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Abstract

The derivation of a kinetic equation for a charged test-particle (t.p.) weakly interacting with
an electrostatic plasma in thermal equilibrium, subject to a uniform external magnetic field,
is considered. From the generalized master equation a Fokker-Planck-type equation follows
as a “markovian” approximation. Such an equation does not preserve the positivity of the
distribution function. Applying techniques developed in the theory of open systems, a correct
Fokker-Planck equation is derived. Explicit expressions for the diffusion and drift coefficients,
depending on the magnetic field, are obtained.

1. Introduction

Methods from non-equilibrium statistical mechanics have often been used in the past to de-
rive a kinetic equation for magnetized plasma. The starting point of such studies has been
either the BBGKY hierarchy of equations for reduced distribution functions (rdf) or formal
proj ection-operator methods. In ageneric manner, both approachesrely on a (* non-markovian’)
generalized master equation (GME). A Fokker-Planck-type equation is derived from the GME
as a “markovian” approximation. Such an equation does not preserve the positivity of the
distribution function f(x, v; t). In thiswork, this problem is exposed in the smple case of a
uniform external field, and an alternative approach is considered.

We consider a test-particle (t.p.) X (charge e = e, mass my, = m) surrounded by (and
weakly coupled to) ahomogeneous background plasma(N particles, of species o) (thereservoir
‘R’). The whole system is subject to a uniform external magnetic field.

The equations of motion for the test-particle are:

1
K=vi v=-— [E(v x B) + AFing(x, v Xg; ¢)] (1)
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Fint(x,v; Xg;t), which is due to interactions between the t.p. and the reservoir particles
surrounding it may be viewed as a ‘ stochastic’ forces, given that the reservoir will be assumed
to be in statistical equilibrium state. Asobvious, X = (x,v) = (xg,vy) and Xg = {X;} =
{(x5,v5)}, (7 = 1,2,..., N)denotethecoordinates of thetest- (X-) and reservoir ('R’ -) particles
respectively. The zeroth-order (in \) problem of motion yields the well-known (helicoidal)
solution.

Thetest-particle'srdf f(x,v;t) = (I, p)r = [, dXr p({X, Xr };) is defined through

aprojection:
Ep=orf

(note that IE = IE*) where p = p(X, XR) (0 = o(XR)) denotes the total (reservoir) phase-
space distribution function, which isnormalized to unity: [dX p =1 (fdXgo = 1). Let us
point out that F;,,+ thus comes out to be described by a stationary Gaussian process, determined
by avanishing mean-value. By introducing the Fourier transformation of theinteraction potential
V (r), theforce correlation matrix takes an explicit formin terms of the solution of the dynamical
problem; in principle, that is, the externa field explicitly enters the ‘collision part’ of the

evolution equation for f.

The equation of continuity in phase space reads:

of af 0 1 B
E—FVa—Xﬁ-g(EFf)—O (2)

(ie. Oof = Lo f + XLy f = Lf; cf. (1)). Inthe weak-coupling approximation (i.e. A < 1)
a (non-markovian) generalized master equation (GME) is obtained to order \? (note that the
Vlasov term, in \!, disappears once the reservoir is taken to be homogeneous). The standard
‘markovianization’ method consistsin substituting with the zeroth-order solution, assuming that
f(t —71) ~ e o7 f(t) = U(—7) f(t), and then evaluating the kernel asymptotically. In the
homogeneous case (i.e. f = f(v; t)) onethus obtains the 2nd order PDE [1]:

of 1 of 0 0

a2 E(V X B)% = 8V[A(V)8V + pa(v)| f (3)
WhereAn = AQQ = DJ_(V), A12 = —A21 = DZ(V), A33 = D”(V), Aig = Agl' =0 (7, = 1, 2)
and a is a 3d vector whose form will be omitted (the field was assumed to lie along the z-

direction); note that the rhs can be re-arranged into the form of a ‘L andau-Fokker-Planck’ -type

equation [2]:
hs(3) = > A 0
rhs(3) = S [A(v) f] = 5 [F() f]
Inthe genera case (f = f(x, v; t)) wefind:
0 0 1 0 3} 0 0
a—]tc + va—i + E(VX B)% = %[A(v)% + C(V)é?_x + pa(v)] f (4)
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(cf.[3]); © = m/m§. The exact expressions for the coefficientsin egs. (3), (4) are too lengthy
to report here; in fact, they can be found in previous studies (cf. [1], [3]; our results are in full
agreement with expressions therein). The point we want to make is that equation (4) does not
preserve the positivity of the d.f., asthe 2nd order matrix is not positive definite (because of the
second term in therhs [4]).

In search for a correct markovian approximation, we have considered the averaging oper-
ator:

1 T
o= 1 = / AN /
Av- = lim — [ dt' U(=¢) - U() (5)

which was applied to the rhs of Eq. (4). The (markovian) evolution operator thus defined was
first introduced in the theory of quantum open systems|[5] and waslater implemented in classical
systems [6]. As amatter of fact, the implementation of this operator seems to be well defined
for classical subsystems possessing a discrete spectrum of eigenvalues of the corresponding
Liouville operator (cf.[6]); yet, thisis not the case for free particle motion. It was therefore
expected (and indeed verified) that a problem would probably arise in the z-direction as the
magnetic field does not confine motion along z (the Lorentz force yields no component along
thefield). For thisreason, we shall only consider distribution functions which do not depend on
z (actualy looking into the plane L B).

The result in the homogeneous case coincides with Eq. (3). In the genera case, however,
the change is rather dramatic; for a single-species plasmawe find the equation:

of of e of
BN + Vo + %(VXB)g =
0 L 0N\? 9 L O\? ‘
= (g +2'g) *+ (2" 5) | [rwreevin)
0? O? 52
+ 5 DIV vit)] + Q2 QE) (G5 + 55 x vit)

(o )l sit] - (o )i

0

— o [P0 f v (©)

A;;, F; are the same as in (3), (4); the expression for (v) is too lengthy to present here.

1/2 ~ 1

All coefficients, actually functions of {v, vy; Q} (aL = (a +a2)’", a = a  Vae

la]
R3; Q = <B), can beanalytically evaluated in aconvenient referenceframee.g. {é, é;, é3} =
{6, QAJL, 6 X f)L}
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Preservation of the positivity of f(x,v;t) by Eq. (6) can be readily verified [7].

2. Conclusions

In conclusion, Eqg. (6) provides a correct kinetic description, from first principles, of the dy-
namics of magnetized plasma, at least up to second order in the (weak) interaction. In the
homogeneous case, the well-known previous result is obtained; furthermore, in the absence of
externa field, the Landau equation is recovered. Realistic generalizations, taking into account
field-inhomogeneities and/or geometry, are definitely imposed and work in this direction isin

progress.
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