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1. Introduction

The model of electron magnetohydrodynamics [1] (EMHD) provides a 
uid description of

the plasma for phenomena with frequencies above the ion gyro- and plasma frequency and

below the electron gyro- !ce and plasma frequency !pe. On those time scales the ions are

immobile and the plasma dynamics is governed by the electrons. In particular, the electron

velocity determines the plasma current. EMHD gives the proper nonlinear framework for

helicon or whistler modes and, provided the density inhomogeneity and perturbations are

properly included, for electron gradient modes [2]. First studies of 2D EMHD turbulence

have appeared only recently [3{5], and show a great number of interesting phenomena:

the model combines both a direct cascade of energy with an inverse cascade of the square

of the magnetic potential. The model contains a single length scale: the electron inertial

skin depth, de. The turbulent spectra on scales smaller and larger than de are signi�cantly

di�erent [3,5].

In the present paper, the properties of EMHD turbulence are studied from two di�erent

viewpoints. The statistical equilibrium spectra are obtained for non-dissipative turbulence

on the basis of the truncated Fourier representation of the equations and of the (quadratic)

conservation laws. Secondly, the spectral properties of driven and decaying dissipative

EMHD turbulence are analyzed by means of the scaling symmetries of the governing

equations. Numerical simulations of 2D EMHD turbulence are performed in support of

the analyses.

2. 2D Electron Magnetohydrodynamics

The presence of a dominant (homogeneous) magnetic �eld often results in e�ectively 2D

plasma dynamics. Taking the dominant �eld parallel to the z-axis, a general represen-

tation for the magnetic �eld is B = B0 f(1 + b)ez +r � ezg. The equilibrium electron

density can have a small inhomogeneity, i.e. jd lnneq=d ln rj � 1. The density perturba-

tions ~ne are obtained from the divergence of the electron momentum balance and Poisson's

law: ~ne=n0 = d2e(!
2
ce=!

2
pe)r

2b, where !ce and !pe are calculated at the typical �eld B0 and

density n0. The equations of 2D EMHD are now obtained from the z-component of the

electron momentum balance and of its curl [2], with normalization as in Ref. [3]:

@

@t

 = �[b;
]�[ ;r2 ]�[(ne=n0); �]+��(�r

2)�b; and
@

@t
	 = �[b;	]+��(�r

2)� ;

(1)

where 
 = b��d2er
2b+(1�neq(x)=n0) is the generalized electron vorticity, 	 =  �d2er

2 

is the generalized 
ux, and � is the normalized plasma pressure. The bracket denotes
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[f; g] � ez � rf � rg. In general, the bracket of the density and pressure represents a

vorticity source, and the model should be supplemented with a suitable equation of state.

In the present paper the assumption pe = pe(ne) is made, so that this bracket vanishes.

Note, that the inclusion of electron density perturbations leads to the additional factor

� = 1 + !2
ce=!

2
pe in the electron vorticity. Hyperviscosity with � = 3 will be used in

numerical calculations in order to allow for larger inertial ranges in the turbulence spectra.

On a closed or doubly periodic domain, the non-dissipative 2D EMHD equations

possess an in�nite number of invariants [3,5]. These are the energy E, the generalized

helicity H, and the integrals of the generalized 
ux F , respectively

E =
1

2

Z
d2x [b2 + �d2ejr?

bj2 + jr
?
 j2 + d2e(r

2
?

 )2]; (2)

H =
Z
d2x 
g(	); F =

Z
d2x f(	); (3)

where f and g are arbitrary functions of 	. The second term in the energy is the sum of

kinetic energy d2ejr?
bj2 from the velocity in the plane and of the energy (�� 1)d2ejr?

bj2

due to the density perturbations.

3. Spectra of Non-dissipative Statistical Equilibrium

In this section, we use the Fourier representation of the �elds, b =
P
kx

P
ky
~bkx;kye

i(kxx+kyy).

The series is truncated at some maximum wave vector, so that a �nite dimensional system

remains, which possesses the same quadratic invariants as the original in�nite dimensional

system, and obeys a (detailed) Liouville theorem. The methods of equilibrium statistical

mechanics then are applied (see e.g. [6]), which results into the canonical probability

density � in phase space:

� =
1

Z
exp (��E � �H � 
F ) ; (4)

where the partition function Z is a normalizing constant, and �; �; 
 are the Lagrange

multipliers (or inverse temperatures) associated with the energy, generalized helicity,

and mean square generalized potential, respectively. From the canonical distribution

the following absolute equilibrium spectra are obtained as function of the wave vector

k = (kx; ky)

E(k) =
4�k2 + 2
(1 + d2ek

2)

4�[�k2 + 
(1 + d2ek
2)]� �2(1 + d2ek

2)(1 + �d2ek
2)
; (5)

H(k) =
2�(1 + d2ek

2)(1 + �d2ek
2)

4�[�k2 + 
(1 + d2ek
2)]� �2(1 + d2ek

2)(1 + �d2ek
2)
; (6)

F (k) =
4�(1 + d2ek

2)

4�[�k2 + 
(1 + d2ek
2)]� �2(1 + d2ek

2)(1 + �d2ek
2)
: (7)

Note, that the convergence of the integrals of the probability density requires that � and

the common denominator of the spectra are positive. For given values of the invariants

E, H, and F the Lagrange multipliers are determined by summation of the spectra over

the wave vector range [kmin; kmax].

