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Detailedtransportstudiesin plasmasrequirethesolutionof thetimeevolutionof many different

initial positionsof testparticlesin thephasespaceof thesystemsto beinvestigated.To reduce

this amountof numericalwork, onewould like to replacetheintegrationof thetime-continues

systemwith amapping[3]. Classicexamplesfor suchapproachesarethestandardmapandthe

Tokamap(Balescuet al [1]). Thesemappingsarederived from so-calledkickedsystems,like

thekickedrotator. Thisbasicallymeans,thatthesystemconsistsof anintegrablepartandanon-

integrableperturbation.Theperturbationis only presentatfixedsingularpointsin timeandzero

for all othertimes.Thusthesystemremainsintegrablefor all timesexcepttheones,whenthe

perturbationis present.Thesolutionfor thesesingularpointsis usuallyfoundby approaching

thepoint from eitherlateror earliertimes(t
�

ε) andcalculatingthelimit for ε � 0. However

this proceduredoesnot necessarilyyield thecorrectresult.This canbeseenby comparingthe

resultsfrom amapwith thenumericalcalculationof thegivensystemwith anapproximativeδ-

function.Thisis shownfor theexampleof theTokamap.A new procedureto evaluatethesystem

at thesesingularpointsis shown (a so-calledsymmetricevaluationof the δ-function)andthe

nearperfectagreementwith theresultof thenumericalcalculationis demonstrated.It is further

possibleto usea non-singulartime dependencefor theperturbationin thenumericcalculation

andthustheeffect of approximatinga timely distributedperturbationwith a δ-functioncanbe

investigated.

The example Hamiltonian

For thederivationof theTokamap[1] thefollowing Hamiltonianwasusedby Balescuet al.:

H �
ψ�

dψ� W � ψ���	� K
� 2π � 2 


A 
 ψ
1 � A 
 ψ 
 cos� 2π 
 θ � 
 f � t �

This Hamiltonian,which describesthe motion of magneticfield lines in a Tokamak,is quite

often usedas a simple approximationfor the real magneticfield found in the experiments.

It describesa systemwith a givenwinding numberW � ψ � (integrablepart)anda perturbation

(non-linearandnon-integrable),thatwill vanishfor ψ � 0.Thisspecificform of theperturbation

wasintroducedby Balescuet al. to avoid theunphysicalcasewith ψ � 0, which occursin the

standardmap.
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Thusweobtaintheequationsof motionfor thefield lines:

ψ̇ � � ∂H
∂θ

� � K
2π 


A 
 ψ
1 � A 
 ψ 
 sin� 2π 
 θ � 
 f � t �

θ̇ � ∂H
∂ψ

� W � ψ �	� K
� 2π � 2 


A
� 1 � A 
 ψ � 2 


cos� 2π 
 θ � 
 f � t �

Tokamap

Sincethegenericcasewith asmoothanddistributedfunction f � t � cannotbeintegratedanalyti-

cally, wehave to choosethis functionasadeltafunction.

f � t �
�
∞

∑
k��� ∞

δ � k � t �

Doingso,weobtaintheTokamap.

ψn� 1 � ψn � K
2π 


A 
 ψn� 1

1 � A 
 ψn� 1

 sin� 2π 
 θn�

θn� 1 � θn � W � ψn� 1 �	� K
� 2π � 2 


A
� 1 � A 
 ψn� 1 � 2 
 cos� 2π 
 θn�

This implicit form canberewritten in anexplicit form:

P � ψn � θn ��� 1 � A 
 ψn � K
2π 
 A 
 sin� 2π 
 θn�

ψn� 1 � 1
2 
 A

P � ψn � θn � 2 � 4 
 A 
 ψn � P � ψn � θn �

θn� 1 � θn � W � ψn� 1 �	� K
� 2π � 2 


A
� 1 � A 
 ψn� 1 � 2 
 cos� 2π 
 θn�

Thewinding numbercanbechosenfrom a wide rangeof possibilities.We useherea realistic

onefor TEXTOR-94.

W � ψ ��� 1
1 � d 
 ψ

with d � 3

Numerical integration

To estimatetheeffectof choosingf � t � to beadeltafunction,wecomparetheresultsfor theTo-

kamapwith theresultof anumericalcalculationof theHamiltonianwith asymplecticintegrator

[2, 4]. Thedeltafunctionis approximatedby aGaussianfunction.

f � t � a���
∞

∑
k��� ∞

a�
π 
 exp � a2 
 � t � k� 2
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Symmetric map

Comparingthe resultsfrom the Tokamapandthe integrationshows a hugedifference.When

lookingat theprocedure,theTokamapwasderivedfrom theHamiltoniansystem,onefindsout,

thatthedifferencecomesfrom thenon-symmetricevaluationof thedeltafunction.Soit is quite

obviousto try adifferentapproachwith asymmetricevaluationof thedeltafunction.

Startingwith thesameHamiltonian

H �
ψ�

dψ� W � ψ� ��� f � ψ � 
 g � θ � 

∞

∑
k��� ∞

δ � t � k�

with f � ψ ����� K
� 2π � 2 


A 
 ψ
1 � A 
 ψ

and g � θ �
� cos� 2π 
 θ �
leadsto theequationsof motion:

ψ̇ � � ∂H
∂θ

� � f � ψ � 

∂g � θ �

∂θ 

∞

∑
k��� ∞

δ � t � k�

θ̇ � ∂H
∂ψ

� W � ψ ��� ∂ f � ψ �
∂ψ 
 g � θ � 


∞

∑
k��� ∞

δ � t � k�

Now wecalculatethestepfrom time tn to t �n .

ψ �n � ψn � 1
2 
 f � ψn � 


∂g � θn �
∂θ

, θ �n � θn � 1
2 


∂ f � ψn �
∂ψ 
 g � θn�

Thencontinuefrom t �n to t �n� 1.

ψ �n� 1 � ψ �n , θ �n� 1 � θ �n � W � ψ �n �
And finally from t �n� 1 to tn� 1.

ψn� 1 � ψ �n� 1 � 1
2 
 f � ψn� 1 � 


∂g � θn� 1�
∂θ

θn� 1 � θ �n� 1 � 1
2 


∂ f � ψn� 1 �
∂ψ 
 g � θn� 1�

Puttingeverythingtogetherleadsto thefinal form of thesymmetricmap:

ψn� 1 � ψn � 1
2 
 f � ψn � 


∂g � θn �
∂θ

� 1
2 
 f � ψn� 1 � 


∂g � θn� 1 �
∂θ

θn� 1 � θn � W ψn � 1
2 
 f � ψn � 


∂g � θn �
∂θ

� 
�
�



�
�
 �
1
2 


∂ f � ψn �
∂ψ 
 g � θn ��� 1

2 

∂ f � ψn� 1 �

∂ψ 
 g � θn� 1 �
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Conclusions

The comparisonof thesethreeapproachesshows clearly, that the correctevaluationof the δ-

function is themostimportantpoint. The morephysicallymotivatedapproachis in very well

accordancewith thenumericalintegration,while themoremathematicalderivationof theToka-

mapyieldsaquitedifferentresult.Thisfactmustbetakeninto account,if onewantsto construct

amapfor agivenHamiltoniansystem.

Furthernumericalcomparisonsfor different valuesof a, the sharpnessof the approximated

δ-function, shows a rathersmall difference.Thus the approximationof a broaderdistributed

perturbationwith asharpδ-functionis quitewell. Thismeans,thatsymmetricmapscanindeed

providea fastmethodto studythepropertiesof thesekindsof Hamiltoniansystems.
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