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Abstract
The equilibria of plasma in a dipolar magnetic field near a massive gravitating body (a star or
black hole) and self gravitating plasma are considered. Analytical solutions are found that are
useful for understanding the physics of plasma flows in accretion disks and star formation.

I. Introduction. Plasma equilibrium in a dipolar magnetic field is of interest for both
laboratory experiments and space plasma and astrophysical applications [1, 2]. In Ref. 3 ¢
relatively simple, arbitraryf3=plasma/magnetic pressure dipolar equilibrium was found by
using a separable form for the flux function in spherical coordinates with an unknown
eigenvalue determined by the solution. Here we extend the results of Ref. 3 for a plasme
equilibrium in a dipolar magnetic field to the case of an arbitfaplasma in a gravitational

field (see Figure).

I1. Equations. Consider the equilibrium of gravitating plasma in a dipolar magnetic field

B =0y xey/p, (1)
where y is the flux function,ey is the toroidal unit vector, arpl the cylindrical radial distance
from the axis of the dipole. From momentum bala@ee-[P - mn® + (j x B)/c (where ®
is the gravitation potential; n, P=nT, T,,and m are the plasma density, pressure, temperature,
current density, and ion mass respectively) and Ampere's equation we find

P Oy O0o SdsachE 0 s dg ao(r)C
0y0__, EiP) (Lu) w% arrmy 98 ( )E’ 2
% g dy (r) 0T 9s 0T(r) 0s
wheres (s=0 at p =cog0)= O) IS the coordinate along and P(qJ) describes the plasma
pressure profileP(r) = P(qJ)exp( mf(dS/T)(GCD/aS )). In addition, we need to consider the
equation for grawtatlonal potentlal 0

2 P(W) S _ds ap(r)t
0% = 4nGym T )expE— T(r) s F 3)

where Gy is the gravitational constant. Notice that the plasma temperature profile must be
specified to close Eq. (2) and (3).
Following Ref. 3 we search for solutions of Egs (2) and (3) in a separable form

W(r) = WoHW)(ro/r)%, (4)
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where p=cog0), H(0)=1, Yo and ry are normalization constants, with the boundary
(:onditionsdH/du|Hzo =0 and H(u2 - 1)01- uz. The magnetic field corresponding to (4) is

B(r) = Bo(ro/r)” " (~egH()(1 - 1?) ™2 + &, (dH(w)/dp)/a), (5)
with By :awo/r%. The parameten plays the role of an eigenvalue of the nonlinear
equilibrium equations (2), (3). It equals unity or -2 in the vacuum limit to recover the dipolar
solutionsy,5c O (1- uz)/r and Yo 01— ;12)r2 describing, respectively, the flux surfaces
far away from and close to the origin. To avoid the plasma gravitational condensation near the
dipole axis we considax<0 and they function contours have the form shown in the Figure.

[11. Effects of stellar or black hole gravity. We consider a plasma equilibrium near a
star or black hole of magd 4 and neglect the gravity of the plasma itself. As a result we have

D(r) =-GoMgl/r. (6)
Analyzing Eg. (2) with gravitational potential (6) we find that separable solution (4) is only
possible for

T(r) = Tot(W)(ro/r) and P(W) = Po(w/ o) *47, (7)
where Py and T are the normalization constants aifd = 0) =1. Then, from Eq. (2), (4),
(6) , and (7) we find

2 + w

PN TGOS ©
wherewg = GomMg/(roTo), B:8T[POIB%:8TP0r3/a2w%:plasma/magnetic pressure at the
midplane (4=s=0), and

u
S(W) = —jdu (dIn H(W )/dy ) /at(w') . (9)
0

Notice that for the forms (4) and (7), the local beta does not depengd but increases

= —gpH1*4/a E(or +2)—
O

strongly with increasing. Multiplying Eq. (8) byl- uz and integrating fronpy =0 top =1
we find
(2+0()[(1—0()J—[30(JB,9] = -aBwglgy/2 (20)

with J= [5duH and
1 1

Jorg = foha(d- u2)pLalo exp{WgS(Il)} , Iy = fdu(l- p2)tiqt4/a exp[wgS(u)}. (11)
0 0

Assumingt(p) = (H(W))" (Tt ~1 is an adjustable parameter) we h&gg) = (H(n) ™' - 1)/ar.
For a<0 and1>0 we find thatS(u) varies from S(0)=0 to S(1)=c. The caset =1/a <0
corresponds tal = T(y), but results in divergent integrals in (11) for small ps p - 1
which can be avoided by the departure of T froml llela asp - 1.

