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Intr oduction

Thedrift wavesin rotatingtoroidalplasmasarestudiedfor anaxisymmetric,large-aspect-ratio
tokamakwith concentricandcircularmagneticsurfaces.Plasmarotationis drivenby theradial
electrostaticfield typical for the high (H) modeconfinementregime. Low-frequency electro-
static oscillationsof low-

�
plasmaare consideredin assumptionsof adiabaticelectronsand

plasmaquasineutrallity. In orderto describedrift oscillationsin theplasmaedgeregion,where
radialelectricfield andplasmarotationvelocity arehigh, a weakcouplingapproximationthat
takesinto accountthetoroidalcouplingof normalmodescentredon theneighbouringrational
surfaces,is considered.Thederivedeigenmodeequationhastwo classesof solutionsgiving ei-
thermarginally stableglobaldrift modesor propagatingdrift waveswhichexperiencetheshear
damping.Thecorrespondinganalyticaldispersionrelationsarederivedandsimplifiedfor some
limiting cases.

BasicEquations

Weconsiderlow-
�

toroidalplasmaconfigurationwhich rotatesdueto thepresenceof inhomo-
geneouselectrostaticpotential ������� . Theplasmais confinedby inhomogeneousmagneticfield�

with vanishingcomponentalongthe equilibrium density 	�
������ gradient.The frequency of
drift modesis 
�� 
���� , andwe supposethatelectroninertiacomparedwith their thermalmo-
tion is small 
�� ��������� , sotheelectronsbehaveadiabatically. Then,wemayusecontinuityand
momentumequationsfor the ion fluid andBoltzmanndistribution for the electronsassuming
thatquasineutrallityconditionis satisfied.For electrostaticperturbations,we decomposeelec-
trostaticpotential,ion velocityanddensityinto equilibriumandfluctuatingparts,assumingthat
theperturbedtermsareof orderof � ( � �!�#"#$&%!
'"(
���� ) with respectto equilibriumquantities.
In thefirst order, theconsideredequationsarereducedto)+**-,/.103254�687:9(;< � .=6>4?0@.A0B4�6DCFE 	G
 �!H (1)* �I�*J, .LKM 4 � 03254�6 � 0N.LKM 4 � 0B4�6 � 032 �PO 9Q � KM 4�6 ; (2)

and 0SR � 03TU. KM
����5VXW * 0YT*-, . � 0Y2Z4�6 � 03TU. � 03T@4�6 � 032\[ (3)

where 032 �]�_^`"bac� KM V 6 �'
 is theequilibriumplasmarotationvelocity, 03T �]�_^`"bac� KM V 6 ;is the d V � drift velocity while the usualdrift wave orderingis usedfor the derivation of
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Eq.(3).InsertingEq.(3)into Eqs.(1),(2) weobtainasetof equationsfor � � and ; . Choosingthe
simpletoroidalcoordinatesystem�(egfheji , wecanexpressthemagneticfield as

� �&a'kl����� Kmln .aZop��q . �-r`s�tui#�wv-x KmIy . Here, a'kI�_�#� and aZoz� constare the poloidal andtoroidal components
respectively. Drift modesarecoupledin thepoloidaldirectiondueto toroidicity. Consequently,
themodelocalisedon therationalsurface �{�|�?
 , which is definedby Q 
'O1	G}J���?
g� �|H ( Q , 	
thepoloidalandtoroidal modenumberand }��_�#� thesafetyfactor),is coupledpoloidally with
themodeslocalisedon theneighbouringsurfaces��~D�c� suchthat Q 
�~�q���	�}��_��~��c�#� . So,
we seekfor solutionswhich in termsof theazimuthialmodespectrumarecentredaroundthe
poloidalmodeQ 
 of thereferencesurface�`
 . Since,thesymmetryis notbrokenin thetoroidal
direction,we expresstheangulardependenceof theperturbedquantities; �_�(ewi#� and �l�\�_�(ewi�� in
thefollowing Fourierexpansion� �_�(ewi#�����������_� Q 
gi�OA��	Yf��-�Y� � � �_�#�������S������i��
Further, we expandthecoefficientsthatarefunctionsof � into Taylor seriesin thevicinity of
the referencerationalsurface �����?
 , andwe reducethe equationsneglectingthe high order
corrections,into thefollowing form *-�?� �*J� � O1� � � .1� � ) � O �� nj�l��� 7 � � � � (4)� ^ � � nj�l�
 �¡$ ) q�O �?
¢ �`£ O �?
g¤-
¢ ^ ���l� 7 � � �¦¥ x . � � v-x � . ^ �
 �§$ **J� � � �¨¥ x O � � v-x �
This setof equationsdescribesthemodestructureandthedispersionpropertiesof a drift wave
in a rotatingtokamakplasma.Thedimensionlessvariable

