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Analytical Solution of Problem of Charge Particle
Drift Trajectoriesin Tokamaksvalid for all
Plasma Column

Yu.V.Gott, E.I.Yurchenko

RRC “ Kurchatov I nstitute” , Moscow, Russa

The problem of describing of the drift orbits of charge particles in a tokamak magnetic
field is important for both present-day and future devices. Orbit information is required for
studying the behaviour of fusion generated o -particles and high-energy ions in tokamaks and
for determining the particle and hea transport coefficients in plasma.

The trajedories of circulating particles were first cadculated by Budker [1] and those
of trapped particles, by Morozov and Solov’ev [2]. Both of this caculations were caried out
under asuumption that the drift orbits deviate from the magnetic surface only dightly. An
attempt to systematicdly take into acunt finite drift excursions was first made by Berk and
Galeer [3], who derived the corresponding equations but did not investigate them. Particle
trajedories that passthrough magnetic axis were analysed in detail by many authors (see e.g.,
[4-6]). However, even the analysis of this fairly simple caes have not been exhaustive,
becauise the drift equation depends on a large number of parameters and, consequently, is
rather complicaed.

In analysing particle motion in a tokamak, we asume that the toroidal magnetic field
ISB=B,/(l+&cosB), i.e. that the magnetic field generated by the plasma aurrent is low in
comparison with the toroidal field. We dso negled the dfed of the dedric field on the
particle motion.

We use the mndition for three quantities - the total energy £, the magnetic moment

u=mv3 / 2B, and the longitudinal adiabatic invariant J =mv,, (I + £cos6) — (e/ c)J'Bgdr -

to be mnserved. Here, v, and v are the particle velocity components along and aaossthe
magnetic field, 6 isthe poloidal angle, B, is the poloidal magnetic field, and £ =r/ R isthe
inverse asped ratio; the remaining notations are standard.

To smplify the analysis of the orbit topology, we a&ssume that the safety fador does
not change dong the drift trgjedories.

In this approximation, the expresson for the longitudinal invariant yields

2 _

r? =+ R (I + £cosB) +C, (1)

Vi
"

where ¢=2pg/ R, the plus and minus sgns refer to the particles that move dong the
magnetic field lines and in the opposite diredion, p isthe Larmor radius of a particle, visthe
total particle velocity, ¢ isthe safety fador, and the constant C is determined by the position
of the point on the trgjedory. The longitudinal velocity component can be represented as

v :iL\/G+£cos9, (2
" I+ &EcosB

where G=1-uB,/ E .
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When the onstant € in (1) is chosen from the ndition that the particle orbit
intersed the magnetic surfaceof radius 7, at the point 8, we can change the variables as

x=e¢ (1+G) S, 3
6=0, (4)
W, =Gc 7 u+6) s, (5)

where x isthe dimensionlessradius.

We negled the term on the order of £ and use (3)-(5) to dbtain from (1)

((x? =x7) +20%W(x’ —x;)+x,cos0, —xcosf=0, (6)
where g =+/ spedfies the diredion of the longitudinal velocity component with resped to
the magnetic field linesand ¥ = \/L,UJ +x,cosB, isthe normalised pitch angle & the point
(x;,6)).

Unlike (1) , equation (6) depends only on two parameters : the position of the initial
point (x,,8,) and the quantity oW ; consequently, the orbit topology becomes far simpler to
analyse over the entire plasma @lumn.

The fours-order equation (6) with resped to x iswritten in a fixed coordinate system
asciated with the magnetic axis. In the coordinates that are asciated with a particular
tragjedory and have the origin at an arbitrary point on this trgjedory, equation (6) passes over
to a cubic equation with resped to the radia variable.

Since the drift trgedories are symmetric with resped to the eguatorial plane, it is
convenient to analyse the orbit topology by assuming 6, =0 or 6, =rm. Under this
asumption, the quantity x,, which will be denoted by A, is merely the parameter of the
problem such that —oo < A < 0. We change the variables,

x? =X’ =z +2Acosa,
xcos@=zcosa +A (7)
to transform (6) to the cubic equation
z? +4Acosaz’ + 2(2A7 cos” a + oW, )z + (04W, A — I)cosa =0, (8)

where ¥, =y, +A.

