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Introduction Toroidal rotation is known to have a favourabféect on the stability of exter-
nal, resistivewall modesin a tokamak: However, plasmarotation introducesnew effects,
suchas centrifugaland Coriolis forcesandredistributionof pressureand density,that affect
the stability of all types of modes, e.gallooningmodesandthe internalkink mode.In this
area relatively little is known at present. In this papar analysehow the ideal, internal kink
modé is affectedby rotational velocities of the order of the soundvelocity. We find that
toroidal rotation of this order of magnitude providestrong, stabilizing effect on the internal
kink. The stabilizing effect comesfrom the nonuniform density distributionon the g = 1
surface caused by the centrifugal force. This makemtiten alongthe field lines associated
with the internal kink behave similarly to the stable Brunt-Vais&Eillationsof a fluid with a
stable entropy gradieim a gravitationalfield.® The drive of the internalkink mustovercome
this stabilizing effect. We find that, with sonicrotationand poloidal betaof order unity, the
stabilization from the density nonuniformity is dominant by order of magnitude.

Equilibrium We consideralow-S [, = O(1)] largeaspectratio (¢ = r/R, << 1) tokamak

with circular crosssection.We let the plasmarotate toroidally with the rotational frequency
Q(r), and choose the ordering@fsuch that the Mach numbe¥f = pQ®R?/2p) is of order

unity. In termsof the Alfvén andsoundfrequenciesw, = B,/R,0"* andw, ~ £w,, respec-
tively, this means thdd/w, ~ ¢ andQ/w, ~ 1. Assumingthatthe temperatures a flux func-

tion, the pressurg) anddensity(p) distributionsare given by p(r,8)/p,(r) = p(r,0)/p |(r) =

expM?), wherek = (R/R,)* — 1. For sucla densitydistribution, with an effective gravity g

= R Q? the Brunt-Vaisala frequentis

2 _ g d DpD_ 1 2pnp2
w rd Ingp—rg 2% r M (2)

The Shafranov shift of the flux surfaces is giverdby —r(3,, + [;/2), wherel; is definedas
in the non-rotating ca§e/,vhereasBp is modified by the rotatidn
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In Eq. (2), and in the following equationsdenotes the inverse safety facjos 1/g.

Stability analysis We analyse the dynamics of tire= n = 1 modein the rotating equilib-
rium starting from the Frieman and Rotenberg equationsniadl perturbationsof compressi-
ble, ideal MHD equilibria with mass flow

pEw+|Q—EE+pQ (fmm)ae [QpQ 5) O+ (B)Q +(Q)B = 0. (3)

¢ a¢

Here, & ~ exp(—iat) is the (Lagrangian)plasmaperturbationgp = = Mp—-Tp0d E+BQ is
the perturbed, total pressui@,= [ x (Ex B) is the perturbed magnetic fiel,is theequilib-
rium magnetic field, an@l is the adiabaticndex. Assumingthat the lowestorder perturbation
isanm = n = 1 mode,we expandEq. (3) up to fourth orderin €. After extensivecomputer
algebra calculations, we obtathe equations for the coupat= 1 andm = 2 amplitudes:

Ll(fl)+32g‘ +V\4£l+—§'v\éd51§ V\édfr1+a§ il?@ ( WSEZ)H 0, (4a)

(&) + % T ‘j'frl%r rsz% £ ord % [r-l(pogz)' 51] -0, (4b)

whereé, andé, denote then = 1 andm = 2 amplitudes, respectively, and

d 3 2 d 2 2
Ly Eag (mu—1) aE—r(m ~1)(mu -1, (5a)
_d 0, 050, d - | SEVR
7= S AR (AG) rrAg - [r(p07) &) (55)

The coefficientsin Egs. (4) and(5) aregivenby T, = (—61% + 6 — 1)A' + (=4 + 10u —
11/2)y, T, = (67 — 6 + )N + (4% — 4u + 712y, W, = [(—=3#/2 + 32 — 314N r* — (u —
1YrY2— (L%2 + 1/4Y3, W, = (217 — 2u + LIAW ? + (1P + 2 + VAWt + (=114 + 3u/4 —
7/16Y2, W, = — 3 — 1)2A W, = (- 342 + 3u/2 — 1AW+ (42 + 3u/2 — 7/8), and W,
= (— 372 + 3u/2 — 3/4)\N— 3r/8.

Furthermore, the coefficied, has the formdy, = w+ Q)
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20k —wpQ + iQZE(poQ)z + (w5 —2Q) ool Py

= P, + P, Q°M? —
A = —pow; + 0y o~ P

Sng +(2u -w,Q + i(2u —1)2923;)09)2 +(wp +2(21—1)Q) pow TPy

(21 -2)°T'p, — pw?

