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The Hasegawa-Wakatani model for resistive drift wave turbulence [1] has most often been
studied in a two dimensional geometry. Recent results [2] have though indicated the need for
including variations of the wave numbers in the direction parallel to the magnetic field. The
results of an analytical and numerical study of the Hasegawa-Wakatani model in a full three
dimensional geometry are thus presented in the following [3].

The Hasegawa-Wakatani equations are deduced from the ion vorticity equation, the electron
continuity equation and the generalised Ohm’s Law. We assume the constant background density
to be of the form

n0 = n0(x) = N0e
− x

Ln

The Hasegawa-Wakatani equations which are of the order ε2 (n1

n0
∼ eφ

Te
∼ ρs

Ln
∼ ε � 1) are

normalised to the order unity by using the following dimensionless variables:
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Omitting the "∼"s the Hasegawa-Wakatani equations can finally be written

(
∂

∂t
+ vE · ∇⊥)n+

∂φ

∂y
= C ∂
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∂z2
(n− φ) + νD2pn (1)

(
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where

C ≡ TeLn

ηe2n0ωciρsL2
‖

and ρs =

√
Temi

eB0
and D2p ≡ (−1)p+1∇2p⊥

The D2p-term is artificial hyperviscosity added to the equations for numerical purposes. The
linear coupling term C ∂2

∂z2 (n − φ), couples the density and potential perturbations and is thus
responsible for the occurrence of drift waves. Drift waves are linearly unstable and the growth
rate γ, can be found by linear stability analysis with waves of the form n = n0ei(k·r−ωtt) (for n0

small) to
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with

λ = λ0 + λ1 = Ck2
z

1 + k2
⊥
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⊥
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⊥ and σ = Ck2

z

ky

k2
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The dependency of γ on ky and kz is shown in Figure 1.
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Figure 1. Plot of the linear growth rate γ, as a
function of ky and kz for kx = 0, C = 1, ν = 0
and 2p = 6. The maximum growth rate is γmax ≈
γ(kx = 0, ky = 1, kz = 0.5) ≈ 0.15.

The total energy of the system is expressed by

E = Ekin + Epot =
1

2

∫∫∫
V
(∇⊥φ)2 dx dy dz +

1

2

∫∫∫
V
n2 dx dy dzψ (4)

The temporal derivative of E is derived to

dE
dt

=

∫∫∫
V

[
−n∂φ

∂y
− C[

∂

∂z
(n− φ)]2 − ν((∇p−1

⊥ ω)2 + (∇p⊥ n)2)

]
dx dy dzψ (5)

From (5) it is apparent that only the n∂φ
∂y

-term may be positive and hence act as a source term.
The term may be written as

Γflux =

∫∫∫
V
−n∂φ

∂y
dx dy dz =

∫∫∫
V
nvEx dx dy dzψ (6)

and is recognised as the turbulent particle flux in the x-direction, i.e., the flux parallel to the
density gradient of the plasma. The ∂φ

∂y
-term enters the ∂n

∂t
-equation as a consequence of the

background density gradient. It is thus clear that the energy of the turbulence is extracted from
the background density gradient.

The equations were implemented numerically by using Fourier spectral methods. A third
order Stiffly Stable scheme [4] was used for the semi-implicit temporal integration. Typical
temporal evolutions of the total energy E, the energy of the drift waves E(kz 6= 0) and the
turbulent flux Γflux, are shown in Figure 2. This is a reproduction of results obtained earlier by
Biskamp and Zeiler [5].
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Figure 2. Evolution of the energy E , the energy of the drift waves E(kz 6= 0), and the flux Γflux.



The temporal evolution of the E(kz)-spectrum is presented in Figure 3 and the angle
integrated E(k⊥)-spectrum for the final state (T=400) is shown in Figure 4 for both the total
energy and the energy of the drift waves (kz 6= 0).
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Figure 3. E(kz)-spectra at three instants
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Figure 4. E(k⊥)-spectra at T = 400

From Figures 2,3,4 it might be deduced that initially the energy grows exponentially due to
the linear instability. Eventually nonlinear interaction becomes important and after a turbulent
transient phase the energy is condensed into the kz = 0 modes, i.e., into convective cells. In
this state the flux decays to a finite but very small value. The coupling between kz = 0 and
kz 6= 0 modes, predicted by Cheng and Okuda in [6], and the subsequent energy transfer into
convective cells are naturally not seen in two dimensional simulations. Thus three dimensional
investigations are needed for a better understanding of drift wave turbulence. The temporal
evolution of the potential perturbation φ, and the gradual formation of a convective cell can be
seen in Figure 6.

