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1. Introduction

Based on amultipletimescal e derivative expansion scheme, J.W.Edenstrasser [1] hasin the lead-
ing zeroth-order arrived at the general force-free MHD equilibria curl By = A (®,)B,, where
B, isthe zeroth-order magnetic field and ¢, the corresponding flux function. In the context of
his famous relaxation 7theory, J.B. Taylor [2] has obtained the special force-free equilibriawith
constant \. Taylor’stheory became very popular, particularly inthe context of the reversed field
pinches (RFPs), where it predicted the reversal of the toroidal magnetic field at the outer part
of the discharge. At these specia force-free equilibria he has arrived by minimizing the total
magnetic energy within the plasmaand posing the overall helicity K:= [ A- Bdr asavariational
congtraint.

Ontheideal MHD (Alfvéen) timescalethelocal K¢ isaninvariant of motion for each single
flux tube. Taylor's great merit now consists in the conjecture, that for a” dightly imperfect”
plasma (corresponding to the evolution on an intermediate timescale) only the overall K remains
as an invariant of motion. Taylor’s conjecture has been proven by JW. Edenstrasser and M.M.
Kassab [3] , where it is shown that on the intermediate MHD collision timescale of a fusion
plasmaindeed only the overall K remains as an invariant of motion.

In spite of the striking success of Taylor’s relaxation theory concerning the prediction of
the field reversal of RFPs and the qualitatively rather good agreement between the theoretically
predicted and experimentally measured so-called F-O-diagrams, there remained many open
guestionsfor which Taylor’ stheory could not provide asufficient explanation. Thus, inanalyzing
RFP equilibria in the literature a non-constant A (¢) was considered, where in the case of the
radially symmetric, cylindrical equilibria \ (¢) was expanded in a power series with respect
to the radial coordinate r [4] . The coefficients a, in the expansion A (r) = 3" a,r" have then
been determined empirically from the magnetic field and current density profile measurements.
This fact has motivated us to determine the flux function A (®,) , appearing in the zeroth-order
equilibrium equation by some minimum energy principle.

2. The symmetric force-free equilibria

Consider the case of symmetric equilibria (i.e. to the case of an ignorable coordinate x3).
Symmetry requirement 9/0x3 = 0, VB, = 0

5 o 1 .
= BO = g3 X VCDO + g—Bg(()) (CI)()) gs, (1)
33

®, isthe zeroth-order poloidal magnetic flux per unit of the symmetry variable x® and measured
from the magnetic axis outwards.
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Inageneral, non-orthogonal curvilinear coordinatesystem {z!, 2%, 23} satisfying dg;, /02 =
0, the contravariant components of the zeroth-order magnetic field are given by

1 09 1 0%,
Blo= oz Bo= g Bo=9"Bitd"Batd"Bio(®) (2
implying in the zeroth-order force-free case for the current density the representation
- = dBso) 5 dB
Jo = curl By = —dT(O)B(O) L A(®) By = A (o) =-"2 | (3)

For a given functional dependence Bs ) () the generalized Grad-Shafranov equation,
which reduces in this constant pressure force-free case to the form,

Vo, 1 dBj (o) <§3x§3>
v + Byo)V -+ —0,  d= . 4
< 933 ) 30) 2933  d®g 933 (4)

can be solved for the poloidal flux function ®. In order to determine the functiona dependence
A (®) the total magnetic energy

V& |2 +B2 (P
W, = /| 0| 3(0) ( O)dT (5)

2933

isminimized by keeping afew overall physical quantities constant. Here, our basic assumption
isthat in the stationary phase of the discharge (flat top) the minimum energy state is not deter-
mined by relaxation constraints on shorter timescales (like K conservation by J.B.Taylor [2]),
but rather by the overall fluxes, which arein the hand of the experimenter.

A.Thecase J,,, = @), = const:

In this case the magnetic energy is minimized W, — Mn by taking the total toroidal
current J,,,, and total poloidal magnetic flux ®,,,; asvariational constraintsleading to the solution

By (B0)={ o + be o[} ©)

where the constants a,b,and « are determined by boundary conditions.

B. Thecase Jior = Ppor = Vyor = const:

In this case in addition also the total toroidal magnetic flux V,,, is taken as variational
constraint leading to the solution

Bs(0) (CDO):{C + deﬂ%}l : (7)

where the constants c,d,y are determined either by the constraints J,,., @01, V1o OF by SOMe
other boundary conditions.

