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1. Introduction

Reconnection of magnetic fields in plasmas is associated with such different phenomena as
solar flares, events in the Earth magnetotail, and the formation of stochastic magnetic fields in
laboratory plasmas. Reconnection processes in high temperature plasmas have received much
consideration in thermonuclear fusion research, because reconnecting instabilities are thought
to cause the disruptive relaxation of tokamak plasmas: the sudden loss of particles and energy
occurs only after the breakup of initially closed magnetic surfaces.

Under many circumstances, e.g. in internal disruptions in sufficiently hot tokamak plasmas,
reconnection takes place on a time scale that is short compared to the resistive time [1]. In such
cases, electron inertia can decouple the plasma motion from the magnetic field. The resulting
collisionless reconnection may account for the observed fast reconnection rates. A striking
effect of electron inertia is the formation of a current density sublayer narrower than the inertial
skin depth de = c/ωpe [2][3].

Another parameter which has a profound influence on the narrow current sublayer is the
ion sound gyroradius ρs =

√
Te/mi/ωci. This length scale arises in a two-fluid model due

to coupling of the parallel electron compressibility to the ion motion, via the Hall term in the
generalized Ohm’s law.

The non-linear evolution of the current density sublayer is the focus of this paper. We
shall demonstrate analytically and numerically that the ρs-term causes a collapse of the current
sublayer within a finite time, leading to singular distributions of the current density and vorticity.
The singularity arises in the cases of collisional as well as collisionless reconnection.

2. Model equations

Our model is based on the extension of reduced MHD to a two-fluid model given in Ref. [4]
(a more general model was used in [5]), where the contribution of electron inertia to the
generalized Ohm’s law provides the mechanism for collisionless reconnection. Also the electron
gyroviscosity and the Hall term are retained in the generalized Ohm’s law. For the electrons the
isothermal equation of state is adopted. This model has a Hamiltonian structure [6], in which
three flux densities (combinations of the magnetic flux, electrostatic potential, and density) are
frozen in the flow fields of three generalized stream functions.

In this paper a simplification of the model [4] is made by considering the cold ion regime,
ρi ≡

√
Ti/mi/ωci � ρs, thus neglecting ion diamagnetic effects. We expect that the conclusions

of this paper can be extended to the finite-Ti case. We extend the model by adding the dissipative
effects of the resistivity η and the ion viscosity νi (thus spoiling the Hamiltonian structure).

The reduced equations are based on a magnetic field with a dominant, constant, component
in the z-direction, B = B0(ez + ez × ∇ψ). The electric field is E = B0(−∇φ + ez∂ψ/∂t),
where ψ and φ are the normalized flux and scalar potential. Let j and ω be the z-components of



the current density and vorticity. We have set one of the three conserved scalar functions equal
to zero by fixing the density perturbations to logn = ω/ωci . The following set of equations is
derived,

ψt − d2
ejt = −[φ, ψ − d2

ej] + ρ2
s[ω, ψ] + ηj, (1)

ωt = −[φ, ω] + [ψ, j] + νi∆ω, (2)

ω = ∆φ, (3)

j = ∆ψ. (4)

where [A,B] ≡ AxBy − AyBx. Partial derivatives with respect to t, x, and y are indicated by
subscripts. In the limit of vanishing dissipation, there are two conserved flux functions G± ≡
ψ−d2

ej±ρsdeω that are frozen in the flow fields of the stream functions Φ± ≡ φ−ρ2
sω±ρsdej,

G±t + [G±,Φ±] = 0. (5)

3. Numerical simulation

We have numerically simulated forced reconnection on the basis of Eqs. (1–4), extending the
results of Ref. [7] on forced resistive reconnection to cases including electron inertia and parallel
compression.

A rectangular domain −Lx < x < Lx, −Ly < y < Ly, periodic in y, is used. Starting
with stable equilibrium fields (φ = 0 and ψ = 1

2
x2), an Alfvén wave is excited by specifying

Φ(y, t) at x = ±Lx, approximately modelling moving, ideally conducting, walls with positions
±x = Lx + δwall cos(πy/Ly) tanh(t/τwall).

In the linear regime, the different reconnection rates in the resistive and collisionless cases
are as expected theoretically. However, nonlinearly, the current and vorticity sheets form new
structures, in agreement with those found in Ref. [8]. The current layer width is found to
shrink indefinitely within a finite time, i.e., a collapse of length as well as time scales seem to
occur. This process takes place below the ρs and de scales in resistive as well as collisionless
reconnection, and is not stopped by ion viscosity. In order to follow the collapsing length scales
as far as possible, the numerical simulations used a finite difference scheme with local grid
refinement. As an example, we present results obtained without resistivity and viscosity, and
with Lx = 1, Ly = 10, δwall = 0.04, d2

e = ρ2
s = 10−3, and τwall = 10τA. In Fig. 1 the functions

ψ, j, ω, Φ+, and G+ are shown on a narrow strip around x = 0 for t = 93τA. Shortly after
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Fig. 1: Contours of the vector potential componentψ, the current density j, the vorticityω, the conserved
scalar field G+, and the associated stream function Φ+.



t = 93τA the current distribution became too narrow to be resolved. One sees that X-point
formation has taken place in ψ but not in G±. In this deeply nonlinear regime, the stream
function Φ+ becomes localized along a diagonal channel with an angle depending on de and ρs.

