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If a homogeneous plasma undergoes an influence of a patential eectric field E=E, sinw,t
perpendicular to an external magnetic field B, then an instabili ty is excited in the plasma. One
can represent the time development of the instabili ty as Floque series
0= exp@mt)z a, exploot)
here ¢ isapatential of the excited paential waves|[1]
Substituting the series in Vlasov's equation we obtain an infinite system of algebraic
equationsin a,. The solvabili ty condtionfor the system gives the foll owing equation for w

_ I b°
D(, k) = =0

D' 1

here D(w,k) is a block matrix, | is the unit matrix,0® and D' are blocks with the foll owing
dements: D&, =RMJ, (1), Dhn =R™MJI 1 () :|RB|, k is the wave vector of the ecited
wave, b isthe anplitude of eledron cscill ations, Q isthe dedron gyro frequency,

88a(m+nwo,ﬁ)
1+88a(m+ncoo,R) ’
If koB and ore put ionsto be normagnetized then

RM = a=ei.

= n20%0, (k)
5 0? -n?Q?
here @, =1,(k*p3)exp(-k?p2)/k?rd., o, is the ion pdasma frequency, rp, and p, are the
eledron Debye and gyro radii, I, isthe modified Bessl function.

Having followed [2] and [3] we shall simplify equation (1). One can easily prove that
the infinite determinant D(w, k), regarded as a function d complex variable w, appeas to be

even and periodic with a period equal to wy. Elements of the matrix D(w,k) have no
singularities, bu for pales. The pales are roats of the eguation 1+ 8¢, (o,k) = 0. Then according

to Mittag-Leffler’s theorem D(w, k) can be represented as foll ows
K
D(w,k) = N(w) + - ’
(@ k) (©) Z Z sinz(nm/mo)—sinz(nmun l®g)
nD , Sin@2ro,, / 0g)
0802, (0, K) /00 o=y,

2.
8, :—m—g' and s, (o, k)= -2
(O]

, 0,, arethe

where N(e) isan entire periodic function, K, =
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poles of D(w,k), and the wefficients D, are obtained by substituting ,, in D(e,k) with
subsequent regularization d the string containing the poe o, . Easy test shows that N(i~) =1
and by Liouwill € stheorem N(w) =1

Therefore analytical properties of the determinant D(e,k) permit us to expressit in
terms of simple periodic functions of » and coefficients D, independent on ». Taking into
considerationthat o, /w, <<1 we obtain upto the order of ((opi /0)0)2

Wi Joo- I () e (I ()
D(w, k) =1 _P R((e”) " n+A n-A _ “n+A n-\
(w k) =1+ 7o nzzw (@)D" ( e g

) D

here a = 2=
(DO '

Thisformulaisvalid for arbitrary values of .
1. Dispersion equation for arbitrary wave length
1E, ¢

Denote o =iy, K =kpe, A=0q-Q aNd R=rpe /pe =Q/0pe,. &=
2B vy

andlet R>>1, o/Q<<1,and § =A/Q <<1.
Then the positive roots of the equation 1+8e,(0,K) =0 are

®en = NQL+ P (K)) ,
Now expresson (1) can be simplified, and we obtain the foll owing dispersion equation

2 o 2
O 2n°Q(Qd,, —-A)P
-ty S S W =0 )
Y top iy *n (A-Q,)

here u =§K .
2. Dispersion equationsfor long and short wave lengths
If K>>1(short wave lengths) then (2) can be reduced to
2
(D A

1- pi d(K) _mv
y?+od ®(K)=30 sinhav

3 (32 () §=o ©)

Here v=y/(Q®-4).

This equation contains contribution d al of the Bernstein modes. We seach pasitive
solutions of equation (3), i.e. y>0.