2158



1998 ICPP & 25th EPS CCFPP ----- Force-Free MHD Equilibriawith Non-Constant lambda(psi)

3. Theradially symmetric, cylindrical solutions

If one applies for the normalization of the magnetic field the value of the toroidal magnetic
field at the axis and for the poloidal flux the value at the wall, i.e. B, = B, (0) B, (®) ,
P = By ® (x),andr = rox, then the general equilibrium equation (4) reducesfor theradialy
symmetric cylindrical case to the ordinary differential equation

dB. Bzro 2

dx? T dx e dd ’ " quall B (O) qaa:/g’ ( )

together with the boundary conditions® (0) = 0 and ® (1) = 1 (q.. isthe safety factor on axis
and ¢ the inverse aspect ratio). Furthermore, with this normalization the poloidal and toroidal
components of the magnetic field and of the current density read

_ 1dd

B,=——, B.,=B.,(9); o =
v () Jo

d® dB dB
ST = k2B, (®). 9

A.Thecase J,,, = @), = const:

For this case B. (®) is given by Eq. (6), leading to B. (®) 42= = —Llabe™?, so that the

resulting equilibrium equation (8) possesses the analytical solution [6]

In (1 + pa?) ba’ k2 |
= " = = — = 2 — 1 = (az R 10
T IR TR v S /e (10)
| where the constant b has to be determined
1 N by some appropriate boundary conditions.
"l b - 1 It turns out that this solution not only al-
osf e i \ | lows the description of para- and diamag-
| netic tokamak equilibria but also of RFP's,
where the cases o < 0 correspond to a hol-
0.2} B'p (Tokamak) . . .

low toroidal current density profile. The ex-
T plicit expressions for the magnetic field and

EQUILIBRIA I 1 current dengity profiles are then given by:

Figure 1.
1 T 1
S r— ——, B.=4||x1-b+—7-—],
) R J ‘ (1+ pa?)®
1
. 2 x b 2 . 1 1
o= g |l b+ ——— Ji = — . (11)
p* (1 + pa?) (1+ pa?) p(1+ pa?)

In Fig. 1, there are represented the magnetic field profiles for the paramagnetic tokamak
as well as for the RFPs, in both cases showing an at least qualitatively good agreement with
the experimental ones. In the case of the tokamaks aso the current density profiles behave as
expected, strongly decreasing towardsthe plasmaedge. The profilesof the diamagnetic tokamak
differ from those of the paramagnetic one essentially only in the outwardly increasing toroidal
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magnetic field. Note that the toroidal current density profilein Eq. (11) isidentical to the one
found by Kadomtsev within his theory of optimized profiles [7] . However, in the case of the
RFP sthe poloidal current density becomes singular at thereversal radius. Thisfact emphasizes
once more the necessity to include in a comparison of theoreticaly predicted RFP equilibria
with the experimental ones aso the current density profiles.

B: Thecase Jio = ®pot = V4o = const:

After normalizing the toroidal field given by Eq. (7) to unity on the magnetic axis, i.e.
B. (0)=1, one obtains for the components of the magnetic field
_1de R—e™7

== B. (®) = 1—c)e? = 12
P L(@)=c+(1—-c)e®, ¢ e (12)

)

leading to the non-linear eigen value problem for v and ® (z; )

2
P4 e =0, k=——"1"— 13
e +e } . K =0 (13)

dz?  xdr  p?>y

d*®  1dP 4 { c

with the boundary conditions ¢ (0) = 0,

B (Tokamatk) ¢ (1) = 1 and where the constant ¢ is deter-

038 ‘ mined by the prescription of thetoroidal field

B, (REP) EQUILIBRIA I at thewall B, (1) =: R. Eq. (13) is solved

R numerically and represented in Fig. 2 for dif-

5 / ferent valuesof p and R. It turnsout that these

.. B, (RFP) h equilibriacan equally well describe both the

- B,, (Tokamak) para- and diamagnetic tokamaks as well as

S - RFPsin an at least qualitatively good agree-

0 ment with experimental observations. Con-

‘ ‘ ‘ ‘ cerning a quantitative agreement and stabil-

o e o ity behavior further investigations have to be
performed.
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Figure 2.
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