The current density is a superposition of Φ+ and its mirror image Φ−. It therefore obtains
the peculiar x-shape shown in the figure, with a narrow central peak. The vorticity also becomes
very localized: it is approximately proportional to the difference Φ+ − Φ−.

4. Finite time singularity

We investigate the extreme peaking of the current density and vorticity profiles around the
X-point by means of an expansion in small (x, y), making use of the observation from the
numerical results that the x-scale is by far the smallest length scale in the system,

∂

∂x
� 1

ρs
,
∂

∂y
.

Hence, as ∆ ≈ ∂2/∂x2, φ is neglible compared to ρ2
sω, and the system is described by the

following pair of equations,

ψt − d2
eψtxx = ρ2

s(ωxψy − ωyψx) + ηψxx, (6)

ωt = ψxψxxy − ψyψxxx + νiωxx. (7)

The numerical simulations of the full set of equations (1–4) indicate that the ρ2
s-term is important

for the strong nonlinear behaviour: near the X-point, energy from the Alfvén waves is converted
into vortical energy, Eω =

∫ 1
2
ρ2
sω

2 d2x. We shall now consider the possible singular behaviour
at t ↑ t0, in the form of a power law ∼ τ r, τ ≡ t0 − t. In the limit τ ↓ 0 the equations have an
isobaric structure, with solutions of the form (p, q, and r are constants)

ψ(t, x, y) = τ rψ(xτ q, yτ p), ω(t, x, y) = τ 2r+p+3q+1ω(xτ q, yτ p). (8)

Collapsing scale lengths correspond to p, q < 0. The dissipative terms put constraints p, q ≥ −1
2

on the singular behaviour. Further constraints on p and q follow by noting that the energy Eω
should remain finite. We consider two limit cases in detail:

case 1: resistive reconnection This case is found in the limit of negligible electron inertia,
x � de and ψt � d2

ejt, so that r = −p− 2q − 1. Expanding the solutions ψ and ω as Taylor
series in y and subsequently considering the asymptotic behaviour for x→∞, we find that the
dominant terms are

ψ(x, y, t) =
∑

k=even

ψky
kx(p−kp+2q+1)/q, ω(x, y, t) =

∑
k=odd

ωky
kx(p−kp+q+1)/q. (9)

These expressions show that the solutions are independent of t for large x (as they should be)
and that the nonlinear terms, beingO(x1/qt), are negligible for large x. Expressions (8) predict
that at the X-point, the vorticity is given by

ω ≈ xy

ρ2
sτ
, (10)

independent of p and q. This 1/τ behaviour is confirmed by the simulations of resistive
reconnection.

case 2: collisionless reconnection In this case x � de and, neglecting ψt compared to d2
ejt,

one finds r = −p− q − 1 in Eq. (8). The X-point behaviour is

j(t, x, y) = τ q−p−1j(xτ q, yτ p), ω(t, x, y) = τ q−p−1ω(xτ q, yτ p). (11)
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Fig. 2: Time evolution of the central current density j, the x, y half-widths (Lx and Ly) of the current
peak, and two quantities measuring the vorticity near the X-point. The last graph shows a linear time
behaviour ω−1

xy L
−2
x ≈ t0 − t, as predicted by the scaling for x� de.

Solutions of this form, unlike those in (9), are not regular for x → ∞. This is a consequence
of neglecting ψt. Contrary to the purely resistive case, the collisionless model has a vorticity
scaling near the X-point that depends on the parameter q, ω ∼ xyτ 2q−1.

In order to illustrate the temporal behaviour near the X-point singularity, we present
numerical results for very large values de = 0.25 and ρs = 0.18, and without dissipation. The
results are shown in Fig. 2. As measures of the x, y-scale lengths we have taken the half-widths
Lx, Ly of the current spike. Then, since Lx ∼ τ−q, our analysis predicts ωxyL2

x ∼ τ−1. We find
a good match with the numerical result.

5. Conclusions

We have numerically simulated forced reconnection of a magnetized plasma slab based on a
reduced 2-fluid model, allowing for both collsionless and resistive reconnection. The formation
of current and vorticity sublayers at the X-point was studied. The widths of these layers seem
to vanish within a finite time. This singular behaviour is consistent with an analytic study of the
model equations. Inclusion of the ion and viscosity does not remove the singularity.
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