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Abstract

In this paper the wave equation for low aspect ratio (spherical) tokamaks with non-circular

cross-section is properly formulated and solved for the waves in the Alfven frequency range.

The problem is formulated in terms of the vector and scalar potential (A, Φ). The equilibrium

configuration is reconstructed from experimental results and equatorial computations presented

by Wilson [3] for START [2].

The wave equation is solved by the aid of a numerical code adapted for the present problem,

based on the general 21
2
D finite element solver proposed by Sewell [1]. With the definitions

fi(θ, ρ) = Fi(−θ, ρ), (fi, Fi = Aj,Φ; j = ρ, θ, φ), our code solves simultaneously 16 second

order partial differential equations.

1. Explicit formulation of the wave equation

The wave equations, with the dielectric tensor operator described above, can be casted into

the following form, suitable for numerical integration (A ≡ iωA A,Φ – the e.m. potentials,

∂θ ≡ ,θ ≡ ∂/∂θ):

∂θ L + ∂ρ M= F̂ · U− H, (1)

U≡



Aρ
Aθ
Aφ
Φ


, H≡ −ρ

2

k2
0



Jρ
Jθ
Jφ
0


, L =



Aρ,θ/k2
0

Aθ,θ/k2
0

Aφ,θ/k2
0

L 4


, M=



ρ2Aρ,ρ/k2
0

ρ2Aθ,ρ/k2
0

ρ2Aφ,ρ/k2
0

M4


, (2)

L 4 ≡ Ω• 1θρ ρΦ,ρ + Ω• 1θθ Φ,θ + Ω• 1θφ ρhφ
−1∂φΦ− ρε0

θρAρ − ρε0
θθAθ − ρε0

θφAφ−

9εθθρAρ,θ − εθθφAφ,θ − ρε
ρ
θθAθ,ρ − ρε

ρ
θφAφ,ρ , (3)

M4 ≡ ρΩ• 1ρρ ρΦ,ρ + ρΩ• 1ρθ Φ,θ + ρΩ• 1ρφ ρhφ
−1∂φΦ− ρ2ε0

ρρAρ − ρ2ε0
ρθAθ − ρ2ε0

ρφAφ−

− ρ εθρρAρ,θ − ρ εθρφAφ,θ − ρ2ερρθAθ,ρ − ρ2ερρφAφ,ρ . (4)



The matrix-operator F̂, in eq.(1), has the structure: F̂ ≡ F0 + F1 + Fθ∂θ + Fρ∂ρ , with

F0 ≡ 1

k2
0



χ− ρ2g,ρρ −ρg,θρ + 2g,θ 2ρ2g,ρhφ
−1∂φ 0

−ρg,θρ χ− ρg,ρ − g,θθ 2ρg,θhφ
−1∂φ 0

−2ρ2g,ρhφ
−1∂φ −2ρg,θhφ

−1∂φ χ− 1− ρg,ρ − g,θθ − ρ2g,ρρ 0

0 0 0 0


, (5)

F1 ≡ ρ



−ρε0
ρρ −ρε0

ρθ −ρε0
ρφ εφρφhφ

−1∂φ

−ρε0
θρ −ρε0

θθ −ρε0
θφ εφθφhφ

−1∂φ

−ρε0
φρ −ρε0

φθ −ρε0
φφ εφφφhφ

−1∂φ

F1
41 F1

42 F1
43 F1

44


, (6)

Fθ ≡



−ρεθρρ − g,θ/k2
0 2/k2

0 −ρεθρφ εφρθ

−ρεθθρ − 2/k2
0 −g,θ/k2

0 −ρεθθφ εφθθ

−ρεθφρ 0 −ρεθφφ − g,θ/k2
0 εφφθ

Fθ41 0 Fθ43 Fθ44


, (7)

