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Nonlinear Landau damping in the relativistic
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The self-consistent damping of longitudinal waves in collisionless plasmas is a classic
fundamental problem in the study of nonlinear wave-particle interaction processes.

In the linear non-relativistic regime, when a spatially uniform plasma with equi-
librium electron distribution function (e.d.f) f¢¢(v) is perturbed by a small amplitude
electrostatic disturbance, the Landau’s analysis [1] predicts that the time-asymptotic
evolution of the electric field exhibits exponential damping (or growth) as well as os-
cillatory behaviour. The damping (or growing) rate is proportional to the derivative
with respect to v of the equilibrium e.d.f. calculated at the phase velocity vy, of the
electrostatic wave. In the case of a Maxwellian equilibrium e.d.f., a long-wavelength
electron plasma oscillation with kAp < 1, where A\p is the Debye length and £ is the
wave number, decays with time on a scale large compared to the oscillation time. How-
ever, even in the case of ‘small’ amplitude perturbations, the linear analysis breaks
down for ¢ > t,, t, being the particle trapping time-scale which depends on the elec-
tric field amplitude F as t, = 1/v/kE in normalized units (see below Eq. (2)). Thus,
Landau’s linear solution holds at large times only if initially the condition ¢4 < t, is
satisfied, where ¢4 is the damping time-scale. In the opposite limit t4 > t,, O’'Neil [2]
has shown that the energy exchange between the wave and the particles with velocities
v =~ vy, trapped in the wave prevents the complete damping of the wave which reaches
a constant nonzero value asymptotically.

Recently, the existence of a critical initial perturbation amplitude, that marks the
transition between these two different asymptotic regimes, has been proved in the limit
of small amplitude waves [3] and the analytical expression of the asymptotic wave
amplitude af;, has been given in the case of a sinusoidal perturbation of a linearly
stable equilibrium. In this limit, the general solution for the asymptotic electric field
has been found to be a finite superposition [4] of traveling Bernstein-Greene-Kruskal
(BGK) waves [5] plus higher order terms (see Eq. (9) of Ref. [3]).

We report the results of a systematic numerical study [6] of the Vlasov-Poisson
equations in the intermediate range where the restrictions assumed in the papers of
Landau (t; < t,) and O’Neil (¢4 > t,) do not apply. We solve the one-dimensional
Vlasov-Poisson system of equations numerically
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where f(x,v,t) is the e.d.f. and F(z,t) is the electric field, which at ¢ = 0, is given by
E(z,0) = 2 ay, sin(kx) (2)

In Egs. (1)-(2) and in the following, time is normalized to the inverse of the electron
non-relativistic plasma frequency wy., velocity to the speed of light ¢ and consequently
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E to mcwye/e and f to the equilibrium particle density ny. We assume that the ions
form a fixed, neutralizing background. Oscillations are excited by initializing Fourier
spatial modes with wave number k£ and —k:

f(z,v,0) = f9v)[1 + ecos(kx)] (3)

where € is the perturbation amplitude, related to the initial electric field amplitude a;,
as € = 2ka;,, and f°(v) is the Maxwellian e.d.f., f¢(v) = (1/v/27 vs) exp(—v?/(202,))
(here vy, is the thermal velocity). The Vlasov-Poisson equations are integrated numeri-
cally in phase space (x,v) by using the well known “splitting scheme” [7]. The number
of points used in the simulations are typically N, = 256, N, = 3000 with dt ~ 0.0025.
The numerical phase space is given by 0 < 2 < L, —Vnae < ¥ < Uz, Where L is the
maximum length of the space interval and v, the maximum velocity which can be
reached by the particles. Periodic boundary conditions are used in the space direction.

Simulations were run with v,,,, = 0.6, A = 27 /k = L and with different values of the
initial perturbation amplitude €. The thermal velocity was set to vy, = 0.1, in order to
describe plasmas with a non-relativistic temperature, and the initially perturbed wave
number to k£ = 4. The evolution of the system is investigated up to ¢t ~ 2500 wzjel.

In Fig. 1 (left), we plot the asymptotic amplitude ay;, of the electric field versus
the initial perturbation amplitude ¢, at fixed wave number £ = 4. The dashed line
corresponds to the analytical expression of the asymptotic amplitude given by Eq. (19)
in Ref. [3], which in our units and for an initial perturbation of the form given in Eq. (3),
reads (for vy, = 0.1 and v,, = 0.31)