The standard change of variable,

4
y:z+§)\ cosa 9)
puts equation (8) in the canonicd form
¥ +3py+2q=0, (10
where
2 4
=0— -~ X cos’a, 11
p 34’/\ 9 (11)
8 2 1
g=—-—A cos’a+0=W,Acosa - =cosa. (12
27 3 2

Hence the topdogy of drift orbits described by the forth-order equaion (1), which
depends on four parameters, can ke andysed by means of cubic equaion involving two
parameters.
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The aalytic solutions to the abic eguation (10) depend on the sign of the
discriminant D = p° + ¢”and may be found elsewhere. The red positive solutions in which

we aeinterested here ae & follows:
(i) For p=0 we have the trivial solution

()
y=(=29)°. (13
(i) For p<0 and D <0, we have
y, = —ZI”COS%, (19
y2:+2rcosn;¢, (15
+
V; :+2rcosn3¢ , (16)

where cosp =qr~ = and r= i\/m (the sign of » should be the same asthe signof q).
(i) For p<0 and D <0, we have

y ==2rcosh %j cosh¢ =p0. (17)
(i) For p>0, we have
y==2r sinh %7 sinh ¢ = ,B (18)

Although this lutions has a smple form in the coordinate system that was chosen in
aspedal way, the topology of drift orbitsin red spaceis fairly complicaed.

Now we will present some examples of the orbits which are not widely known.

Let us name the particles whose longitudinal velocity component changes sgn or
vanishes at least at one point along the trajedory as trapped particles, even if their orbits
encircle the magnetic axis. The particles whose longitudina velocity does not change sign
along the trgedories will be referred to as circulating particles, even if their orbits do not
encircle the magnetic axis.

2 Some results of our analysis are represented in Figs.1-
3. Full circles in this Figs. show the points, where
v, =0.

In Fig.1 one can see the orbits with o =-/ and
Y, =08.For A =-0.15 we have the orbit of trapped

particles which encircle the magnetic axe and have two
turning points in eat half-plane (curve 1). If we shift
vaueof A upto A =-0.2 the orhit split on two - on the
- orbit of trapped particles which has no turning points
(curve 2) and on the orbit of circulating particles which
do not encircle the magnetic axe.

2+ In Fig.2 one can seetwo orbits of trapped particles
Fig.1 Drift orbits of particles with with A =75 and Y, =/15. Orbit 1 corresponds to

0=-1%=084=-015(1), 5 =-; and orhit 2 corresponds to & = +/. The form of
A=-02 (2and3 orbit 1 isthe same ain the neoclasscd theory — banana

tragjedory, the form of orbit 2 is very difficult to refer as banana.
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Figure 3 illustrates the trgjedories tracel by a particle that start from the magnetic
surfacewith theradius A = 0.5 at different valuesof ¥, . For ¥, <0.5 thetrgedorieswith

o =%/ both passto the right of starting point ( orbit 1 for o =-/ and ¥, =0.25 and orbit
2for o =+1/ and ¥, =0.25). For larger values of ¥, , the particle orbits lie on both sides of
starting point (orbit 3for o =-/ and ¥, =13 andorbit 4 for o =+/ and ¥, =1.3). The

circle 5 represents the magnetic surfacewith radius A = 0.5 . From this Fig. one can seethat
the type of orbit may depend on the sign of o . For the same value of normalised pitch-angle
Y, one particle may be trapped ( orbits 1 and 3) and another may be drculating ( orbits 2
and 4).

So, in this paper we have obtained the cubic

equation which depends only on two parameters. This
equation makes possble to describe particle orbits in
axisymmetric tokamak over the entire plasma wlumn.
It was be shown, that we have the trapped particles
whose orbits encircle the magnetic axis and have one or
two turning points in ead half-plane or none of them.
Also, there eist circulating particles whose trajedories
have turning points and do not encircle the magnetic
axis.

Unlike in the neoclasscd theory , we have
considered a more redistic Situation in which  the main
changes in the orbit
are asciated both with the value of the initial pitch Fig.2 Drift orbits of particles with

ey

angle of a particle and withthesign of O . A=15 4, =15 o=- 1(0),
o=+1(2
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