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Abstract
A shell model is introduced to study a turbulence driven by the thermal instability

(interchange mode with   k|| = 0 , and/or Rayleigh-Bénard convection in neutral fluids). This
model equation describes cascade and chaos in the strong turbulence with high Rayleigh
number. The chaos is numerically studied based on this model. The characteristics of the
turbulence are analyzed in respect of Rayleigh number and Prandtl number.

1. Introduction
Recently, the extended Lorenz model was proposed as the model describing the

dynamics of Scrape Off Layer (SOL) in tokamak plasmas[1]. Such a model has also been
applied to Edge Localized Modes (ELMs) which are observed during high confinement mode
(H-mode). However, it is found that a model with a few degrees of freedom is not relevant to
describe the dynamics in high Rayleigh number regime. Such a model only shows a limit cycle
in high Rayleigh number limit[2].  Here we propose a shell model which is relevant to study a
turbulence driven by interchange mode or Rayleigh-Bénard instability[3]. This model equation
describes cascade and chaos in the strong turbulence with high Rayleigh number. The chaos is
numerically studied based on this model. Statistical quantities (such as a mean value of total
energy, it's standard deviation, time averaged wave spectrum, frequency spectrum, an
instantaneous maximum Lyapunov exponent) are evaluated.

2 Model and Basic Equations
We extend the Gledzer-Ohkitani-Yamada (GOY) model[4] to describe the thermal

instability (interchange mode or Rayleigh-Bénard convection).  The extended model (Yagi
model) retains only one complex mode as a representative of all the Fourier modes in the shell
of wave numbers between octave and only nonlinear couplings to the next nearest shell are
kept. Basic equations are written as

(1)

  

(2)

where * represents the complex conjugate, , number of each shell, , the
fluctuating velocity, , the fluctuating temperature, , the wavenumber, , the

Prandtl number, , the Rayleigh number. In this model, each shell  consists of the wave
numbers  such that . The Fourier transform of the velocity difference over a
length scale  is given by a corresponding complex variables , i.e.,

(3)
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where  is the velocity field. For the boundary conditions, we assume  and
. The coefficients are given by

(4)

and

(5)

Here the typical scale length  and the thermal diffusion time  (  molecular thermal
conductivity) are used for normalization[5].

Next, we briefly show the characteristics of this model. This model contains the linear
thermal instability. The linear growth rate  is estimated by

(6)

The n-th mode becomes linearly unstable if  holds. The threshold value for the linear

instability to exist is given by . This model also has a self-similar solution

(7)

where  is a complex constant. The relation  implies the inertia-range scaling

[6]. This result shows that the model equation describes the spectrum cascade
in the presence of instability.

3. Numerical Analysis and Characteristics of the Model
The following parameters are used for numerical simulations;  and the numbers

of shells  for ,  for .

(a) Time averaged wavenumber spectrum
Figure 1 shows the log-log plot of the time averaged wavenumber spectra of  and

 in the case of  and . The circle corresponds to the spectrum of , the

triangles correspond to the spectrum of , respectively. Time averaging is performed from
 to . In the wavenumber region, , both variables, as averages, obey

the scaling law,  and  as are shown by the dotted lines.  They fluctuate

around the line proportional to .

(b) Total energy
Firstly, we investigate the Rayleigh number dependence of the saturation level of total

energy. Figure 2 shows the time evolution of total energy  in the case of . The solid
line corresponds to the case of . The dotted-dashed line shows the case of

 and the dotted line shows the case of . Here, the total energy is defined by

(8)
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The total energy tends to saturate in the nonlinear phase, however, the fluctuation around the
mean value of the total energy is observed, which shows the chaotic nature of the system.
Both the mean value and the fluctuation amplitude increases with the Rayleigh number. This is
because the saturation level of the total energy is roughly determined by the maximum linear
growth rate and the nonlinear dumping rate.
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Fig.1  The time averaged wavenumber spectra.                     Fig.2  The time evolution of total energy for
                                                                                              various values of Rayleigh number.

Next, we investigate the Prandtl number dependence of the saturation level of total
energy. Figure 3 shows the time evolution of the total energy in the case of . The

solid line corresponds to the case of , the dotted-dashed line is the case of  and
the dotted line shows the case of . The total energy also fluctuates as is observed in
fig.2. In contrast to the Rayleigh number dependence, the fluctuation amplitude relative to the
mean value of the total energy is found to decrease as the Prandtl number increases. The
increase of the mean saturation level with the increase of Prandtl number is correlated with the
maximum linear growth rate as is the case of the Rayleigh number dependence.
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Fig.3  The time evolution of total energy for various           Fig.4  The power spectrum of the total energy
           values of Prandtl number.                                                for various values of Rayleigh number.

(c) Power spectrum of total energy
Figure 4 shows the log-log plot of the power spectrum of the total energy with 

for various values of Rayleigh number. The frequency is defined as 
 where . The solid line shows the power spectrum for , the

dotted-dashed line is the case of  and the dotted line corresponds to the case of

. Continuous spectra are obtained in these cases. For  and

, the power spectra are fitted as  and  in

, respectively.
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Figure 5 shows the log-log plot of the power spectrum of the total energy with
 for different values of Prandtl number, corresponding to those in Fig.3. The

solid line corresponds to the case of , the dotted-dashed line is the case of  and
the dotted line to the case of . For  and , the power spectra are fitted as

 and , respectively in the range of . On the

otherhand, the fundamental and the harmonic frequencies are observed in the case of .
This corresponds the fact that the amplitude of deviation is very small and converges to the
limit cycle. To confirm this result, we also calculate the maximum Lyapunov exponents.

Figure 6 shows the plot of the maximum Lyapunov exponent versus the Prandtl
number. It is found that the values of the maximum Lyapunov exponent are positive in the
region,  and almost zero in the region, . We conclude that both
parameters,  and  have the destabilizing effect on the linear mode, which reflects to the
mean value of saturation amplitude. The Rayleigh number has an effect of destabilizing on the
nonlinear mode, while, the Prandtl number has an effects of both stabilizing and destabilizing
on the nonlinear mode in these parameter regime.  (The transition from turbulence to ordered
motion at high  has been reported experimentally [7].)
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Fig.5  The power spectrum of the total energy for               Fig.6  The maximum Lyapunov exponents
           various values of Prandtl number.                                     for various values of Rayleigh number.

4. Summary and Discussion
In this article, a new shell model which is extended to describe a turbulence driven by

the thermal instability is introduced and analyzed. Parameter survey is done with respect to the
Rayleigh number and the Prandtl number. It is shown that this model contains a chaotic
attractor and a limit cycle, the appearance depends on the Prandtl number.
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