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Abstract

A realistic equilibrium at finite pressure is derived for a plasma confined by the magnetic field
of a point dipole. The low and high pressure forms of the solution are explicitly displayed. An
energy principle treatment finds the equilibrium is interchange stable for arbitrary pressures and
that short wavelength ballooning modes are marginally stable at high plasma pressure.
1. Introduction
Dipole confinement devices are axisymmetric toroidal systems in which the dipolar magnetic
field is created by a current ring [1, 2]. All other equilibrium currents are plasma currents in the
toroidal direction. All magnetic field lines are closed so that "flux" surfaces are defined as
surfaces of rotation about the axis of the current ring by the closed field lines. These surfaces
are also the surfaces on which the pressure is constant. The guiding centers of charged particles
remain on flux surfaces and all magnetic drifts are toroidal so there is no Pfirsch-Schuilter or
banana transport. Of course, interest in dipoles is not limited to the laboratory since magnetic
dipolar features are observed in planetary magnetospheres and star formation.

We recently presented a procedure that allows us to solve for a physically interesting
and mathematically simple finite pressure plasma equilibrium confined by the magnetic field of
a point dipole [3]. The low and high pressure forms of the solution were explicitly displayed;
energy principle arguments find that it is stable with respect to interchange modes and that its
stability improves even when the plasma pressure increases to make the confined plasma region
disk shaped in the equatorial plane. Here, these result are summarized and extended by
considering the ballooning stability of the equilibrium.
2. Grad-Shafranov Solutions
We consider separable solutions of the Grad-Shafranov equation

OR™20y) = - 4rdp/dy | (1)

where p = pP) is the plasma pressure apds the flux function associated with the dipole
magnetic fieldB = Oyx0¢, with the toroidal angle with respect to the dipole axis and R the
cylindrical radial distance from the axis of the dipole. We employ spherical coordin@fes r,
and{ with p = co$, R =r sir® and seek separable solutions of the form

W = Yo(Ro/M h(k) (2)
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where h is an unknown function pfalone, that becomes (1u2) in the vacuum limit. The
parameten plays the role of an eigenvalue of the Grad-Shafranov equation and is equal to
unity in the vacuum limit to recover the vacuum dipole soludidn sir?8/r . Plasma currents
cause the parameterto depart from unity, and since the plasma current must be in the same
direction as the dipole current for equilibrium, the finite plasma pressure acts to aefdoice
unity as the plasma pressure increases, as will be shown shortly.

To obtain an equilibrium dipole solution with a finite total plasma current and fa)= h(
we insert Eq. (2) into Eq. (1) and employ a pressure profile of the form

P = Po(W/We)> 7, 3)

with po the pressure at a reference surfdigeand R, the cylindrical radius at which thi,
surface intersects the symmetry plafe=(1/2). The resulting nonlinear Grad-Shafranov
equation for h{) may be written in a form particularly convenient at low plasma pressure:

%gm- UZ)Z%%%WG)(ZMW = -Boa(2+a)(L-pANY (@)
where 3, = 8T[pO/Bg is the plasma beta at the equatorial or symmetry plane. It is defined by
noting that the magnitude of the magnetic field gifRB, = GLLIO/Rg assuming h(=0) = 1
since the magnetic field associated with the flux funatios
B = By (Ro /1) 201 - n?)™Y2h - fa Ydhvdy] | (5)
wheref = Or and 8 = r08 are unit vectors. Notice for the pressure profile and flux function
considered here, the local plasma b@ta, 8mp/B2, is independent of the spherical radial
variable r s@ is simply[3o times a function of angke. Moreover, the boundary conditions for
B to be finite and up-down symmetric angi=+1) = 0 anddh/ du|,=o = 0.
Integration of Eq. (4) fromu = 0 top = 1 gives
(2 +a)[(1-a)Eduh - Badu(t - P9 = 0. (6)
Because h > 0, to satisfy Eq. (6should be in the range Ox< 1 (fora = -2, p = constant,
and h = 1 412). Notice that the pressure peaks at the inner most flux surface, that is, at the
location of the point dipole. Equation (6) indicates that the departurérom unity is due to
the finite 3, of the plasma. Inserting tiffiy — O result h = 1 p2 into Eq. (6) and assumiry
- 1 gives the departure af from unity: 1 -a = (512/1001f,. As a result, an analytfgy <<
1 solution to (4) can be fourtwy using h = 1 2 in the terms in which h is not differentiated,
and then using the boundary conditions and=@f = 1 to integrate from to 1 [3].

Next, we considefo >> 1 to demonstrate that Grad-Shafranov solutions exist for
arbitrary beta equilibrium. The low pressure solution and the lower limit on the alovesdje
suggest thatt decreases toward zero[&sincreases to infinity. Consequently, we assume that
1/Bo << a(Bg) << 1. We consider the Grad-Shafranov equation, (4), in the form

d?hidu? +a(a +1)@- p?) th = B2 +a)hte | @)
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where we need only considexQu < 1 since we are interested in a solution even. iWhen
Bo>> 1, the terma(a +1)h/(1—u2) is small everywhere. The terfja(a +2)h1+4/°( is
large atu = 0 and rapidly decreases to zero as h decreases fpt) ¥ 1 toward hf{=1) =0
sincea << 1. As a result, to lowest order we need only sd@b/duzz —2[300(h1+4/°‘.
Multiplying by dh/du and integrating twice from = 0, where h{ = 0) = 1, tou gives