Some typical examples of equilibrium spectra are shown in Fig. 1. In most cases the

energy spectrum is practically 
at over a large range of k values, which means equipartition
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of energy between all modes. As there are many more modes at large k, energy will 
ow

mostly towards small scales resulting in a normal cascade of the energy. The spectrum of

the generalized potential strongly increases towards the larger scales in the range kde <

1, but is practically 
at for small scales kde > 1. This suggests an inverse cascade,

i.e. towards large scales, of the generalized potential which, however, is limited to scales

larger than de. For small scales the 
ux is equipartitioned and the cascade direction

appears to be normal. The helicity spectrum peaks both towards large and small scales

with a minimum at kde = 1, suggesting an inverse cascade for scales larger than de and a

normal cascade for smaller scales.
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Figure 1. The ideal equilibrium spectra for E (full curves), F (dashed curves), and H (dotted

curves). The left �gure is for de = 0:1 with Lagrange multipliers � = 
 = 10, and � = 1, the

right for de = 0:01 with � = 
 = 10, and � =
p
1000.

The canonical distribution also provides the equilibrium energy partition between

E (k) �
1

2
k2(1 + d2ek

2)hj kj
2i and Eb(k) �

1

2
(1 + �d2ek

2)hjbkj
2i:

Eb

E 
=

(1 + �d2ek
2)[�k2 + 
(1 + d2ek

2)]

�k2(1 + d2ek
2)

: (8)

For small scales, k2d2e � 1 this becomes Eb=E = �(1 + 
d2e=�), while in the opposite

limit k2d2e � 1 one has Eb=E = 1+
=�k2. In both cases the ratio is strongly dependent

on the value of 
=�: for small 
=� the energies are close to equipartition, while for 
=�

large and positive Eb is dominant. Dominance of E appears to require negative 
.

Numerical simulations of (dissipative) 2D EMHD turbulence show a fast evolution

towards equipartition when the system is initiated with Eb < E . No such evolution

is observed for systems initialized with Eb > E : rather, in this case a slow increase

of Eb=E is found on the time scale of energy dissipation. This suggests that systems

initialized with Eb < E have 
=� < 1, and vice versa.

4. Scaling Symmetries

In the limits of either kde � 1 or kde � 1, the equations of 2D EMHD are invariant

under the group of transformations,

r0 = �r; t0 = �1��t; 
0 = �1+�
; 	0 = �2+�	; (9)
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for arbitrary values of the parameters � and �. These scaling transformations can be used

to obtain turbulent energy spectra [7].

Consider kde � 1: the kinetic contributions to the energy are negligible. The scal-

ing (9) implies b0 = (r0=r)1+�b and, consequently, the turbulent magnetic �eld perturbation

over a distance r is
~b(r) = r1+�F (10)

where F is some function of the invariants of the scaling (9). Now, we take the only

invariant to be the energy dissipation rate ", in line with the original arguments of Kol-

mogorov. Since the energy dissipation rate transforms as "0 = �3�+1", its invariance

requires � = �1=3. Dimensional arguments then determine F to be F = C"1=3. The

result is the following spectrum of the turbulent �eld perturbation and the corresponding

energy spectrum E(k) (integrated over angles in k-space, E =
R
E(k)dk):

h~b(r)~b(r)i / "2=3r4=3; or E(k) / "2=3k�7=3: (11)

The case kde � 1 can be treated similarly. In this case the energy is dominated by the

kinetic terms. The kinetic energy is E / v2, where according to (9) the velocity scales

as v0 = ��v. The energy dissipation rate now transforms like "0 = �3��1". The same

arguments as above now enforce the choice of 3� � 1 = 0 resulting in the spectra

h~v(r)~v(r)i / "2=3r2=3; or E(k) / "2=3k�5=3; (12)

which is identical to the Kolmogorov spectrum. These results are in agreement with the

spectra as obtained in Refs. [3] and [5].

The fact that E(k) / "2=3 also has consequences for the temporal behaviour of E.

After integration over the inertial range of the spectrum one has dE=dt = �" / �E3=2

which has solutions of the type

E=E0 = [1 + (t=2L)
p
E0]

�2 (13)

where L is a typical length scale depending on the integral of the spectral function and

the size of the turbulent domain. This temporal decay is in agreement with numerical

calculations with initial conditions similar to Refs. [3] and [5], provided that the calculation

of the total energy is limited to the inertial range.
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