: (6)

with similar expressions fok, andA,.°

We consider a situation where the safety fagtor= 1/u(r) is a monotonicallyincreasing
function ofr, with g, = q(0) < 1, and withg'(r,) = O(1) attheq = 1 radiusr = r,. To lowest
order ing, the solution to Eq. (4a) is thén= const. in the region O< r,, andé, = 0 for r

>r,. It can be showithata solvability conditionfor the system(4)-(5) is that the coefficient
A, vanishes, to lowest order gnat theq = 1 surface.This givesthe following two eigenfre-

guencies of then=n =1 mode

Wl = wﬁ%t ét}% +T M2 (M2 +4)g2 —2MArA(r —1)5 +T M2 (M2 + 4)%, )

wherew? =Tp/p,R,2 Forl > 1, both of the rootabovearereal and positive and represent
stableoscillations.For small rotationalfrequenciesM? << 1, the potentialinstability [minus
sign in Eq. (7)] can be approximateddpy = 2wA(I" — 1)M%3r? = (Q*M%3)(1 —1/I"), which,
apart for numericalactors, is the Brunt-Vaisalafrequency(1). It is this solutionfor c,? that
connects to then=n = 1 instability a2 — 0, andwe concludethat rotationalfrequencief
order Q/w, ~ £ transformthe kink instability into a stable oscillation rotating relative to the
plasma at a frequency of ordas ~ QM(1 — 1) Our interpretationis that the internal kink
is stabilized because the parallel motion, which is needed tolkegsufficiently small, now
gives a large positive contribution to the potential energy becausesiétiledensitygradient
alongthefield lines from the centrifugalforce. For strongrotation, M? >> 1, the Doppler
shifted frequency instead becomes/¢u)* = (1 — 1I).

If the rotationfrequencyis smallerby an additionalfactor ", i.e. M ~ € and Q/w, ~
£, the oscillationfrequencybecomesa factor € smallerthan w,, i.e. w/w, ~ €°. Thisis the
same ordering as for the growth rate of the internal kirkknon-rotatingplasmé’ andin this
regime the stabilizing effect of the rotation competes with the usual drive from the ikiaknal
instability. In terms of the Bussac growth ragg),{ the following condition for stability can be
derived from Eqgs. (4) in this regime:

Q°M?(1-1/T) > 3y2. (8)
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(The factor 3 multiplying’ represents thEfirsch-Schliiteenhancementf inertia 1 + 297 in
toroidal geometry.) A condition similar to Eq. (8) has been defyed/aelbroecK. We point
out, however, thaih our analysisthereis no contributionfrom the rotationto the right hand
side of Eq. (8) in the regin®/w, ~ €.

Conclusions Toroidal rotation providesa strongly stabilizing effect on the internal kink
instability in a tokamak.We have analyzedthe problemby a large aspectratio, computer
algebraexpansiorof the compressibleideal MHD equations, usingthe ordering3, ~ O(1)
andw w, ~ Q/w, ~ &. We find that toroidal rotation transforrtige internalkink instability into
a stable Brunt-Vaisala oscillation, with a Doppler shifted frequer@i~1 — 1I)*? (M is the
sonic Mach number). For slower rotatiéw, ~ €%, the stabilization is weakeandwe find
a stability condition (8) involving the rotation @t= 1, andthe Bussacgrowth rate. A similar
stability condition hasrecently beenderived by WaelbroecK. The presentanalysisoffers a
more formal derivation by a striespectratio expansiorand alsoidentifiesthe physicalbasis
of the stabilization as the stable density distribution in response to the centrifugal force.
Finally we discussthe stability criterion (8) for tokamak experiments. The rotation
needed to stabilize the internal kink is predicted to be of afder With = 0.1 for theg =1
surface,rotation speedsof this magnitudefrequently occur in tokamakswith unbalanced
neutralinjection. However, the low-beta orderingis not always applicableto such experi-
ments, where the global poloidal beta is usually consider®las). Experimentally,a more
relevant ordering would b@ = O(¢B,?), but still maintainthe poloidal betaat q = 1 [defined
in Eq. (2)] asO(1), sothatM ~ Q/w,e". Our analysis(which is not completelyrigorousin
this case) then predicts a scal#ifw, for the necessary rotatidrequency.Dependingon the
numericalfactorsinvolved, this may well be in a relevantrangefor many observationsof
sawtooth stabilization. Evidently, it would be very desirable to compare experimental data with
numerical stability calculations that incorporate the full effects of rotation and shaping.
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