�
andanew potentialfunction

� � �_�#�
havebeenintroduced,through

� �©�_�IOZ�?
��p" �l� and ; � �_�#�ª� � � �������g���z«¬�_�`
hO­�#�`��q("b�?
 O�q�"b�`£���" ¢�®
respectively. Thecoefficientsin Eq.(4)are

�¯�©q . � �n � � � O ^ � � np�l�
 � �`£ W q/O �l��?
 ¤-
^ � �°q .1± � [ . � � �� �
 � n ¤u

 � ��q�O ± O ±#± � � and � �³²²²² ^ � � n��l�p�
 � }`
g$ ²²²²
while thefollowing parametershave beenalsointroduced: ± �P�?
�¤ �
 "�¤-
 is thevelocity shear,± � ���?
g¤ � �
 "�¤ �
 , ^ � � � < ��" Q � is theion soundvelocity, ¤-
'����
��_�?
g� is thelocal rotationvelocity,¤ �
 � �µ´I¤-
g"#´¶�#��·�¸�·µ¹ , ¤ � �
 � �µ´ � ¤-
�"#´ � �#��·�¸�·µ¹ , 
 � �º
�O�� n ¤u
 is the Doppler-shiftedeigenfre-
quency, � v-x£ �XO{�_´ C»E 	�
�"#´¶�#��·�¸�· ¹ is theinversescaleof densityinhomogeneity, � �¼�?
�} �
 "b}\
 is
themagneticshearparameterwith } �
 �>�_´l}\
g"#´¶�#��·�¸�· ¹ and � n � Q 
g"b�`
 is thepoloidalwavenum-
ber.

WeakCoupling Approximation

In theweakcouplingapproximation,weconsideronly thecouplingof thereferencemode�Y��H
with thetwo nearestmodes�3��~½q . Suchapproximationis justified,whentheDoppler- shifted
eigenfrequency 
 � is of the orderof the local diamagneticdrift frequency 
 �¾ . The systemof
equations(4) is reducednow into a setof threecoupleddifferentialequations.Theequations
for �3��~cq canbesimplifiedby thesuccessiveapproximationmethodto astandardform of the
Weberequationfor thefunctionsof

�À¿ 
�ÁÂ x . Fromtheasymptoticsolutions,we approximatethe

secondderivativesof
�À¿ 
�ÁÂ x by keepingonly the mostrapidly changingterm. Substitutingthis
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approximationinto Eq.(4)for �3��H , wefinally get*-�`� 
*J� � .©Ã�Ä O1Å � �jÆ � 
���H (5)

whereÅz� � � �+Ç , Ä ��ÇÉÈ�� � O ¢ ) ^ � � nj�l�
 � $ 7 � ) q/O �`
¢ �`£ O �`
�¤u
¢ ^ ���l� 7 �pÊ with Ç v-x � ¢{Ë ^ �
 � $@Ì � O1�
Theeigenfunctionsof Eq.(5)describetheradialstructureof thedrift eigenmode,localisedatthe
referencerationalsurface,andthe correspondingeigenvaluesdefinethe dispersionproperties
of theexciteddrift modes.Í If Å8ÎDH , Eq.(5)is transformedto a form of theHermiteequation*-��� 
*-Ï � . ) ÄÐ Å O Ï � 7 � 
 �!H (6)

where
Ï �ÑÅ xµÒ�Ó � . The eigenfunctionsof Eq.(6) are in the form of �g�����°O Ï�� �°Ô½Õ�� Ï � ( Ô½Õ is

the Hermitepolynomialof Ö oØ× order)and the correspondingeigenvaluesaredefinedby the
dispersionequation Ä "uÙ Åz� ¢ Ö . q#e Ö]��H�e`q�e ¢�Ú¬Ú (7)

