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In well confined tokamak plasmas, such as discharges with negative magnetic shear, the ion

transport can be comparable to the neoclassical prediction. The plasma is frequently observed

to experience toroidal rotation, typically with a squared Mach number

M2 ≡ miω
2R2

Te + Ti
∼ 0.1,

where ω is the angular frequency of toroidal rotation, mi the ion mass, R the major radius,

and Te and Ti the electron and ion temperatures. Note that the Mach number varies over a

flux surface. The original neoclassical theory assumed M � 1, but was later extended [1,2] to

include the case M = O(1). The modifications to neoclassical transport by finite Mach number

were found to be of the order ofM2. Here, we point out a new and simple way in which toroidal

rotation increases the transport, by causing the poloidal distribution of heavy impurity ions to

be non-uniform on flux surfaces [3].

The distribution of heavy ions is non-uniform over a flux surface because, in a spinning

plasma, the centrifugal force pushes heavy particles to the outside of the torus [4]-[6]. If the

magnetic field is B = I(ψ)∇ϕ+∇ϕ×∇ψ, the density of each species (a) varies over the flux

surface ψ with the poloidal angle θ as

na(ψ, θ) = Na(ψ) exp

(
maω

2 (R2 −R2
0)

2Ta
− eaΦ

Ta

)
.

Here ea is the charge and Φ is the electrostatic potential, which is determined by quasineutrality

and is normalised to zero at R = R0. In a hydrogenic plasma with a single, heavy impurity

species (z � 1) with nz � ne/z the potential is given by eΦ/Te = (M2 −M2
0 ) /2, where

M0 = M(R0), and the impurity density becomes

nz(ψ, θ) = Nz(ψ) exp

[
z (M2 −M2

0 )

2

(
Te + Ti
Tz

mz

zmi
− Te
Tz

)]
.

Since M2 −M2
0 is of the order of 2εM2, where ε = r/R is the inverse aspect ratio of the torus

and R = R0 on the magnetic axis, most impurity ions are localized on the outside of the torus



if εzM2 ≥ 1. Substantial poloidal asymmetry of the impurity distribution in spinning plasmas

has been observed in ASDEX [7] and JET [8].

We now consider neoclassical, banana-regime transport in such a plasma assuming M2 −
M2

0 � ε = r/R = O(1), so that the conventional effects of finite Mach number are negligible,

and electrostatic trapping is unimportant since eΦ/Te � ε. In addition, we restrict our attention

to the particularly simple limit Zeff ≡ 1 + nzz
2/ne � 1, so that collisions among the electrons

and bulk ions can be neglected, being less frequent than their collisions with impurities. Since

the latter are mostly localized on the outside of the torus, an electron or an ion is most likely to

experience collisions there. This changes the kinetics of the system, and hence the transport.

The first-order drift kinetic equation is

v‖∇‖
(
fa1 +

Iv‖
Ωa

∂fa0

∂ψ

)
− eav‖E‖

Ta
fa0 = νazL(fa1), (1)

where fa0 is the Maxwellian distribution function, E‖ the parallel induced electric field, Ωa =

eaB/ma, νaz = 3π1/2/4τaz (vTa/v)3 the collision frequency, where vTa = (2Ta/ma)
1/2, τaz =

3(2π)3/2ε20m
1/2
a T 3/2

a /nzz
2e2e2

a ln Λ, andL = (1/2)(∂/∂ξ) (1− ξ2) ∂/∂ξ is the Lorentz operator

with ξ = v‖/v. The only difference between Eq. (1) and its analogue in conventional neoclassical

theory is that the collision frequency νaz varies over the flux surface. Solving Eq. (1) and

evaluating the particle and heat fluxes, and the parallel current gives

〈Γa · ∇ψ〉 = −paI
2

ma

〈
1

Ω2
aτaz

(
1− B2

B2
0

fc

)〉(
p′a
pa
− 3

2

T ′a
Ta

)
− naI

〈E‖
B

〉
− fc

〈
E‖B

〉
B2

0

 ,
(2)

〈qa · ∇ψ〉 = −paTaI
2

ma

〈
1

Ω2
aτaz

(
1− B2

B2
0

fc

)〉(
−3

2

p′a
pa

+
13

4

T ′a
Ta

)
, (3)

j‖ = −Ip
′

B

(
1− B2

B2
0

fc

)
+ fcσ

B
〈
E‖B

〉
B2

0

. (4)

Here 〈· · ·〉 is the flux-surface average, ′ = d/dψ, B0 ≡ 〈B2〉1/2, pa ≡ naTa, p ≡
∑
a pa,

σ ≡ (32/3π)〈τez〉 is the electric conductivity, and

fc =
3B2

0

4
〈nz〉

∫ 1/Bmax

0

λdλ〈
nz
√

1− λB
〉

is an “effective fraction” of circulating particles.