For wg<<1 and arbitranf3, or fwy<<1, gravity effects are small. We use the vacuum
solution to evaluate Jly and Jerg and find the gravitational correction to from (10). For
Wg<<1 and arbitranf3 or fwy<<1, we neglect exponents in (11) and find for 1/

2+0a =T1Rwg/8(1+p). (12)
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For moderate gravity at low plasma pressliew<<1/§3, exp{wgS(p)} decreases
rapidly with increasingu. Therefore to evaluaté; and Jpig We expand H negu=0 to find

2+0 = B]JZ(T[BWQIS) (13)

For strong gravitywg>>1 and fwg>>1, the RHS of Eq. (8) is large (>>1) at
u< Hg ~Vwg<<l and small aft > lg. Then, |ntroducmg—| 1-H, we have folu<< 1

d2F1/du2=05[ajpw, exp[ ng/|0(|} (14)
From the solution of Eq. (14) we find that fbiwg<<f<<1, |dH/dp|<<1 and H=1 in the
region g < Hg- In the regionp > Mg, H(u) stays close to the vacuum solution. We calculate
(M) by using the solution of Eq. (14). Then, from Eq. (10) we find

2+a =pY2%<<1. (15)
For high beta3>>1, we anticipatda|<<1 so that Eq. (14) is valid forfQu <1 and gives
H :|a|[3”2u for u>>pg. Therefore, using the boundary conditidu =1) = 0 we find

—a =pV2«<1. (16)
Notice gravity affects flux surface shape but not the eigenvalimethis limit.

IV. Effects of the plasma self gravity. Analyzing Eqgs. (2) and (3) we find that
separable solution (4) is only possible for

T(r) = Tot()(ro/n*** and P(w) = Po(W/o) 4, (17)
which requires the following form ob(r)
(1) = -Pod()(ro/N ™, (18)
where @ is an unknown normalization factor apg0) = 1. Then from Egs. (2), (3) we find
d’H  a(a+1) 1+4/a (a +1>ng 0
= —ofH a+2)-——=Lrexgw 19
A uz) BHI 4 +2) - ¢ Cexp{wegS(} (19)
d g 2(0(+2)/0(
—1- —+aa+1 =- e 20
i rata + g - xp{ wegS(0)}. (20)
whereg? = 4T[GOP0(mr0/T0)2, andwgg = m®y/Tq to be determined by the solution. Here,
H _
(W) = o (/)(dIn(@H @ %)), (21)
0

By integrating Egs. (19) and (20) with the weigl:tsu2 and 1, respectively, we find
(2+0)[(1-0)d=Badg/sgl = —0(a +DPwgglsg/2, afa +1)Jy = —gZJq,/Sg/WSg, (22)

1 1
whereJy = fdud, Jgjsq= [du(l- p2yH4/a exp[ngS(u)},
0 0

1 1 2(2+0()/or
= (- 1) ® H Y expluegSu)  Jyisg = fo T ——exwegS). (23
0 0

Assuming t(p) = HED/ % /q@+D/OT \where 1 ~1 is an adjustable parameter, we have
() = {(HOD/A ;6 T _7/1. For -1<a<0 andt>0 S(u) varies from S(0)=0 to S(1)=w.

339



26" EPSCCFPP 1999 ; Sl.Krasheninnikov et al.: Equilibrium of a Gravitating Plasma in a Dipolar Magnetic Field

We consider the casg>>1, B>>1 and find O<a<<1l and wgg>>1. We use
H=1-H andd =1-¢ to expand(u), and neglect small terms in Egs. (19) and (20)

d?H _ OPwgg - dz(ﬁ _ g "
w2 exp{ wsg(H/|a|+¢)}, i v exp[ WSg(H/|0(|+<'[S)}. (24)
IntroducingQ = wsg((a +1)|:|/|0(|+$) we have
2Q Q(K) -
2d— =c?exp{-Q}, and i dq/\/l—e"O| =cu (25)
du? 0
where ¢? —wsd3+29 and we take into accou@¥(0) =0, dQ/du| =0. We integrate Egs.

(24) by using (25). From Eq. (24) fOﬂ(p) with boundary cond|t|0n$-l(0) 0, H(1) 1,
and dH/du‘ =0, we find

c= |0(|[3ng (26)
Integrating Eq. (24) fo(u) with d¢/du|u:0 =0 we find [d§/dp|< gzl(wsgc). We will see
that for the case under consideratigrrt1 andB>>1) wgy~ g which results ind/du|<<1.
Then, usingp =1 in the expression fady, the integral relation Eq. (22) gives

|a|wsgc = 49°. (27)
From Eq. (26) and (27) we then find
o =pV2<<y, Weg = 2g>>1. (28)
V. Discussions. Interestingly, for>>1 we find that|a|= B_ll2<<1 with and without the

effects of gravity and toroidal plasma rotation [3, 4]. However, contour plots of the flux
functions, described bqu(u)D(H(u))”“, are very different since a largé|a| power
strongly magnifies even the small differences betweed{lpg that correspond to the different
cases (see [4]). Notice that the adjustable paramedees not enter our solutions if gravity is
substantial (g, Wsg>>1) showing that the results are insensitive to the temperature profiles.
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