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§1. Introduction
The study of strong turbulence in high temperature plasmas is an important

issue of physics: the problems of statistical physics for systems far from
thermodynamic equilibrium remain quite open, in contrast to those near thermodynamic
equilibrium in which the principles that govern fluctuations (i.e., equipartition of
energy, Einstein relation, fluctuation-dissipation (FD) theorem, etc.) are established.1)

Recently, a statistical description and the extended analyses have been
developed for a self-sustained strong turbulence which is caused by the subcritically
excited interchange mode.2)  A Langevin equation for a dressed test mode, in which the
nonlinear interactions are divided into the drag term (coherent interactions) and the
random noise term (incoherent ones), is formulated.  Imposing ansatz (1) of a large
numbers of degrees of freedom in the turbulence (extensiveness) and (2) of the
randomness of self-noise, the turbulent level and decorrelation rate of turbulence and
the auto- and cross-correlation functions have been solved.   The extended FD-theorem
(Einstein relation) has been explicitly described for a plasma turbulence by the
nonequilibrium-parameter (the gradient) of the system.2)

In this article, we extend the analysis, including the effects of thermal
fluctuations.  In the treatment of thermal fluctuations, their coherent interactions with
the plasma collective mode (e.g., CDIM) are represented by the collisional drags, and
their incoherent interactions are considered to be a random noise of plasma temperature

.  Our statistical approach for turbulence resembles to this treatment.  Taking a certain
test mode from turbulence modes, the coherent interactions to the mode are represented
by the renormalized turbulent drags, and the incoherent interactions are considered to be
a random self-noise.  Combining these procedures of methods, a Langevin equation is
formulated in the presence of both the thermal excitations and the inhomogeneous
turbulent excitations.  The solution of "stationary turbulent state" is sought for,
provided that both the fluctuations are statistically independent.

§2. Basic Equation and Statistical Approach
2.1 Plasma model and basic equation

The dynamics of micro fluctuations are studied in the presence of the global
inhomogeneity of the plasma pressure.  Quantities that are averaged over the -plane
are denoted by the suffix 0, as  and .  ,  and .  The
pressure and electrostatic potential could be inhomogeneous (i.e., inhomogeneous in
the -direction) in the global scale.  Parameters  and  together with 
represent the inhomogeneity of the system.  The scale separation is introduced as

 and  .
We consider the thermal fluctuations in the range of  and the time scales

between microscopic mode (CDIM) are well separated.  In the thermal fluctuations,
coherent parts to the microscopic CDIM are given by the collisional transport
coefficients ,  and  (the ion viscosity, electron viscosity and thermal diffusivity,
respectively).  Incoherent parts are considered to be a random noise and expressed as

.1)  The relation between them is described by fluctuation dissipation theorem.1)
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2.2 Langevin equation for turbulent fluctuations
A Langevin equation is deduced by use of the renormalized eddy viscosity and a

random coupling model (RCM).3)  Basic equation is given by

, (1)

  ,  .  

A projection operator  is introduced to divide the nonlinear interactions into the
drag and others.2)  Equation (1) is written as

(2)

(  is a unit operator) where the nonlinear drag is written in an apparent linear term as

(3)

and the rest part is rewritten as .  A Langevin equation is derived as2,3)

  with  , (4)

 . (5)

The self-noise has a much shorter correlation time (due to RCM) and is approximated to
be given by the Gaussian white noise term  as

 . (6)

2.3 Solution of Langevin equation
To solve the Langevin eq.(4), an ansatz of large number of degrees of freedom

in random modes is introduced.  The general solution is formally given as

(7)

The eigenvalue of CDIM is determined by:    det λ1+
��

= λ+λ1 λ+λ2 λ+λ3 = 0 .

The matrix  in eq.(7) is explicitly expressed as2)

    (8)
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2.4 Statistical average
Long-time-averaged values are calculated, where the initial condition in eq.(7) is

unimportant and is neglected.  We write

where the relation eq.(6) for  and eq.(8) should be substituted and we have the
extended FD theorem of the second kind as

. (9)

2.5 Decomposition Approximation
Terms  could be given in terms of correlation functions .  T h e

average  ( , ) is decomposed based on RCM as

This yields relations like .

We here employ the Ansatz of equivalence of correlation, i. e.,

. (10)

2.6 Auto-correlation functions and Further simplification
Taking the leading terms in eq.(9) using eq.(10), auto-correlation functions are

given as

(11)

where the matrix  is expressed in terms of the matrix  and other coupling coefficients
as   For further simplification of eq.(11), the second

moments are approximately evaluated by the first one  (eq.(5)) as

.

and we have

with . (12)

2.7 Extension of fluctuation dissipation theorem
With the thermal excitation term, the first law of eq.(12) is written as

 (13)
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§3. Application to CDIM (Current Diffusive Interchange Mode)
Let us examine the connection between the thermally-excited fluctuations and

the turbulent fluctuations of CDIM.  Equation (13) is solved and  is given in terms of
normalized temperature  and the gradient parameter .  In an explicit form, one
writes as

  (14)

A bird's eye view of the relation   I G0, T  is shown in Fig. 1 (conceptual).  The
cusp type manifold structure is seen.  In the low temperature limit, the function

  I G0; fixed T  has a hysteresis.  The upper plane represents the turbulent fluctuation
level, and the lower plane corresponds to the one excited by the thermal fluctuation.
The middle one satisfies the neutral condition, but is an unstable branch.  Eddy
damping rate  (solid line) and the decorrelation rate  (dashed line) are shown as
function of the gradient at low temperature for   and  in Fig. 2.
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