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Introduction  Many aspects of the instability responsible for the sawtooth crash are still

poorly understood. One such area where the present understanding is incomplete concerns

the influence of a non-circular cross section, in particular ellipticity, on the ideal MHD stabi-

lity of the m = n = 1 kink mode in a toroidal plasma. In the analytical studies by Connor and

Hastie [1] and by Bondeson and Bussac [2] a weak, destabilizing effect of the ellipticity was

found. The effect was found to be particularly weak when ∆q = 1 - q0 is small (q0 is the sa-

fety factor at the magnetic axis), with a contribution to the potential energy  that is qua-

dratic both in the ellipticity and in ∆q. This result appears, however, to contradict the nume-

rical results by Lutjens et al. [3], who found that the ellipticity has a strongly destabilizing

effect, especially when ∆q is small. A partial explanation of this effect was given by Lutjens

et al. in terms of a large aspect ratio expansion of the Mercier criterion, keeping terms in

the expansion that include the combined effects of ellipticity, finite pressure and finite aspect

ratio. They found a high correlation between Mercier stability and the numerical stability

boundaries of the internal kink. It can therefore be expected that terms of this order in the ex-

pansion of  for the ideal m = n =1 mode presumably would have a similar, destabilizing

effect. Since terms of this order were not included in the expansions in Refs. [1] and [2],

this seems to be the probable reason for the disagreement between these analytical results

and the numerical calculations.

In the present work Bussac’s et al. [4] theory of the internal kink mode in a tokamak

is extended to plasmas with an elliptical cross section, keeping terms in the expansion that

include the combined effects of ellipticity and toroidicity. This leads to very extensive pertur-

bation expansions, containing of the order of one thousand terms in the highest order. The

analysis is therefore to a large extent dependent on the use of computer algebra. The details

of the analysis can be found in Ref. [5].

Equilibrium   We use a large aspect ratio, low-beta, tokamak equilibrium, expanded up to

second order in the inverse aspect ratio  i.e. including the natural ellipticity E(r) of the flux

surfaces. In addition, we include terms in the expansion that account for the presence of an

“external ellipticity”  produced either by a non-circular wall or by external conductors.



Stability The stability analysis is based on a direct, large aspect ratio expansion of the 

marginal, linearized, incompressible MHD equations 

- Vq + (B l V)Q + (Q l V)B = 0, Q = (B l V>5 - <5 l V)B, V l 5 = 0. (1) 

Here Q is the perturbed, total pressure, Q is the perturbed magnetic field, B is the equili- 

brium magnetic field and 5 is the plasma perturbation. We start with a perturbation of the 

form exp[i(m0 - ncp>l, with m = n = 1 to lowest order, and expand these equations up to or- 

der $e, where e is the ellipticity. All side-bands that affect the m = 1 motion up to this order 

(m=- 1, 0, 2 and 3) are are included in the analysis. As a result, we find that the dynamics 

ofthem=n= 1 mode in a toroidal plasma with elliptic cross section can be modelled by a 

system of seven coupled differential equations, describing the interaction of m = 1 with the 

side-band modes above [5]. For of a monotonic q-profile, with q. c 1, the (normalized) po- 

tential energy of the m = 1 mode becomes 

where l/16 - 3p,/4 - Zi/8 - CX~ ai/[4(Ai - AZ)] represents the (normalized) po- 

tential energy of the m = n = 1 mode in a toroidal plasma with circular cross section [4]. The 

rest of the quantities in the expression for SW above are given by OCR = (A + 1/2)Ag + 3A - 

3/2, CC; = [(3A + 1/2)Eo - (A - 1/2)E�o]A; + (5A - 9/2)Eo + (A + 3/2)Eo, a3 = (27A + 

9)A; + 69A - 27, a4 = [12(E, - E�,) - 6A2 - 1OA - 4]A; + 48(E, - E�,) - 72A2 + 36A - 

8, a5 = [12(E, - E�o) + 21A2 + 39A/2 + 4]Aj + 48(E, -E�,)+48A2+69A-8+(9A+ 

9/2)BT and a6 = 16 (B$ ai - Bj at) + 9B$ CC~. Furthermore, A = &,@I) + Zi(r1)/2, &, is the 

poloidal beta-value, Zi is the plasma inductance, rl is the radius of the q = 1 surface, and the 

quantities Eo, E�o, Eo and & are defined as Eo = E(rl)/<, E�o = E�(rl)/r:, EO = E(rl)/rl and 
- 
E�o = %@I), respectively. In addition, the coefficients A& and B& are related to the deriva- 

tives of the m = 2 and m = 3 side-bands at the q = 1 surface, similarly to the quantities b and 

c defined in the theory of the internal kink in a plasma with circular cross section [4]. See 

Ref. [5] for the definition of A& and B&. 

