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Detailedtransporttudiesn plasmasequirethesolutionof thetime evolution of mary different
initial positionsof testparticlesin the phasespaceof the systemgo beinvestigatedTo reduce
this amountof numericalwork, onewould lik e to replacethe integrationof thetime-continues
systemwith amapping[3]. Classicexamplesfor suchapproachearethe standardnapandthe
Tokamap(Balescuet al [1]). Thesemappingsarederived from so-calledkicked systemslike
thekickedrotator Thisbasicallymeansthatthesystenconsistof anintegrablepartandanon-
integrableperturbationTheperturbations only presenttfixedsingularpointsin timeandzero
for all othertimes.Thusthe systemremainsintegrablefor all timesexceptthe ones,whenthe
perturbations present.The solutionfor thesesingularpointsis usuallyfound by approaching
the point from eitherlater or earliertimes(t & €) andcalculatingthelimit for € — 0. However
this proceduredoesnot necessarilyield the correctresult. This canbe seenby comparingthe
resultsfrom amapwith the numericalcalculationof the givensystemwith anapproximatve -
function.Thisis shovn for theexampleof the TokamapA new procedurdo evaluatethesystem
at thesesingularpointsis shovn (a so-calledsymmetricevaluationof the d-function) andthe
nearperfectagreementvith theresultof thenumericalcalculationis demonstratedt is further
possibleto usea non-singulaitime dependencéor the perturbationin the numericcalculation
andthusthe effect of approximatinga timely distributedperturbationwith a d-functioncanbe

investigated.

The example Hamiltonian

For thederiationof the Tokamap[1] thefollowing Hamiltonianwasusedby Balescuetal.:

)
_ / / K A-LIJ
: _/qu W) - (2m2 1+A-Y

This Hamiltonian,which describegshe motion of magneticfield linesin a Tokamak,is quite

-cogq2m-0) - f(t)

often usedas a simple approximationfor the real magneticfield found in the experiments.
It describesa systemwith a givenwinding numberW () (integrablepart) anda perturbation
(non-linearandnon-integgrable) thatwill vanishfor = 0. Thisspecificform of theperturbation
wasintroducedby Balescuet al. to avoid the unphysicalcasewith ¢ < 0, which occursin the

standardnap.
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Thuswe obtainthe equationf motionfor thefield lines:

oH K Ay

g = 38— o 1+A'w-sin(2n-e)-f(t)
: oH K A
6 = W = W(y) - (2n)2'(1+A-qJ)2'COS(2n' 0)- f(t)

Tokamap

Sincethe genericcasewith asmoothanddistributedfunction f (t) cannotbeintegratedanalyti-

cally, we have to choosehis functionasadeltafunction.

f(t) = f S(k—t)

k=—o0
Doing so,we obtainthe Tokamap.
K Alna
= M sin(2m- 0
Wn+1 Wn— o TTA Uns sin(2m- )
K A
9n+1 - en —JrW(llJrH_l) - . . COiZT[' en)

(22 (1A Yni1)?
Thisimplicit form canberewrittenin anexplicit form:

1
Wn1 = 2.A { \/P(wna Bn)2+4-A-Wn—P(Un, en)}

K A
0 = 6h+W - : . 210
Thewinding numbercanbe choserfrom a wide rangeof possibilities.We useherea realistic

onefor TEXTOR-94.

W(Y) = 1;1.[“ with d=3

Numerical integration

To estimateheeffectof choosingf (t) to beadeltafunction,we comparetheresultsfor the To-
kamapwith theresultof anumericalcalculationof the Hamiltonianwith asymplectiantegrator

[2, 4]. Thedeltafunctionis approximatedy a Gaussiariunction.

00

f(t,a) = kzz_w%[-exp{—az- (t—k)?}
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Symmetric map

Comparingthe resultsfrom the Tokamapandthe integrationshavs a hugedifference When
looking atthe procedurethe Tokamapwasderivedfrom the Hamiltoniansystempnefindsout,
thatthedifferencecomesrom thenon-symmetri@valuationof thedeltafunction. Soit is quite
obviousto try a differentapproactwith a symmetricevaluationof the deltafunction.

Startingwith the sameHamiltonian

H— / g W)+ f( 5(t — k
k—z—oo
. B K A-Q B
with () = 202 17 AU and g(B) = cogq2m-90)
leadsto the equationof motion:
. oH
g = ——= = — o(t—k
i 2
- oH af(qJ) l
g = — =W + ——=~-9(0)- o(t—k
30 W) + Sy 9@ 3 -k
Now we calculatethe stepfrom timet, to t;f.
1 dg(6 1 of(y
w:zwn——'f(wn)' éen) , 9n+:6n+§- a(wn)'g(en)

Thencontinuefromty tot, ;.

Wna=Wn . 6 =65 +W(u)

And finally from th 1 tOthya.

_ 1 dg(0
Wni1 = Wy 5 f(Pnsa) - g(angl)
_ 1
en+1 — en+1 + E (;an-l-l) g(en+1)

Puttingeverythingtogetherdeadsto thefinal form of the symmetricmap:

_ 1 0g(6n) 1 09(6ny1)
LIJTH—J. - qJn B é ' f(l.IJn) ’ ae - é : f(wn—l—l) : ae
_ 1 09(6n)
Ohr1 = en+W(llJn—§-f(ljJn)- 8 >+
1 af(q"”) 1 (llJn+1)
e 2 v -9(6n) + 3 0w 9(Bns1)
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Conclusions

The comparisorof thesethreeapproacheshaws clearly, that the correctevaluationof the &-
functionis the mostimportantpoint. The more physicallymotivatedapproachs in very well
accordancevith thenumericalintegration,while themoremathematicatlerivationof the Toka-
mapyieldsaquitedifferentresult.Thisfactmustbetakeninto accountjf onewantsto construct
amapfor agivenHamiltoniansystem.

Furthernumericalcomparisondor differentvaluesof a, the sharpnes®f the approximated
o-function, shawvs a rathersmall difference.Thusthe approximationof a broaderdistributed
perturbatiorwith a sharpd-functionis quitewell. This meansthatsymmetricmapscanindeed

provide afastmethodto studythe propertiesof thesekinds of Hamiltoniansystems.
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