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STATISTICSOF 2-D VORTICESAND HOLTSMARK’'SDISTRIBUTION
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In this paper, a new approach to the problem of point vortices statistics is proposed. It’'s based
on the consideration of non—correlated ensemble (or "gas') of vortices. Such ergodic situation
gives an opportunity to obtain some universal features of vortices statistical behavior despite of
their different physical nature.

As it is well known, 2-d point vortices on xy plane are characterized by their "charge"
(intensity) a,; and "potential" (stream function) ¢ (different for different physical situation),
which are responsible for the energy of system

H=> ajapp(|r; —rx]) (1)

j>k

(canonical variables for this Hamiltonian are a2 ; and a;y;) and the motion of each vortex in it

v;=1;=e,x VY app(|r; — i) (2)
P

It's seen, that for these particles configuration space isidentical to phase one.

Here for the sake of ssimplicity only case with equal charges a; = a, = const (the reason
of it may be quantum effects) and power—ike potentials v = gr=* (o > 0, g is physical
dimensional coefficient) isinvestigated. According (2) the velocity of each vortex ; is defined
by sum

> V(r; — rif),

k#j
and consequently its statistics (analog of Maxwell distribution function for usual Newtonian
particles) is directly associated with the statistics of electric microfields in plasmas [1] (with
some correctionsfor the dimension of problem and type of potential).

Itisbelieved, that if the number of vorticesin system N issufficiently large, their positions
on xy plane in any time are random and non—correlated (it's analog of common "ergodic
hypothesis’). In this case desired velocity distribution is the same as Holtsmark’s one:  the
probability f(v) d?v tofind avortex with a speed between v and v + dv is equal to the fraction
of volume (square) of configuration (phase) spacer;, ro, ..., ry_1 Of other vortices, where the
equality

N-1
v=ao ) V()
j=1
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isrealized (arotation on theangle 7 /2 doesn’t important here, thefinal expression for f depends
from |v| only), that is

Fv) = (0(v — a0 3 V(ry))

= g [ evtav)exp(—ma S VUe)) da. ()

where angle brackets mean the averaging over this space of non—correlated vortices (i.e. over
H?’;f d’r;/S, S isthe square of system, see[1]). Further calculations are done for two cases,
what give usual type of Holtsmark’s distribution and a significantly different fromiit.

If « = 1 (Hall vortices in thin layer of plasma, or Pearl’s vortices in superconducting
film with distances between them much larger than | = ¢?/(w,.d), where § is a thickness of
layer—film), then after standard procedure in the limit of N, S — oo, N/S =n =const (nisa
mean vortices density)

o o\ gry ] _
p | 2aogq - H o = | ] exp (w093 ) 5 =

J=1"J

= {1 —/ [1 — exp (zaogq—gﬂ ﬁsr} : —
— exp{—n/ [1 — exp (zaogq )] d’r } = exp(—nm|ag|gq)

nwl|aolg
[(nmapg)? + '02]3/2
As for usual situation the asymptotic behavior of f when v — oo is defined by its nearest
neighbor (the probability to find it on the small distanceisn - 2nrdr|, o = 27 f(v)vdv|y— oo IN
terms of that v = agg/r?).

we have

f(V)d*v = f(v) - 2rvdy = vdv. (4)

Function (4) is automatically normalized to one, but have all divergent moments (even
(v)). They become finite after taking into consideration non—point structure of vortices or more
dower, than 1/r, increasing of ) whenr < [.

If « =0 (v = —Inr, thecase of ideal liquid or layer vortices with distances r < [), then
there islogarithmic divergence of integral in

o [ 1 o (-uaos )] )

for r — oo. This situation is corrected by change of asimptotics at » ~ [ too. After cut—off
procedurein thisintegral at large distance we havein (3)
(...)=exp [—gAn(aogq)Z] )

where A ~ Inni? is logarithmic large factor (of course, in fact A is a function of ¢, roughly
spesking A ~ 1/2 - In[1 4 2{/(|ag|gq)], but hereit’'s not so important), therefore

vdv v?
27 f(v)vdv = A (ang)? exp <—m> . (5)
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Thisformulais quite equivalent to the expression which was obtained in [3] as aresult of
simulations of 2-d point vorticesdynamicsinideal liquid (there cut—off distance ! wasa distance
of system space periodicity).

(5) isextremely different from classical Holtsmark’s distribution (but very usual from the
other point of view): itsasymptoticsisn’t defined by nearest neighbor. The divergence at large
r manifests itself indirectly at small ». Indeed, let’'s suppose that given vortex is situated on
the boundary of circle with radius R. There are ~ mnR? vorticesinside of circle and statistic
fluctuation of their number is v/7nR? « R (amean field V¢ of these vortices is compensated
by others on the other side of the given one, namely fluctuations dictate this situation), hence
their contribution into velocity R/R = congt, i.e. roles of large and small scales are identical.
Most likely, that is areason of Gauss-ike formof f.

Theone—particle energy distribution function for ergodic vorticesensembl e can be obtained
in the same manner (see (1)):
1
fe) = (e = a3 S 0(ry))) = 5- [ explwe)exp(—ad Y () do.  (6)
J J

Here the divergence existsfor o < 2. Let’s consider two cases again.

For o = 4 (van der Waals 2-d interaction of 3-d vortices on large distances in layered
superconductors along these layers [4])

31,2

f(e)de = 9(5)7m0g1/2 exp <_7r n a%g) de. (7)

2e3/2 €

The behavior when ¢ — oo isdefined by nearest neighbor and all moments diverge again.

For o = 1 it's necessary to cut—off intermediate integral at some L (it may be the distance
of periodicity or the size of asystem nL? ~ N) and

f(e) = 6(e — 2mnagl). (8)

Now we can compare energies of gas and lattice of vortices. The former isalwayslarger,
but difference depends on absence or presence of divergenceon r. Infirst variant regular lattice
forbidsthe unlimited rapprochement and the energy of given vortex remainsfinite, whereas, for
example, (7) gives () = co. Thechangeof ¢ a r — 0 correctssituation, but in any case energy
of chaotic state is much greater than lattice one. In the second, since the digitization on large
distance doesn’'t so appreciable, the difference on the contrary small (of the order of N(®=2)/2),

Of course, energy excess makes more difficult the realization of ergodic state. If system
can "drop" additional energy, gas condensates into crystal lattice. But in the opposite case
non—correlated state is possible and interesting too. The more so that in most real Situations
a < 2 and energy discrepancy issmall.
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So, we see that ergodic ensemble of vortices can actually be described by Holtsmark’s
approach for different physical situations (different /). All these situations have one common
feature— n isasingle parameter of distribution functionsincluding the measure of their width.
One can say that for gas of 2-d vorticestheir density is atemperature.
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