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1. Analytical examples of 3D toroidal magnetic fields. Analytic 3D plasma equi-
librium configurations with the current density j = AB, A = constant can be obtained
as a superposition of several 2D magnetic fields with one coordinate of symmetry (planar,
axial or helical). Each of them is given by the following "mixed” representation of the
magnetic field:

2t B=VV¥ xb+ Fb, F=F(¥) (1)

where for specific force free configurations F' = AW, the base vector b and the exact
solution W of the corresponding Grad-Shafranov equation are known.

In particular, for axisymmetric force-free configurations, B = By, (7, 2),b = by, = V¢,
the following partial solution can be obtained for the poloidal flux function ¥ = W ,:

Voo (1, 2) = rJy(Aer) cos(Ar 2), /\f + /\3 = \2. (2)

The up-down symmetric system of isolines of the function (2) has a set of ”o-points”
(magnetic axes) in equatorial planes Az = 0, £7, +27, ... with r satisfying Jy(Aor) = 0.
The elongation of the magnetic surfaces near the axes is ' = |As/A1|. An example of the
axisymmetric configurations generated by (2) for the values A = 0.95, \; = )\, is presented
in Fig. 1. For this equilibrium the safety factor ¢ decreases from ¢y = 0.58 at the magnetic
axis with a resonant surface ¢ = 0.5 somewhere inside.

More complex combinations of the exact solutions allow to model more sophisticated
configurations including, for instance, doublets. Fig. 2 demonstrates such an example
corresponding to the following ¥, function

U (r, 2) = rJi(Aor) cos(A1z) — 0.67J1(Ags7) sin(Aq52) (3)
with the same A =0.95, A =Xy and gy = 1.2X, A7+ M2 = X2 + )2, =)\
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Fig. 1 Magnetic surfaces for an axisym- Fig. 2 Magnetic surfaces for an azisym-
metric analytic equilibrium from FEq. metric analytic equilibrium with a ”fig-
(2). ure eight” separatriz from Eq. (3).
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Helically symmetric magnetic fields By, with the current density j = AB are described
by the representation (1) with b = by = (—n/kVz + r?Ve)/(n?/k* +r*), k =n,/R,
where 27 R is a helicity period length, n and n, are helicity numbers in ¢ and z directions
respectively. The solution of the corresponding Grad-Shafranov type equation ¥ = ¥y,
is a function of 7 and ( = n¢ + kz. One of the partial solutions is the following function

1 A P E—
\Ilhel(r, C) = \/ﬁrﬂz(y) —+ mh(y) COS C, Yy = |]{;2 — )\2|7‘ (4)

when k% > A2, For the case of opposite inequality, the modified Bessel function I,, in (4)
should be replaced by J,. The function (4) was used for testing the PIES code [2].

Due to the linear character of the problem considered, any linear combination of the
magnetic fields B,;, By with the same value of A is also an equilibrium field. A lot of
three-dimensional configurations can be generated in this way. By means of magnetic
field line tracing one can easily examine 3D effects on the topology of magnetic surfaces.

For example, adding a small amount of B to B,, leads to three-dimensional config-
urations with closed surfaces: Bspior = Baz + WheiBhei-

Fig. 3 demonstrates the results of such a superposition of the magnetic field shown
in Fig. 1 and a By corresponding to the flux function (4) with a weight coefficient
Whey = 0.008 and R = 1,n = —1,n, = 1. The cross-sections at several toroidal angle
values show the 1/2 island generated on the resonant surface ¢ = 0.5. No evidence of field
line stochastization was found in the region considered.

Fig. 8 Poincaré plot

02 of the 8D toroidal magnetic field
| generated by a helical perturbation

i of the azisymmetric configuration
in Fig. 1. The toroidal cross sec-
o A tions ¢ = 0,7/4,7/2,3n /4,7 and
1 2 3 4 5 1 2 3 4 s 027 18 15 2 21 a zoom of the cross section ¢ =0

near the z-point are shown.

The 3D effect of stochastization of a

e ‘ ‘ ‘ ‘ ‘ "figure-eight” axisymmetric separatrix is
L presented in Fig. 4. This is a result of
o e adding Bpe with whe = 0.00005,n/n, =
POy —1/1 to the ”"doublet” magnetic field from

i | Fig. 2.

The configurations presented can be
used as nontrivial tests for 3D equilibrium
codes.

Fig. 4 Poincaré plot of the 3D toroidal mag-
netic field generated by a helical perturbation
of the azisymmetric configuration in Fig. 2.
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4 s 8 10 12 1 16 The toroidal cross section ¢ = 0 is shown.
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2. Scalar function model for 3D MHD equilibrium. The same representation
(1) of the magnetic field as in a symmetric case was proposed earlier [1] as a basis for the
description of three-dimensional MHD equilibria with ”good” (but not necessary nested)
magnetic surfaces. The model includes the equations corresponding to basic properties
of magnetic field divB =0,B-VV¥ =0, div(B x V¥) =0, and the following 3D
Y-equation

div (1’VU) + rotb-b x VU = Fb- rotb — 27j-b (5)

with a few possible variants for the representation of the current projection term j-b
taking into account the force balance equation Vp = j x B, p = p(¥). In the general
case, this term can be represented as follows

2mj - b = 4n’p' + b’ F(F' + o), (6)

the function « satisfies the magnetic differential equation: B - Va = 27p'q - V(In B?),
q = b/b?. In the particular case of force free equilibria considered, the term j- b in (5)
takes the form 27j - b = \b?F.