47 v3
(U;%h/ Ut2h —1)

where €* is the critical initial perturbation amplitude which marks the transition be-
tween the Landau’s and O’Neil’s scenarios. The analytical values ag;, of Eq. (4)
(dashed line in Fig. 1 (left)) agree with our numerical results in the limit of small
initial perturbation amplitudes ¢ < 0.04 if we set ¢* ~ 0.012, which corresponds to
q* = \/2/€e* [ty ~ 0.85. For initial perturbations with ¢ < €*, the field amplitude is
completely damped. Thus, this method allows us to find the critical value ¢* avoiding
the regime of very-small initial perturbations, where the simulations are particularly
delicate since the electric field amplitude becomes so small that a very high numer-
ical resolution is necessary. The critical initial value ¢* differs from those previously
predicted in Refs. [8], which where obtained for lower resolution and shorter times.
When the initial perturbation amplitude is such that ¢ > €¢*, nonlinear effects come
into play and the electric field amplitude oscillates at large times around a constant
nonzero value ay;,. After the initial linear damping of the wave, two vortices appear in
phase space, centered in v = +wvp;,, and propagate in opposite directions. In order to
analyse how these results depend on the numerical resolution used in our simulations,
we have performed runs with different numbers of grid points N,. We note that the time
at which the damping stops and the electric field amplitude starts to oscillate around
a constant nonzero value does not depend on N, (¢, ~ 950 for ¢ = 0.1). The difference
between the runs is that for bigger values of N, larger low-frequency oscillations in
the electric field are observed. In Fig. 1 (right), the contour plot of the e.d.f. in
the resonant region is shown for ¢ = 1200, ¢ = 0.1, and for different values of the

Afin = (e —€*) >~ 0.0146 (e — €") (4)
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Figure 1: (Left) Final electric field amplitude a iy, as a function of the initial perturba-
tion amplitude €; (Right) Contour plot of the e.d.f. in the resonant region at t = 1200
fore=0.1, L =X and N, = 64, 128 and 256, respectively.

spatial resolution N, = 64, 128 and 256. We note that the vortices become regular,
and the e.d.f. and F), become time independent, faster as the numerical dissipation in
phase space increases (i. e., for smaller N,). Nevertheless, the overall structure which
corresponds to a superposition of two traveling BGK waves is the same at large times
in all the simulations since ., v,, and the dimensions of the vortices do not change with
the numerical resolution.

A similar conclusion has been obtained analytically in the small amplitude limit in
Ref. [3]. In fact, in this limit the general solution for the asymptotic electric field E is a
finite superposition of traveling waves plus higher order terms (see Eq. (9) of Ref. [3]).
Our numerical results show that the asymptotic electric field is given by a superposition
of traveling ‘averaged’ BGK waves also in the case of non-small amplitudes.

We are interested in generalizing these results to the relativistic regime [9], namely,

to plasmas with temperatures kg1’ R mc? and waves such that the resonance between

the particles and the wave occurs at relativistic velocities v >~ vy, Se
In the relativistic regime, our mathematical model is the one-dimensional Vlasov-
Poisson system of equations

of  of _ of OF /+°°
el 9 _ g9 71—
a Ve PV & S (5)
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where f(z,p,t) is the e. d. f., and all the quantities are normalized as in the non-
relativistic case. Oscillations are excited by initializing Fourier spatial modes with wave
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number k£ = 27 /L and —k, as described by Eq. (3), where now f¢(p) is the Jiittner-
Synge distribution function [10], f¢(p) = N exp[—z I'(p)] (here N is a normalization
constant, p is the one-dimensional spatial component of the momentum, I' = /1 + p?,
and z is a dimensionless parameter z = mc?/kgT).

We have studied how ¢; and ¢, at ¢ = 0 depend on the initial temperature. The
damping time ¢, and the wave number k£ are given in the laboratory frame of reference
(LAB). In order to calculate ¢, as a function of quantities in LAB, we use the usual
relativistic relation for the dilatation of times and write

[ 1 379 | 1
tp = Tpn tpo = T'pnr m = Fpl/z Ta (6)

where the index 0 labels the quantities in the local frame moving with v = v, in LAB,
and I'yp, = I'(vpn). As we have checked from the numerical simulations performed, t4
and v, change with the temperature. Thus, ¢, changes with z because of the factor
F]?;,/f in eq. (6). Simulations were run differing only in the values of the initial plasma
temperature, with £ = 1.6, as the fundamental wave number, and ¢ = 0.1, as the initial
perturbation amplitude (in this case, for non-relativistic temperature z > 1, the initial
ordering is ¢, < t4).

The initial time-scales ordering is found to be reversed in the regime v,, < 1 as
z decreases from 10 to 2.5. If 7™ is the initial temperature at which the ordering is
reversed, the long-time evolution is found to depend strongly on 7%: for 1" > T, the
electric field amplitude damps to zero if v,, < 1 or remains at the initial constant value
if v,p, > 1 (no resonance); for T < T*, the formation of vortices in phase space indicates
that the electrons can gain energy from their interactions with the wave and that the
electric field amplitude, after an initial damping, reaches a constant nonzero value.
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