In Figs. la and b we show the stability limit in pP as a function of rl, calculated nume- 



rically from the equation SW = 0, for a few values of the elongation K, and for the current 

profiles j(r) = j,(l - r2)V where v = 1 and 2, respectively. In these figures, pP and K refer to 

the poloidal beta-value and elongation, respectively, at the surface r = rl. 
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Fig. 1. Critical /$ as a function of the q = 1 radius (rI) for diferent values of the elongation 

(K) and for the current profiles v = 1 (a) and v = 2 (b), where j(r) = jO(l - rz)�. Pr, and K 

denote the poloidal beta-value and the elongation, respectively, at the q = 1 sur$ace. 

The curves with K = 1 in the figures represent the results for a plasma with circular cross 

section, shown also in Fig. 1 in Ref. [4]. It is seen that, for rl << 1, already a very small 

value of the ellipticity strongly reduces the BP - limit from the value = 0.3. At larger values of 

rl, the stability boundaries for K - 1 << 1 approach the tc = 1 curves, while for larger elon- 

gations the reduction in pP is appreciable. In the case v = 2, however, the ellipticity effect 

becomes stabilizing when rl is larger than a critical value. This has to do with the wall stabi- 

lization of the m = 3 side-bands that occur when qa < 3. 

The strong, destabilizing effect of the ellipticity when rl << 1 can be understood by 

expanding the expression for &W above in powers of Aq. For a parabolic current profile near 

the axis one obtains the expansion 

n 

6w 
K-1 =_- 3 (=- l>pP+Aq 

4 
&3p;+l 13 ; -t pp - l)]+0(Aq2). (3) 

The first, Aq-independent term does not depend on the current profile. In the case of a circu- 

lar cross section, i.e. 1c = 1, the expression above reproduces the result by Bussac et. al. 

[4], leading to the well-known stability condition pP < (13)1/2 /12 = 0.3. In the case of finite 

ellipticity, however, a significant modification of the result for a circular cross section is ob- 

tained. Actually, whenever K # 1, the first ellipticity term becomes the dominating term in 

6W if Aq is small enough. If K > 1, corresponding to vertical elongation of the plasma cross 

section, the pressure limit becomes zero as Aq + 0, whereas for a horizontally elongated 

plasma (1~ < l), finite pressure stabilizes the internal kink mode. 



Conclusions   Bussac’s et al. [4] theory of the ideal, internal kink mode in a toroidal

plasma with circular cross section has been extended to plasmas with an elliptic cross sec-

tion. It is found that the ellipticity has a strong, destabilizing effect on the internal kink

mode. The effect is much larger than the destabilizing ellipticity effect found in the analytical

studies by Connor and Hastie [1] and by Bondeson and Bussac [2]. The reason for the diffe-

rence is the inclusion of the combined ellipticity-toroidicity effect in the present work. In

contrast to the ellipticity effect calculated in Refs. [1] and [2], which is insignificant when ∆q

= 1 - q0 is small, the combined ellipticity-toroidicity effect turns out to be particularly impor-

tant when ∆q is small. This is clearly seen in the stability diagrams in Fig. 1, where βp-

critical approaches zero, rather than 0.3, for any value of κ greater than unity, as r1   0.

This behaviour of βp-critical can be understood in terms of the ∆q-expansion of  in Eq.

(3), where the first, ∆q-independent, destabilizing ellipticity term dominates  when ∆q is

small. The values of βp-critical obtained from the analytical theory are in reasonable agree-

ment with the numerical results found by Lutjens et al. [3].

Although the sawtooth collapse is a highly complex phenomenon, where a number of

effects not included in the present work are of importance, we think that the ellipticity effect

discussed here nevertheless is of such a magnitude that it should be of interest for the inter-

pretation of the sawtooth oscillations in existing tokamaks with an elongated cross section.

For instance, the present theory gives a natural explanation for the small values of the polo-

idal beta value (βp << 0.3) observed in JET discharges in connection with the sawtooth col-

lapse in this device [6]. Furthermore, the theory should be of interest in the modelling of the

expected sawtooth activity in ITER [7].
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