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1. Introduction

Classical transport of heat in a magnetized plasma arises through collisional processes. Colli-
sions lead to a random walk of 'test particles which carry heat across magnetic fields giving
D ~ x ~ vp* where(for electrons) v isthe electron-ion collision frequency and p the Larmor
radius. *Collisons' may be interpreted as the exchange of very short-scale plasma fluctuations
(k Ap > 1) between thermal particles. An obvious extension of collisional energy transport
is direct transport of energy by waveswith k£ A\p << 1. Plasmawaves are emitted in the hot
core, propagate across B and get absorbed in the cold edge. An estimate of this process was
made by Rosenbluth and Liu [1] who estimated (e isthe energy loss/unit time/unit volumein the
COre region) €uave/€atass ~ 1071(L/Ap) (A3 /p2) (In(L/Ap)) " . Collective transport due to
thermal fluctuations is significant for large systems (L. >> Ap). Itis aso non-loca as the
mean free path for absorption of plasmonsisof order L.

In aturbulent tokamak plasma, transport is not determined by thermal fluctuations. This
is because expansion free energy sources drive up the low-frequency fluctuations (w << wy;)

to superthermal levels through instabilities. Typical drift wave instabilities saturate when

2
Lo~ %~ I giving ﬂj; ~ AL—QJ-;; this is well above the thermal noise at these fre-

guencies which is ~ :’—z) (n%gg) Furthermore low-frequency fields are very effective in
transport because the step size in the associated random walk is much larger. Thus anomalous
transport due to drift wavesisof order x ~ D ~ ~ | £ |2 Sincey ~ w ~ w,, the
anomalous diffusion is much larger than classical diffusion. Now even in a turbulent plasma,
there is one more energy transport process of interest. Drift waves can also transport energy
in a manner similar to the collective transport by plasma waves described above for thermal
plasmas. Drift waves can be excited in aregion of stronger free energy and can propagate out
to aregion of lower temperature and get absorbed there. Thistype of transport typically tends

to be non-local.

In this paper we consider a model nonlinear problem which investigates the nature of
collective transport by waves. Thisis of interest either for energy transport by high frequency
thermal fluctuations or that by low frequency superthermal fluctuations. In particular, we ask
the questions as to when the transport due to waves will become local and diffusive and how it
should be described when it is non-diffusive. The basic model studied isthat of heat conduction
in anonlinear chain of oscillators.

2. Model FPU Problem

An N-body one dimensional FPU chain with aquartic potential with anonlinear spring constant

2192



1998 ICPP & 25th EPS CCFPP ----- Conditions for Diffusive Thermal Transport inaModel...

« is described by the Hamiltonian, H (¢, p), given by
. N 1 ) N—-1 1 ) 1 4
H(q,p) = Z 5 Pi + Z b (¢ — qi—1)” + 1° (¢ — qi—1)
i=1 i=1

where ¢; and p; are the position and momentum of the i** oscillator. The oscillators at the ends
of the chain 1 and V are fixed. The parameter o« decides whether the system is stochastic or
coherent. Alternatively thetotal energy of the system can be considered as avariable parameter.
In order to study the transport of heat along the chain, oscillators 2 and N — 1 are connected
to two stochastic baths of different temperatures 7, and 7, respectively. At afixed energy, F,
of the system, when the parameter o = 0, the system in the steady state shows infinite thermal
conductivity due to ballistic flow of heat [2, 5]. As the nonlinearity parameter « is increased
the oscillator chain becomes stochastic. However a simple transition to stochasticity appears
insufficient to obtain a diffusive flow of heat.

From the studies of Jackson and Mistriotis [4], Casati,et. ol and otherg[3] it is apparent
that a strong local divergence of trgectoriesis necessary to achieve adiffusiveflow of heat. Itis
thislocal divergence of trgjectoriesin phase space which leads to suppression of both temporal
and spatial correlations, along the chain. The coherent phase space shrinks drastically in this
regime as can be seen by the graph of (M,/M) of [4] where M, is a measure of points which
diverge locally linearly out of the total number of points A/. The evolution of a deltafunction
energy pulse aong the chain aso leads to similar conclusions. A size independent thermal
conductivity is obtained even for a small number of oscillators and for small nonlinearities, if
the above conditions are satisfied.

