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�
Introduction

Thecompletedescriptionof magnetohydrodynamic(MHD) turbulencerequirestheres-
olution of a rangeof scaleswhich is known to increasevery rapidly with the turbulent
intensity. Direct numericalsimulationsarethusrestrictedto moderatelyturbulent plas-
mas.A typicalmeasureof theMHD turbulenceisgivenby themagneticReynoldsnumber�������	��
���
����

, where
���

is a typical turbulentvelocity,

��

is thetypical lengthscaleof the
systemand

���
is themagneticresistivity. For example,thestate-of-the-artfully resolved

simulationof threedimensionalMHD turbulencehasbeenrecentlyperformedbyBiskamp
andMüller [1, 2] for

�����������	�
. Typicalvaluesof

���
in theSunrangebetween� ��� and� ����� .

However, in many cases,the detaileddescriptionof every excited modeis unneces-
sary to understandthe large scalebehaviour of a turbulent plasma. In the context of
fluid turbulence,this haspromptedthederivationof large eddysimulations(LES). This
numericaltechniqueis basedon the applicationof a spatialfilter to the Navier-Stokes
equation[3,4, 5]. Theresultingequationcanthenbesimulatedusingacoarsergrid since
thefluctuationswith smallcharacteristicscalesarefilteredout. However, theLES equa-
tion containsanunknown subgridscalestresstensorthatneedsto bemodelled.This term
accountsfor theeffectsof theunresolvedsmallscaleson theresolvedscales.It is usually
approximatedby a turbulentviscosity.

Thepossibilityof usinga similar techniquefor numericalstudiesof MHD turbulence
is investigated.In additionto a turbulentviscosityterm,onecanin a plasmaexpectthat
thesmallscaleswill alsoaffect thelargescalesthrougha turbulentresistivity term[6].

In the next sections,we discussthe possibility of adaptingmodernapproachesde-
velopedfor LES in fluid turbulenceto the caseof MHD turbulence. In particular, the
dynamicalprocedure[7]usedfor deriving self-calibratedmodelsfor the subgridscale
tensorsis introducedandis illustratedfor homogeneous,decayingMHD turbulence.

�
The equations

Theequationof incompressiblemagnetohydrodynamics,written in theusualunits,read
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 	! + $ �'&  �(�)�"�( + $ & "5$ + (�-60 ���437+ $ )98	-
where

2 �
is the molecularviscosity. The magneticPrandtlnumberis definedby : �'����;
 2 �

. Both thevelocity andmagneticfieldsaredivergencefree:
 	$<"%$ �=�>�  	$ + $

. The
large-scalevelocity andmagneticfieldsdescribedby anLES areusuallyregardedasthe
convolution betweenthe original fields anda filter that smoothesthe high wavenumber
(i.e.,shortwavelength)structures[3]:

"?$@)<AB- �DCFEHG )#A &,I -6"%$J) I -LK IBM )�N�-
where

EOG
representsthefilter kernelin space.Theresultingequationsreads 	! "%$ � &  P(Q) "�( "%$ & + ( + $#- &  	$ .10R2 �TS "?$ &  P(*UWV(X$ )#YZ-

 	! + $ �  P(�) "?$ + ( & "�( + $<- &[����S + $ &  P(*U?\(X$ ) � -
wheretwo unknown termsentertheLESequationandneedto bemodelled:U]V$^( � ) "%$_"�( & + $ + (T- & ) "%$ "Z( & + $ + (;- ) � -

UW\$^( � ) "%$ + ( & "�( + $<- & ) "%$ + ( & "Z( + $#- )9`	-
Detail motivationsfor the modelswill be reportedin a longer paper. However, basic
principleshave to guidethe modellingprocedure(tensorialinvariance,symmetries,...).
By usingtheseguidelines,wehaveconstructedthefollowing model:

U V$^( � 3 �4a �cb d V b^d V$^( 0 3 �4a ��b d \ bed \$^( )�f�-
UW\$^( � 3 �;g )�h �ji \$e( 0�h �4i V$^( - )�k�-

Here
3 �

is themeshsize, d V$^( � )9 	$ "](l0� �( "%$#- 
 8
, i V$^( � )9 	$ "Z( &  P( "?$�- 
 8

, d V$^( � )� �$ + (l0 P( + $#- 
 8
, and i V$^( � )9 	$ + ( &  P( + $#- 
 8

. Finally
g � � b 8 i V$e( i \$^( b , b d V b � b 8 d V$e( d V$e( b �9mn� andb d \ b � b 8 d \$^( d \$^( b �9mn� . This modelcontainsfour unknown coefficients

a � , a � , h � and
h � .

Thesecoefficientshavebeencomputedbyanoptimisationprocedure(dynamicprocedure)
thathasbeendescribedin detailsin theliterature[7, 8, 9, 10].

o
Numerical results

In orderto estimatethe validity of themodelpresentedin theprevious sectionwe have
performeda low magneticReynolds numberDNS with

k �Qp
modesof homogeneous

decayingturbulencein a cubic box

�qr�s
utv�w
yx>� � �Qz . Without magneticfield, this

simulationcorrespondsto theclassical.Theparametersof thesimulationsare
2 �{�|���{��W} � .



26th EPS CCFPP 1999 ; O.Agullo et al.: Large eddy simulation for magnetohydrodynamics

643

The spectrafor the velocity and magneticfields are shown on the Figures1 & 2
respectively. In eachcase,the samefigure is shown with linear (top) and logarithmic
(bottom)axes.Thesolid linesrepresentstheresultsof theDNS.Thecirclescorrespondto
a
8QY p

LES with model(8-9) andthecrossescorrespondto a
8QY p

LES without any model.
Clearly, theLES without modeldoesnot performsatisfactorily anda piling up of energy
is observedin thehighwavevectorrange.This is typical of anunresolvedsimulation.
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Figure1 : velocityspectrum

On the contrary the LES with model (8-9) is able to reproducethe correctenergy
spectra.It mustbestressedherethattheLESis muchcheaperthattheDNS.For instance,
thepresentLESsimulationuses100timeslessCPUtime thantheDNSand25timesless
memory.
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Figure1 : magneticspectrum

~
Discussion

The presentstudyhasshown that the conceptof LES can,at the very least,be usedin
MHD flows. Of course,thecomparisonreportedherehavebeendoneby usingrelatively
smallmagneticReynoldsnumbersandin a very simplegeometry. More complex MHD
flows correspondingto systemswith a constantmagneticfield (which will beusefulfor
exploringanisotropy in turbulenttransport)or toroidalgeometrywill beconsideredin the
future.
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