The three dimensional numerical investigations presented here, are of a size which makes
the resolution insufficient to guarantee converging solutions. This has been systematically
investigated with variations of the wave numbers included in the simulations. The problem of
inadequate resolution may be resolved in the future by more powerful supercomputers.

Certain inconsistencies between the assumptions and numerical results arise due to the
use of periodic boundary conditions. Simulating the effects of physical boundary conditions,
damping of the drift waves in the direction of the flux out of the plasma has been applied, while
the periodicity is maintained. These simulations show a different behaviour of the dynamics,
most importantly in the fact that the energy is not condensed into convective cells to the same
extent as without the damping and a significant flux persists (Figure 5).
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Figure 5. Evolution of the energy E , the energy of the drift waves E(kz 6= 0), and the flux Γflux for a

simulation where damping is applied.



à'á	âäãVå	æ çKè¾æ é`ácêìë�ê¡åhíÄî¢ï ðXî¡áhî¡é�ñò4ó¿ô`õcö à'÷Þâ�øUî¡áhî¡éÚåcù<ç�ácê¡ë�é­úÆûÆüOî¢ûÆácî¢è¾å�æÆðwñò4ó>õ�ö�ö

à'üwâ ý7ûÆá	ðXèKþ�ðÍîDáhî¢è¾å�æÞácê¡ÿ ðXî¡áhî¡é�ñò4ó>õ���ö à��Æâ�øUî¡áhî¡èKå	æÆácê¡ÿ«ðXî¡ácî¢é�ñ ò4ó��]ö�ö
90QS�\c�©«V±.1åW{[FÞPSHwH±g�J�|�HºL�\wJ�?ULbNU=MÊb=@?�AG\�?DC�AGF8HÂÊ8?�AXHhL�AdJdN�=5Ê#HºPºAd_8P���N�AdJ�?UL	��Z�N�A�AGF8H�ahF0NUPSN acAXHhPwJ�\`AdJ�a�\`AÍN�AXHº\ºz{[F8H
��?c~ßJ�\Â½	J�HhT7HOgßNU=@?ULÞQËAGF#H��[�SgUJ�POHOa�AdJd?�L#Z�
�J�\Ã½UHhP`AdJ�a�NU=©NULbg
� J'\<F0?�PwJ��c?ULbAÍNU=�z
������� A ������� B
® ¯¦±q®sL4�g[¢Y«VX�ª[i��[²[¢Z�]@O L���[¢ ¢[-¡U[\Z�Q I%K%T�´&Y¦L�µ:V¦¬PL4Ç)V¦¡
¡DL�� � Ì ¯"!�#ªÁ Î .�#�¶"$b.%#8.1L
®·¶¸± � L[¯FL4K+V¦]�VX©
Y«VXZ�I�K�L4M¹L�O@QSRUT�V¦WSY
VXZ�I4[\Z1]'&1L(&1L4µº[\Y
£`c�Y«Y
VXZ�IyK%W»[¢Y«£¥[�K%T�´�YXLÔÙ�¤ªZ�¡6©
¤ªWoL594c1Y«QS¤\Z

)�* Ì ¯"!�!0. Î ¶&¯ � Á+$1¶&¯  Æ� L
®ÂÁ-±±¯FLMµbL&M2¤ª©
Y«T�¤\WS£ÄI�O|[\Y5¡6VX©¦Æ·Y ¡6T�V¦Y«QSY¦I1µ:QSY-,sab[¢¡6Qd¤ªZ�[\W4Ç�[\­P¤ª©«[¢¡6¤ª©5´ªI�µ:¤ªY« �QSWd]�V\I � V¦Z�£²[¢©« 4IF¯.!�!�#1I

µºQdY/,¢�D¬o�U¯¸¶%# ³�Ì Ö�a Î L
® � ±10¹L2Ö¼L4M�[\©
Z�Q»[\]�[\ �QSYXI�O L2¬³Y«©«[\VXWdQoI�[¢Z�]�¯PL2®sL4Å�©«YwÛD[\�1I2&1L[Ù�¤\£¥½�L�K�T�´�YXL�3�4 Ì ¯"!�!1¯ ÎR� ¯ � $ �8� Á1L
®   ± � L2µ�QSY
 -[\£¥½Ä[\Z1]�®wL�¶�VXQdWSVX©¦I%K%T�´&Y¦L�µ:V¦¬PL4Ç)V¦¡
¡DL54�6 Ì ¯"!�!  \Î870³ .+$ 7Þ³ !1L
®�.-±±ÙgL[¶0L[Ù�T�VXZ��¥[\Z�]@�wLPÅ� �c�]�[&I�K�T�´�YXLFµ:V¦¬PL4Ç)V¦¡«¡XL )(* Ì ¯.! 7�7ªÎ870³ #+$ 7 ¯ª¯\L