If the impurity density nz is uniform over the flux surface, this definition reduces to the

conventional one, and Eqs. (2)-(4) coincide with the conventional transport laws for a Lorentz



plasma. However, if nz is peaked on the outside of the torus fc becomes smaller than usual,

making the transport larger. Take for instance the following average of the bootstrap current,

〈(
j‖ − fcσE‖

)
B
〉

= −ftI
dp

dψ
.

In a torus with large aspect ratio and circular cross section, the effective fraction of trapped

particles is equal to ft = 1− fc ' 1.46 ε1/2 if nz is constant over the flux surface. In contrast, if

εzM2 � 1 so that all the impurities are concentrated in the outer midplane, the effective trapped

particle fraction is 45 % larger since then ft ' 3 (ε/2)1/2. The particle and heat fluxes, (2) and

(3), are enhanced by the same factor at large aspect ratio. Thus, the poloidal localization of

impurities on the outside of the torus enhances neoclassical transport by increasing the effective

number of trapped particles. This is a consequence of the fact that most collisions take place

in the outer midplane rather than anywhere along the orbit. Note that the effective number of

trapped particles is a collisional average of the effects of the trapped population, and this average

increases when the collisions are poloidally localized. The actual number of trapped electrons

and bulk ions is not affected since our orderings rule out electrostatic trapping.

In the limit of unit aspect ratio, ε → 1, there are no circulating particles, fc = 0, and the

fluxes (2) and (3) are proportional to 〈nz/B2〉 . Clearly, this flux-surface average is increased

if the impurity density nz peaks on the outside of the torus where the magnetic field is weak.

Physically, this reflects that the transport is enhanced if collisions predominantly take place

where the Larmor radius, and hence the random walk step length, is large. Indeed, in the limits

of uniform and peaked nz, respectively, we have

〈
nz
B2

〉
=

{
〈nz〉 〈B−2〉 , zM2 � 1,
〈nz〉B−2

min, zM2 � 1.

Thus, at unit aspect ratio the poloidal localization of impurities can increase the particle and

heat fluxes (for given 〈nz〉) by a factor up to

1

B2
min 〈B−2〉 ,

which is around 2 in the edge of START [9]. To understand the reason for this enhancement, we

recall that the banana tips of a trapped orbit are located on the flux surface ψtp = ψ − Iv‖/Ω.

If a collision changes the parallel velocity by ∆v‖, the banana orbit is displaced radially by

∆ψtp = −I∆v‖/Ω. The step size is thus inversely proportional to B, and if most collisions

take place in the outer midplane, the diffusion coefficient, which scales as (∆ψtp)2, becomes

proportional to B−2
min rather than to 〈B−2〉.



Because the total particle flux is ambipolar, the impurities flow in the opposite direction

from the bulk ions,
∑
a ea〈Γa · ∇ψ〉 = −ez〈Γz · ∇ψ〉, and the impurity transport is therefore

enhanced by the same factor as the transport of bulk ions and electrons.

In summary, the neoclassical transport of all species, in particular heavy impurities, is

enhanced by the poloidally non-uniform distribution of impurity ions in a rotating tokamak

plasma. The circumstance that most collisions with impurities occur on the outside of the torus

enhances the neoclassical diffusion by increasing the “effective fraction” of trapped particles

and increasing the step size taken in the collisional random walk. For simplicity we have

restricted the analysis to the Lorentz limit of a plasma with highly charged impurity ions and

Zeff � 1. Since only collisions with impurities matter in this limit, and these particles have the

most non-uniform distribution, the effect is then as large as possible. The maximum possible

transport enhancement in the banana regime is 45 % at large aspect ratio and about a factor of

2 in a typical equilibrium with tight aspect ratio. In general, in a plasma with finite Zeff and

several different impurity species, those with εzM2 � 1 are pushed to the outside of the flux

surfaces and experience enhanced transport.

Acknowledgements. This work was funded jointly by the UK Department of Trade and

Industry, and Euratom.

References

[1] F.L. Hinton and S.K. Wong: Phys Fluids 28, 3082 (1985); S.K. Wong: Phys Fluids 30, 818

(1987).

[2] P.J. Catto, I.B. Bernstein, and M. Tessarotto: Phys Fluids 30, 2784 (1987).

[3] P. Helander: Phys. Plasmas 5, 1209 (1998).

[4] J.W. Connor, S.C. Cowley, R.J. Hastie, and L. R. Pan: Plasma Phys. Control. Fusion, 29,

919 (1987).

[5] J. Wesson: Nucl. Fusion 37, 577 (1997).

[6] C.T. Hsu and D.J. Sigmar: Plasma Phys. Control Fusion 32, 499 (1990).

[7] P. Smeulders: Nucl. Fusion 26, 267 (1986).

[8] B. Alper et al.: EPS 1996 (Kiev), Vol. I, p 163.

[9] A. Sykes: Phys. Plasmas 4, 1665 (1997).