3. Numerical experiments for force free equilibria. The determination of the
magnetic flux function given a known magnetic field can be considered as a step in a 3D
equilibrium solution. A formulation and numerical solution of this problem is a nontrivial
task especially in the case with islands. Moreover in this case, it is not obvious what
magnetic flux could be used for the magnetic field description. In a more general formu-
lation, any scalar function ¥ satisfying the condition B - V¥ = 0 (label function) can be
searched for. Together with an arbitrary choice of the function F(¥) allowed, it leads to
a violation of the closure condition for the base vector b that was assumed originally [1].

Equation (5) can naturally be considered as an equation for the label function W
assuming that the base vector b that satisfies the basic properties of the magnetic field is
known (exactly or approximately). Corresponding numerical experiments were performed
for the force free equilibrium magnetic fields described above.

In all computations, the base vector field b was assumed to be prescribed inside the
computational domain. When the magnetic field B and some approximate label function
U, are known, then the vector b can be found from the following representation

b:27rBXV‘IIO+FB’ 7)
VT2 + F2
which is equivalent to (1) if b - V¥, = 0. Different label functions ¥, and the same
function F' = constant = 1 were mostly used in the experiments undertaken. The scalar
label function ¥ can represent magnetic surfaces with its isosurfaces only if |[V¥| = 0 at
the island magnetic axis (similar to the helical flux function). So the input label function
with a small gradient at the position of the magnetic island was specified.

The following choices of input function were used in experiments gradually approaching
the exact island structure:

— helical flux extrapolated from an axisymmetric configuration;

— helical flux taken from the VMEC approximation with nested surfaces;

— the VMEC helical flux modulated with a simple analytic 3D function to produce an
island structure in W;

— a "hand-made” label function produced with magnetic field line tracing on a finite
grid.

The force-free 3D configuration with a big m/n = 1/2 island (Fig. 3) was mostly used
for modeling.

All these 3D calculations demonstrate a more or less strong ”sausage” effect: one
(or several, in general) local extrema of the solution (with spherical isosurface topology
instead of toroidal one) appear in place of a magnetic island.

The most adequate result was obtained in the last approach mentioned when the
input label function was directly generated in the process of magnetic field line tracing
(the "hand made” label). Fig. 5 presents the result of the use of this approach to provide
the input label for the W-equation. The solution isosurfaces look in this case rather close to
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the exact magnetic surfaces (Fig. 3). The result can be considered as a consistency check
for the numerical technique applied and shows that the solution of the 3D W-equation
can in principle reproduce the magnetic surface label sufficiently close to the exact one.
Moreover the numerical procedure tolerates input label functions that may not necessary
be very smooth.

Fig. 5 Isosurfaces of the
numerical solution for
U-equation (5) when a "hand
made” label function is used
12 3 4 5 1.2 3 4 5 1.2 3 4 5 as the initial one. The
isosurfaces (their distribution
in  the wicinity of the is-
land and the main magnetic
— ~ axis is wvaried for the sake
’ ] of clarity) are shown at the
toroidal cross sections ¢ =

! '-" 0,7/4,7/2,3n/4, 7. The solu-
05 Lo tion values at the ¢ = 0 equa-
T 2 3 a4 5 T 2 3 a4 5 o W torial plane are also shown.
0 2 4 6

The procedure for the ”b-vector prescription” /” U-equation solution” can be continued
using the output label function as an input for the next iteration. If such iterations
converge, then the final converged solution ¥ would actually be a label of magnetic
surfaces, i.e. a partial numerical solution of the equation B - V¥ = 0.

It can hardly be expected that such simple iterative process converges. Moreover the
problem of magnetic surface label determination is very ill-posed: it has many solutions
if it has one. Even in an axisymmetric case with a poloidal flux function as input, the
label function keeps changing from iteration to iteration. However the geometry of the
label function level lines does not change considerably. The situation gets worse in the
case with islands when incorrect ”sausage” topology isosurfaces appear.

One of the possible ways to make the problem well-posed is to prescribe an additional
flux function which should effectively fix the label function distribution over the magnetic
surfaces. In the case of nested flux surfaces, this could be a fixed label function distribu-
tion along any ray emerging out of the magnetic axis.

4. Discussion. The correct formulation of the magnetic surface label determination
problem is needed in the general case. This is connected with a large freedom in the mag-
netic field representation if no closure condition is applied to the base vector b. Provided
with such a formulation, the procedure for magnetic surface label determination in cases
with islands can be developed. This procedure is useful by itself as it can provide selective
magnetic island mapping with possible regularization for equilibrium magnetic fields. It
can be an essential step for the self-consistent 3D equilibrium problem formulation on the
basis of scalar functions.

References
[1] R. Gruber et al. Plasma Physics Reports. 22, No.3, 186-194 (1996).
[2] A.H.Reiman and H.S.Greenside, J. Comp. Phys. 87, 349 (1990).

Acknowledgments

The authors thank Drs M. Isaev, M. Mikhailov and A. Subbotin for their help in VMEC
calculations and discussions and Dr S. Hirshman for the use of this code. The CRPP
authors were supported in part by the Swiss National Science Foundation.

872



