerable
interest, both from fundamental and application point of view. Fundamentally, it is the simplest
nonlinear collective irreversible phenomenon observed in a plasma. From an application point
of view, it has wide applications to a number of problems of current interest, such as particle
acceleration by wakefields and beat waves created by intense lasers or particle beams, the fast
ignitor concept ininertial fusion where relativistically intense coupled electromagnetic - plasma
wave modes propagate deep into overdense plasmasto create a’ hot spark’ and anumber of other
astrophysical / laboratory / device based plasma experiments where intense plasma oscillations
are generated. The conventional thinking about the physics of thisinteractioniswell illustrated
by the sheet model of Dawson [1] ,by the Lagrangian based calculation of Konyukov [2,3] and
by the stream function method of Kalman [4]. The exact solution which shows a stable coherent
oscillation if % < 0.5 and wavebreaking if % > 0.5 ishowever valid only if the background
positive speci es are infinitely massive (2—; A= 0) and are homogeneously distributed. |f
the background is inhomogeneous, then as was shown by Dawson [1], cold plasma oscillations
phase mix away in atime scalet ~ m, a arbitrarily low amplitudes. For a sinusoidal
distribution of background species, such a phenomenon in the form of mode coupling of along
wavelength mode to short wavelength modes was observed by Kaw et. a. [5]. They found
the time scale in which energy goes from long wavelength mode to short wavelength mode is
t~ 650 , Where’ ¢’ istheamplitude of theinhomogeneity. Theexact solutionfor the cold plasma
oscil Ia?i onsin afixed sinusoidal background was given by Infeld et. al. [6] who described phase
mixing in terms of electron density burst.

In this paper we show that the phenomenon of phase mixing will aso occur in ahomoge-
neousplasmaat arbitrarily low amplitudes, provided the background positive species are allowed
to move and reorganize themselves (A # 0). Thisis because the background species respond
to ponderomotive forces either directly or through low frequency self - consistent fields and
thereby acquire inhomogenitiesin space. Such an effect has been observed in electron positron
plasmas (A = 1) by Stewart [7]. Similarly, the well known Zakharov eguations for Langmuir
turbulence in awarm plasma, take account of the interaction between electron plasma oscilla
tions and a self-consistently generated slowly changing background; in this case one observes
formation of stationary envelope solitonsin 1-D and the phenomenon of Langmuir collapsein
higher dimensions [8]. In a cold plasma, stationary states cannot form even in 1-D because
thermal effects are inadequate to balance the ponderomotive forces. As a result, a secularly
increasing density inhomogeneity formsin the background; thisinhomogeneity causes different
parts of the plasma oscillation to oscillate at different frequencies [1,5,6] and leads to intense
phase mixing of the plasma oscillations.
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Thus it is physically expected that if the background species is allowed to move and get
redistributed into inhomogeneous clumps of density, the phase mixing damping of cold plasma
oscillations should come in at arbitrarily low amplitudes and is not restricted to waves with
% > 0.5. Inthis paper we carry out particle smulations for elucidating the physics of phase
mi;ing damping of nonlinear cold plasma oscillations in an arbtrary mass ratio plasma (A
arbitrary). We aso present a perturbation - theoretic analysis to give a quantitative estimate of

the phase mixing time for moderate amplitude oscillations and compare it with simulation.

First we write down the cold plasma equations for both positive and negative species with
arbitrary value of A in dimensionlessform.
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whereV =v, +v_,v =vy —v_,dng=0ony —én_ =n, —n_andong, =on, +0_ =
ny +n_ — 2. Scalings of the various quantitiesare: ny. — ny /ng, v — kx, t — w,_t, vy —
vifwp kT E — E/(4mngek™"),withw? = dmwnge* /m_and A = m_/m.. Linearly dn, and
v coupleto each other giving space charge generation and describing the cold plasmaoscillation.
Similarly én, and V' corresponds to the quasineutral ’ion - acoustic’ type perturbations which
linearly give a zero - frequency mode because the plasmais cold.

Using n_(z,0) = 1+ Acoskz, ny(z,0) = 1 and ve(z,0) = 0, asinitia conditions,
the solutions of the linearised equations show coherent oscillations at the plasma frequency w,,.
Both the species oscillate with the same frequency which isindependent of position. In the 2nd
order, the solutions are expressed as:
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2 — A
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The 2nd order solutions clearly exhibit generation of 2nd harmonicsin space and time as
well as bunching of plasma particles in space. Both of these features are also evident in the
solution of Kaw et. a. [5] and Infeld et. a. [6]; but in contrast to their work, where the
background ion density was kept fixed in time, here the density of the plasma particles self -
consistently changes with time as ~ 2. Because of variation of plasma density with time, the
phase mixing of an initial coherent oscillation happens much faster in this case. To make an
estimate of the phase mixing time, consider the charge density equation ( én, in this case )
which, correct upto third order stands as

A%2A

att(snd + w;[]_ + wz
p

cos 2kz|dng = 0 (10)

Using theinitial conditionséng = A cos kx and 9,6n, = 0 the WKB solution of the above
eguation is

=0 AN
ong ~ Acoskx n;oo cos(wpt + % - 2nk$)Jn(m) (11)

The aboveexpression clearly showsthat the energy which wasinitially inthe primary wave
at mode & goesinto higher and higher harmonics as time progresses. This can be interpreted as
damping of the primary wave dueto mode coupling to higher and higher modes. Microscopically,
asthe plasmaparticles oscillate at thelocal plasmafrequency, they gradually go out of phase and
eventually theinitial coherenceislost. The time scalein which theinitial coherenceislost ( or
the phase mixing time ) can be seen from equation (11) asw,_t.ix ~ [A2A/(24/1 + A)]71/3.
It shows that only for the ideal case A = 0.0 (infinitely massive ions), phase mixing time is
infinity, i.e. theinitial coherence is maintained indefinitely [2,3].

Now we present results from a 1-D particle-in-cell simulation which confirms our scaling
of phase mixing time. For numerical smulation, we have used a 1-dimensional model with
periodic boundary conditions and have followed 5120 electrons and as many positively charged
particles ( the plasma taken as a whole is neutra ) in their own self - consistent fields. The
particlesareinitially at rest and the system is set into motion by giving a density perturbation of
theformn_ = 1+ § cos kx to the electrons. In the simulation, we follow the time development
of various modes of charge density (dn,). Fig. (1) showsthevariation of | éng |,—1 for A = 0.1
and A = 0.1. Itisclear from the figure that our approximate expression (11) captures the early
evolution of the plasma quite well. Fig. 2 shows the variation of w,t,,;, with A for a fixed
A =0.1 (curve (1)) and with A for afixed A = 0.01 (curve (2)). These curves clearly confirm
our formulafor phase mixing time.
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Fig. 2.7z vs. A and A

In conclusion, we have shown that phase mixing damping of plasma oscillations arisesin
a homogeneous plasmawith finite mass ratio, for arbitrarily low amplitudes of the oscillation.
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