This relationhaspositiveeigenvaluesonly if Ä Î:H . Thecorrespondingsolutionsof Eq.(6)de-
scribenon-propagatingmodeslocalisedinsidea”potentialwell”, i.e. theglobalmodes.Substi-
tuting theexpressionsof Ä and Å into Eq.(7),wecanderiveanalyticallythedispersionequation
for thesemodes.The necessaryconditions( Å=ÎÛH , Ä ÎÉH ) for the formationof global drift
modesaresatisfiedfor positiveshiftedDopplereigenfrequencieswhichbelongto theintervalq . qÐ ¢ �?
$ ) q . �`£¶¤-
�l� ^ � 7|Ü 
 �
 ¾ Ü q¢ . q¢ W q .�Ý q . � �n � � �� �n � � � Ë �\£$ÞÌ � [ xµÒ �
aswell andfor thenegativeDopplereigenfrequencies( 
 � Ü H ) which belongtoH Ü]ß 
 � ß
 ¾ Ü O q¢ . q¢ W q .=Ý q . � �n � � �� �n � � � Ë �`£$àÌ � [ xµÒ �
Thesimplifiedexpressionfor thedispersionequation(7),canbeobtainedin somelimited cases.
For example,when �`£�¤u
�l� ^ �âá q and Ý q . � �n � � �� �n � � � Ë �`£$ÞÌ � ÎÀÎ�q
thedispersionrelationfor thepositiveshiftedeigenfrequenciescanbewrittenas
 �
 ¾zã q . �?
Ð ¢ $ È q . � ¢ Ö . q(� � Ð ¢}\
 ) �\£�?
 7 � ) qÐ ¢ � �n � � � �?
$ O qä � �
� �£ 7 xµÒ � ÊÍ If Å Ü H , we transformEq.(5)to a form of theWeberequation*-�?� 
*-Ï � .æå Ä� Ù ß Å ß O Ï �jç � 
���H (8)
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with
Ï � Ù � ß Å ß xµÒ � � . The solutionsof Eq.(8)aregivenby the Hermitefunctions Ôcè andare

boundedin thewhole interval of
Ï
, only when éê�>ÖÑ�>H�e?q�e ¢ e Ú¬Ú . Thedispersionequationin

this caseis givenby Ä "b��Ù ß Å ß � ¢ Ö . q (9)

andthecorrespondingsolutionsof (8) describeradialpropagatingdrift waves. Thevariable Å
takesnegativevaluesfor positiveDopplereigenfrequencieswhichbelongtoH Ü 
 �
 ¾ Ü q or


 �
 ¾ Î q¢ . q¢ W q .=Ý q . � �n � � �� �n � � � Ë �`£$àÌ � [ xµÒ �
andfor negativeDopplereigenfrequencieswhichbelongtoß 
 � ß
 ¾ Î&O q¢ . q¢ W q .=Ý q . � �n � � �� �n � � � Ë �`£$àÌ � [ xµÒ �
Thedispersionequationfor thepropagatingmodescanbeexpressedin amoresimpleform, for
somelimited cases.So,for thecaseof negativeDoppler-shiftedeigenfrequencies,we find that
if ¢ q . � �n � � �� �n � � � Ë �`£$ Ì � � ß 
 � ß
 ¾ Ü q
thedispersionequation(9) is simplifiedtoß 
 � ß
 ¾ ã �\£$ È q¢ ) �?
�`£ . �`
g¤u
^ ���l� 7 � O ) Ö . q¢ 7 � � �} �
 Ê xµÒ � O:q/OA� ) Ö . q¢ 7 �}\
 �`£$
We underlinehere,thattheobtaineddispersionrelationsfor thepropagatingmodesshows that
thesemodesexperiencedampingëíìc
 � Ü H dueto themagneticfield shear, which foundto be
thesameindependentlyof theeigenfrequency valueandsignandthevariousassumptionswe
consideredin eachcase.In additionto this, it seemsthatthelineardampingof thepropagating
drift modesdependson the magneticshearandinhomogeneityscale,but not on the velocity
shear.

Conclusions

The eigenmodeequationdescribingweakly coupleddrift wavesin a rotatingtoroidal plasma
hastwo classesof solutionsexpressingmodeswith differentpropertiesfor eachclass. The
global drift modehasa structureof a quasimode,localisedin radial direction with a small
wavenumberalong the confining magneticfield. It includesa numberof rational magnetic
surfacesdueto toroidalcouplingof themodeslocalisedontheneighbouringmagneticsurfaces.
This modecorrespondsto the boundedstatein a potentialwell, which is marginally stable.
Thepropagatingdrift wavescorrespondto unboundedstatesandleave themagneticsurfaceon
which they areexcited. Thesewavesarecharacterisedby a dampingwhich dependson the
magneticfield shearandplasmadensityinhomogeneityscale,but not on thepoloidal rotation
velocityshear.


