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1. Introduction

Waves and instabilitiesin plasmas may be investigated by means of spectral analysis. Upto now
our investigations of the spectrum of plasmas with equilibrium flow mainly have been restricted
to one-dimensional equilibria[1, 2]. The few results on the spectrum of two-dimensional flow
equilibria, however, show that new phenomena may occur. For instance, equilibrium flow in
two-dimensional geometries may turn the continuous spectrum overstable [3]. Therefore, it
is interesting to investigate the combined effects of magnetic field, flow, and geometry on the
spectrum [4].

Before one is able to calculate the spectrum of a plasma equilibrium state, one first hasto
find thisstate. Since the equilibriumistwo-dimensional it hasto be found numerically. In order
to do thisthe FLow Equilibrium Solver (FLES) program is devel oped with which we are able to
find equilibrium states in a cylinder with non-circular cross section. These cylinder geometries
areamodel for flux tubes like tokamaks, coronal loops, astrophysical jets, etc.

When the equilibrium state is found the spectrum can be calculated. For thiswe developed
the INcompressible 2 Dimensional FLow Eigenvalue Solver (IN2FLES) program. With this
program the effect of the geometry on the spectrum is investigated. The first results of this
investigation are presented here.

2. Equilibrium

Consider a two-dimensional, stationary, incompressible MHD equalibrium in a cylindrical
geometry with non-circular cross-section. Such an equilibrium is trandationally symmetric
along the z-axis. The equilibriumflow, V,, and the equilibrium magnetic field, B,, may then be
written as:

Vo= %ez x Vx+V.e, By =e xVy + B.e.. (1)

The density, p, the longitudinal components of the velocity and the magnetic field, resp.

V., and B., and the potential for the poloidal flow, y, are functions of the magnetic flux, v, only.

Then the MHD equations reduce to the transfield or modified Grad-Shafranov (MGS) equation
[3I:

(1—M*)V -V — (M?)|Vy|>+ H =0, (2)
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where’ = d/dy and
M) =x?/p,  HW)=P+3pV; + 3B (3)

From this equation the magnetic flux can be solved whenever the profilesfor the poloidal Alfvén
Mach number (M) and the Bernoulli function (H) are prescribed.

For eliptical cross-sections and constant profilesfor M and H' the MGS eguation has an
analytical solution:

=2+ (%)2; c=b/a. (4)

For more genera cross-sections or more general profiles the MGS equation has to be
solved numerically. For thisthe FLES program is developed. The domain is discretised using
a finite element method exploiting bicubic Hermite elements. The solution for the magnetic
flux is then found by a Picard iteration [4]. Finaly, the solution is put onto straight field line
coordinates (1, ¥, z), which allowsfor an easy representation of theB, - V and V- V operators,
which arise in the calculation of the spectrum of these equilibria.

3. Spectrum

When an equilibrium solution is found the corresponding spectrum may be found by linearising
the MHD equations about the equilibrium:

FO,8) = ol 6, 0) + €7 S frm(y i)z, (5)

szl

The linearised MHD equations are then approximated by:

opi = —Vo-Vpi—vi-Vpy, (6)
opovi = —poVo- Vv —povi - VVg— p1Vo - VVy

+(V XAl) VBO+BOV<V XAl) —Vﬂ'l, (7)

O'A1 = V() X (V X Al) + vy X Bo, (8)

omy = YAY *Vi. (9)

Hereall subscripts0 indicate equilibrium quantities, all subscripts 1 indicate perturbed quantities,
and 7, is the perturbed total pressure. The perturbed magnetic field is replaced by a vector
potential, b; = V x A;, making it divergence free. The incompressibility condition of the
perturbations is replaced by equation (9). This alows us to treat this condition the same way
as the other equations. Note that a new set of eigenvalues is introduced which are of the order
Z. The other eigenvalues are approximated up to order 1/7. Hence, by taking Z to be alarge
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Fig. 1: The effect of ellipticity on the overstable spectrum for a rotating plasma, M = 0.6. Shown is
the overstable spectrum for even modes and odd modes in a circular and an elliptical cylinder. Circular
cross-section: even modes m = —2 (A), m = 0 (v/); odd modes m = —1 (<), m = 1 (). Elliptical
cross-section: even modes (x); odd modes (o).

number, typically Z ~ 106, the extraeigenvalues are easily filtered out and the true eigenval ues
arewell approximated.

The linearised MHD equations are discretised using a mixed finite element / Fourier
method. This givesriseto avery large eigenvalue problem that may be solved using a Jacobi-
Davidson solver. All thisisimplemented in the IN2FLES program.

The continuous spectrum may be treated seperately. For equilibrium (4) it decouplesinto
alongitudinal and atangential part, which coincide for a cylinder with acircular cross-section.
For non-circular cross-sections the longitudinal part remains unchanged, whereas the tangential
part is modified. This modification lifts the degeneracy and, moreover, yields that this part of
the continuous spectrum may turn overstable for certain values of M.

Thediscrete spectrumiscal culated using the IN2FLES program. Changing theequilibrium
(4) from a circular cross-section, ¢ = 1, to an dlliptical cross-section, ¢ = 1.5, modifies the
overstable discrete spectrum. Individual modes get a larger growth rate. However, the growth
rate of the most unstable modeis hardly affected. Thisis shown on Fig. 1.

For large enough Mach numbers a new instability arises due to the non-circularity of
the geometry and the background flow. This instability is explained by a coupling between
the Alfvén continuum and the periodic rotation and this may eventualy lead to an unstable
continuous spectrum or cluster point, see Fig. 2.

4. Conclusions

e For linear equilibria the continuous spectrum decouples into a longitudinal part and a
tangential part. The longitudinal part isindependent of the cross-section. The tangential
part may turn overstable.
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Fig. 2: Overstable cluster spectrum for an elliptical cross-section: ¢ = 1.5, M = 1.5, k, = 10,
B, =10.08,and V, = 0.

e The discrete spectrum for linear equilibria is modified when the cross-section changes
from circular to elliptical, but the growth rate of the most unstable modeis hardly affected

(Fig. 1).

e A non-circular cross-section in combination with a background flow may lead to an
overstable cluster point (Fig. 2).
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