Fρ ≡ ρ



(1− ρg,ρ)/k2
0 −ρερρθ −ρερρφ εφρρ

0 −ρερθθ + (1− ρg,ρ)/k2
0 −ρερθφ εφθρ

0 −ρερφθ −ρερφφ + (1− ρg,ρ)/k2
0 εφφρ

0 Fρ42 Fρ43 Fρ44


. (8)

In these matrix expressions, the following notations have been used:

χ ≡ 1− ρ2(hφ
−1∂φ)

2
, εφ ≡ ρΩ• 1 , F1

41 = (ρg,ρ − 1)ε0
ρρ + g,θε

0
θρ + ε0

φρρhφ
−1∂φ , (9)

F1
42 = (ρg,ρ−1)ε0

ρθ +g,θε
0
θθ + ε0

φθρhφ
−1∂φ , F1

43 = (ρg,ρ−1)ε0
ρφ+g,θε

0
θφ + ε0

φφρhφ
−1∂φ , (10)

F1
44 = −(ρg,ρ − 1) Ω• 1ρφhφ

−1∂φ − g,θ Ω• 1θφhφ
−1∂φ − ρhφ−1∂φ Ω• 1φφhφ

−1∂φ , (11)

Fθ41 = (ρg,ρ−1)εθρρ+g,θε
θ
θρ+ εθφρρhφ

−1∂φ , Fθ43 = (ρg,ρ−1)εθρφ+g,θε
θ
θφ+ εθφφρhφ

−1∂φ , (12)

Fθ44 = −(ρg,ρ − 1) Ω• 1ρθ − g,θ Ω• 1θθ − ρhφ−1∂φ Ω• 1φθ , (13)

Fρ42 = (ρg,ρ−1)ερρθ +g,θε
ρ
θθ + ερφθρhφ

−1∂φ , Fρ43 = (ρg,ρ−1)ερρφ+g,θε
ρ
θφ + ερφφρhφ

−1∂φ , (14)

Fρ44 = −(ρg,ρ − 1) Ω• 1ρρ − g,θ Ω• 1θρ − ρρhφ−1∂φ Ω• 1φρ . (15)

Notice that in (2) we used the notation

J ≡ µ0ick0jantenna = µ0ick0δ(ρ− ρa(θ))
{
−eθ

in

hφ
+ eφ

im

hθ

}
C , (16)

where C is an arbitrary constant, m and n are the poloidal and toroidal wave numbers and δ

stands for Dirac function used for the localization of the antenna.



2. Numerical Solution

For the numerical solution of the wave equation we used the code PDE2D [1] — a general

purpose finite element program which solves systems of nonlinear time-dependent, nonlinear

steady-state and linear eigenvalue partial differential equations, in general 2D regions. The

solver uses a Galerkin finite element method, with isoparametric triangular elements of up to 4th

degree. For the illustrative case considered here (m = 3, n = 1), the number of finite elements

used was N4 = 4 ∗ (Nθ − 1) ∗ (Nρ − 1) = 4240

3. Concluding Remarks

We developed a rigorous formalism for the wave equation, appropriate for the study of propaga-

tion, absorption and mode conversion of externally launched waves in spherical tokamaks with

non-circular cross-section. The formalism includes a rigorous regularity, boundary, gauge and

periodicity conditions suitable for the exact solution of the equation.

By this formalism, we numerically solved the problem for an ohmic START-like (R/a ≈
1.4) plasma, surrouanded by a sheet-current antenna launching fast waves to the plasma. The

powerful finite element code used provides reliable results representing a generalization of those

obtained under various simplifying assumptions.

As a new and basic result we mention the clear demonstration of significant wave absorp-

tion and conversion which for illustrative antenna parameters used here are strongly localized

in the almost equatorial high field side (Figs.1–2).
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Figure 1. Solutions of the wave equation for m = 3, n = 1, ω = 1.5 ∗ 107 s−1.
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Figure 2. Equatorial profiles of the solutions shown in Fig. 1.