aBy 2u = fLdx-x#™2 g [ ~1-h, (8)

where thep - 1 form is valid for 1> p >> B;llz. To satisfy hg = 1) = 0 requires
a :1/[3(1)/2. For largeBo, h = 1 -u everywhere except in a small regiors Qu < [351/2<< 1
where h remains close to unity, but with a large second derivative of[ﬂfaer
The preceding demonstrates that separable dipolar solutions to the Grad-Shafranov
equation exist for arbitrarily larg@,. The distance between adjacent flux surfaces at the

symmetry plangL = O increases g% increases as can be seen by realizing thatdecreases
the spacing must adjust to kegpl (Ro/r)? fixed. As a result, the constaptsurfaces become
more extended and localized about the symmetry plafigiasreases. The resulting larfg
equilibrium resembles the accretion disk associated with star formation.
3. Stability

Energy principle arguments are employed to investigate the stability of our equilibrium.
Minimizing the potential energy for a dipole field with respect to parallel displacements gives
rise to a stabilizing plasma compressibilty tefiryE 5/3) due to the closed field lines [4]:

2 R2 L
W=Id3f%+§n(mm+z'<[&D)”fyzpmﬂaﬂmq‘(zmmp)(“&m)% ©)

where ¢ is the perpendicular displacementjs the the curvaturée,..[= v_lfds(...) /B with
v =¢dsy/B, and Q = Ox(§jxB). Writing &= (&/R°B*)0y —nR?0 and minimizing with
respect ta) for interchange modeQzD: 0) or at high toroidal mode numbers (n >> 1) gives
2
w- Idsré*%% ~(eqme)ec) (10)
To consider interchange modes we set the line bending term toQéFo(I). Variation

with respect t€ gives the general finite beta interchange stability condition:

2yplk MY/ R?B2 > (1 + 4TypB 2 [Xdp/dy). (11)
Notice that closed field lines result in plasma compressibility acting to make curvature a
stabilizing influence for interchange modes. When Eq. (11) is rewritten using perpendicular
pressure balance and the Grad-Shafranov equation, we recover [4]

(p " Ydp/dw)(v av / dw) +y(v v / dw)? > 0 (12)
wherev = §ds/B is the volume per unit flux at fixegl, which for our solution becomes
v = §ds/B = §dor/6B = (Ra/ay™ ") Laun 13 . (13)
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Using the preceding, we see thal (-1-30, while from Eq. (3) @ y2+40, As a result, Eq.
(12) gives the finite beta modified interchange stability condition for our solution to be
y>2(2+a)/(3+a). Because decreases from unity towards zerd3gsncreases from zero
toward infinity, we see that interchange stability is maintained at all plasma pressures.

The stabilizing influence of plasma compressibility is lost for short wavelength
ballooning modes and replaced by the stabilizing influence of line ben(ﬁég ©0). To
consider short wavelength ballooning modes we minimize Eq. (10) with resgeict tdtain
the constraintg KD]]qJ/RZBZD: 0 and the reduced energy principle

W =7d°r(RB)[(8) (B () - €*(dp/ d)(k (DI)] (14)

which for our equilibrium is independent ¢f Using¢ = &q()cosr, considering3o >> 1,
and letting t = A*30 we find after considerable algebra that

w O a4 1- 2@+ a? -ty e o/t - VAV @+ a? - 1) 2+ 1)ED).
Variation with respediy = (1 - t)w(t) gives a hypergeometric differential equation for w in the
region 1B =a2<< 1 -t < 1. For 0< 1 - t~ a2 the solutions fo€g are simply proportional to
(1 -ty2and 1-a-2(1 - t). A marginally stable solution (W = 0) odd about the equatorial plane,
and thereby automatically satisfyifk [IW/R?B2CE 0, is &g = 41 - t)l/2F(1-a,1-a*;5/4:1)
which vanishes at t = 0 and matches to (1/28s t- 1, where a = (5+7)/8. To construct a
marginally stable even solution we keep both solutions to the hypergeometric equation by
writing &g = tY4(1 - Y/2F(1-a,1-a*;5/4:t) - C(1 - §2F(3/4-a,3/4-a*;3/4:t), where the constant
C is determined by the constraiEtKD]]Lp/RszD: 0 and the even solution goes to a constant
at t = 0 while matching to (1 -4% as t- 1. Therefore, as the destabilizing bad curvature region
become more localized about the equatorial plane at high beta, the rapid variation of the
displacement in the same region makes the line bending equally stabilizing. From Eq. (14) we
see that low beta are ballooning stable so we anticpate that either all beta are ballooning stable or
there is a intermediate range of beta in which our equilibrium becomes ballooning unstable.

Acknowledgments
USDOE support DE-FG02-91ER-54109 at MIT and DE-FG05-80ET-53088 at UT.

References

[1] A. Hasegawa, Comments on Plasma Phys. Controlled FLgi887) 147.

[2] J. Kesner, L. Bromberg, M. E. Mauel and D. Garnier, 17th Intl. Conf. Plasma Phys.
Control. Fusion Res., Yokahama, Japan, 19-23 Oct. 1998, paper IAEA-F1-CN-
69/1CP/09.

[3] S. I. Krasheninnikov, P. J. Catto and R. D. Hazeltine, Phys. Rev.82e2689 (1999).

[4] I. B. Bernsteingt al., Proc. Roy. Soc. London, Ser.244, 17 (1958).

96