The FPU model, however, is quite different. Kaburaki and Machida[6] have shown that
a size independent thermal conductivity is not realized unless the system size is of the order of
a few thousand oscillators and the nonlinearity parameter « ~ 1.5. For smaller number of
oscillators the conductivity is proportional to the system size.

This pointsto the existence of anovel intermediate regime where the system appearsto be
stochastic but does not possess diffusive heat flow. In thisregimethe heat current is proportional
to the difference of temperatures at the ends rather than the derivative of the temperature along
the chain. We show in particular that in the FPU oscillator chain the spatial correlations persist
even for reasonably high values of the nonlinearity parameter though there are indications of
stochasticity as apparent from the various diagnostics that can be used as atest. However the
temporal correlations die out even for small values of .. For adetailed study of theintermediate
case, we choose a regime where the conductivity is size dependent and work in the regime of
small nonlinearity. We also launch a delta function energy pulse at one end of the oscillator
chain and investigate its dynamics.

3. Reaults and Discussion

For most of the studies we choose 77, = 1 and 7, = 10. To show that for smaller number
of oscillators the flux is proportional to the system size, we consider the system sizes upto
N = 1024 and use the same temperature baths as mentioned above at either ends of the chain.
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The energy fluxes at both ends of the chain become equa when the the steady state is reached.
Fig. lashowsk|= JN/(T, — T5)] vs. the size of the system V.

We choose N = 128 for our studies here after. This choice along with the 77 and 75
mentioned above gives on the average an energy of 1408 [= N(T; + T>)] to the lattice. Asthe
parameter « isincreased from zero the system becomes stochastic as can be seen from Fig. 1b
where the 'spectral entropy’[7] is plotted against a.

A delta function energy pulse of £ = 1408 is launched at one end of the chain with no
temperature baths connected. For smaller values of o the energy pulse acquires the speed of
sound and goes and hits the other end of the chain indicating that the energy is being carried
by the ballistic component of heat flux. At high values of o the pulse starts losing momentum
and is unable to move to the other end of the lattice. And the energy of the pulse viewed in the
w-gpace shows the low wavelength modes being excited. As the pulse moves the position of
the oscillator with maximum kinetic energy is recorded. Fig. 2a. shows such arecording for
a = 0.0096 and in Fig. 2b the corresponding w-spectrum is shown. As shown in Fig. 3athe
time taken for the pulse to travel half the lattice length increases as « is increased and shows
sudden rise at about o = 0.01.

Now we connect the temperature baths to the chain and let it evolve to a steady state. A
temperature gradient similar to [6] is obtained. The quantity < ¢?(¢) > for any given oscillator
saturates at different valuesfor different values of «.. For an arbitrarily chosen oscillator such a
guantity plotted as afunction of «, as shownin Fig. 3b, also indicatesthe transition at about the
same value.

Thetemporal correlationsdecrease asexpected inthe stochasticregime (Fig. 4a). However
the spatial correlations persist even for stronger nonlinearities (Fig. 4b). And the fall of spatial
correlations is far from exponential. This strong persistence of spatial correlations could be the
reason why one reguires many more oscillators (or stronger nonlinearities) to achieve the local
divergence of the trgectoriesin the FPU model. In the intermediate regime both the ballistic
and diffusive components of heat flux coexist. Further work on thisregimeisin progress.
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Fig. la. plots the conductivity vs. N for small values of N. In Fig. 1b. the 'spectral density’ is plotted vs.
«. Fig. 2a. shows the propagation of the maximum kinetic energy peak along the chain once an energy
pulse is launched at one end of the chain. Fig. 2b. is the frequency spectrum of the energy peak.
Fig. 3a. shows the time the energy pulse takes to travel half way through the lattice. Fig. 3b. shows
the autocorrelation of an arbitrarily chosen oscillator against «. Fig. 4a. shows temporal correlations
for two values of . And Fig. 4b. shows the persistence of the spatial correlations even for stronger
nonlinearities.
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