If K <<1 (long wave lengths) then @, /®, <<1, and we keep in (2) the terms with n=1

only.
®p (®4(K) =8)®4 (K)
1-—2 20252 1 L = 4
ol 0 060 -0 @
3. Strong electric fields
Strong electric fields are charaderized by the inequality
a>o (0)=L I.e. eEy >mv O
1 2R2 Te Q
Therange of valuesof § is Plit upinto two physicaly different domains. Thefirst is
. (Dze 1 (Dze
0.30,(0) =8, <5<8, =®,(0) i.e. 0.15 gg <h<s gg (5)

In thisrange long waves (K =kp, <1) are excited.
The second domain is
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§<§, 1.e

(6)
In thisrange short waves (K =kp, >1) are excited.

Given & external field excites waves with various values of wave vedor. We
shall seach wave vedors with maximal linea growth rate v, i.e. we must find from (3) and
(4) the linea growth rate and solve the equation dy/oK =0.

3.1 Long waves

For the case of long waves (equation (4) and inequality (5)) we have the following

expressonfor the maximal growth rate v,

Vi == 207(@,0-5) - 20 + 2 [02(0,0) -5 + 0} f +40%02 (0,0)-5)6-039,0)

The wave vedor correspond ng to the maximal growth rateis
Km :1.842 <<l p, =184

v & afunction d § has amaximum. So the growth rate & function d K and § has
the dsolute maximum T .

2 /3
[ =055, Eﬂwn E

Thisvalueisadieved at thefollowing valuesof § and K

2 /3 -
6=5=1 op [jo peE[ and K =K =1.84>
20 Q HorQH a
3.2 Short waves
For the case of short waves (equation (3) and inequality (6)) the maximal growth rate

and correspondng wave vedor have the form

Ym = p.%,):g E\/%)SZ ;g @)

and

_H ok aff 7ﬁ§’35 of 1l
" O/2n? 5 E“ af HVza? 51
Substitution d the maximal growth rate (7) in equation (2) shows that approximately
aK,, /8 (>>1) summands make equal contribution to the dispersion
equation and, therefore, alot of Bernstein modes are excited.
4. Weak electricfields

Now consider wedk €edric field
2

a<<® (0):L i.e. eE, <<mv Zre
1 2R2 bt Te Q

In this case the range of values of § is lit upinto threedomains

0 /2 10)2
a4(0,(0))"" =8, <8 <3 <@,(0) i.e. &’ E\TE a <4<oo (8
303 £0% o2
a’Q ©,(0)=58,<5<3, I.e 3pe<A<a3’4 pe a ©
% 20y, V2
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32,2

a’Q o7,
3
2wy

5<5, i.e A< (10)

The growth rate adieves the maximal value y,, a thefollowing value of K

/9
Km —B ;";2 ;El E} Opi H ;’;;Z ;g for region(8) and (10)

Ha(y) 1 SIZ
pe for region (9
Correspondng values of y,, are asfollows
_a’kKpQ
Ym 5
Ym =aK,Q for region (9)

for region (8)

y _2, o an 7 ok H/g for region (10)
"3 "Hou H HV2r0?H
Conclusion
The a&ove acourt shows that the linear growth rate of parametric excitation d the
Bernstein modes may sufficiently exceed o, even when the external pumping field is wek,

The growth rate and the wave vedor of the excited waves increases when §(=A/Q) deaeases.
It shoud be observed that the growth rate of parametrically excited waves propagating
nealy parall el to external magnetic field is lessthen o, [4,9. Therefore the Bernstein modes

make adominant contribution to development of the parametric instability in the vicinity of
the gyro frequency.

The most interesting case is one of strong pumping fields and small §. In this case
short waves are excited and growth rate is more then o . But unlike we fields a lot of

Bernstein modes are excited simultaneously.
In conclusion ndice an important feaure of the mathematicd formalism employed.
Unlike many others authors we were not restricting ourselves to the @mndtion p<1. This

condition corresponds to very long waves. Really, even if kp, <1 the maximal growth rate is
adhieved at =2 (seesedion 3.J).
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