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Abstract

The interchange and ballooning stability of general anisotropic pressure plasma equilibriain a
dipolar magnetic field is investigated. A fluid form of the anisotropic pressure Energy
Principle is derived, which, after appropriate minimization, gives an interchange stability
condition and an integro-differential ballooning equation. These results are applied to the case
of an anisotropic pressure equilibrium having the perpendicular pressure equal to the parallel
pressure times a constant and, in particular, to a model point dipole equilibrium. It is found
that the model equilibrium is interchange stable for al plasma betas = (plasma
pressure/magnetic pressure) and ballooning stable for al betas up to some critical value.

1. Introduction

Plasma stability of dipolar magnetic field equilibria is of interest for both cyclotron heated
plasma laboratory experiments, such as the Levitated Dipole Experiment (LDX) [1], and
space and astrophysical plasma applications [2], where the effects of anisotropic pressure
should be considered.

A model point dipole plasma equilibrium with isotropic and anisotropic pressure was
studied in Refs. [3] and [4] respectively, and the resulting Grad-Shafranov equation was
shown to permit a relatively simple separable solution. In the isotropic plasma pressure case
the equilibrium exists for arbitrarily large plasma beta = (plasma pressure/magnetic pressure)
[3], while in the case of anisotropic plasma pressure a stable equilibrium is possible only for
plasma betas below some critical value [4]. At high beta the equilibrium is destroyed either by
the fire hose or mirror mode instability, depending on whether the parallel or perpendicular
pressureis larger, respectively.

The present work studies interchange and ballooning mode stability for a generd
anisotropic pressure plasma equilibrium in an axisymmetric magnetic field with closed field
lines and then applies these results to the case of the model point dipole equilibrium of Ref.
[4].

2. General Stability Properties of Anisotropic Plasma Pressure Equilibrium

For an axisymmetric dipolar magnetic configuration with only a poloidal magnetic field all
equilibrium plasma currents are in the toroidal direction so that there is no paralel current
flow along the magnetic field. All magnetic field lines are closed so that "flux" or pressure
surfaces are defined by their surfaces of rotation about the symmetry axis of the system.

To investigate the stability of an anisotropic pressure plasma equilibrium in a dipolar
magnetic field the Kruskal-Oberman form of the Energy Principle [5, 6] can be used with the
paralel current density term set to zero. The stabilizing plasma compressibility term is
derived using a kinetic theory approach and is given in terms of integrals along particle
trajectories, which can be bounded by a fluid form using the Schwarz inequality [6]. The
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expression for the potential energy W O w? (Where w is the mode frequency) from Ref. [6]
can be rewritten in the form (see Ref. [7] for details)
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where Q=[x (ED x B) with € the perpendlcular plasma displacement; B =0y x O is the
dipole magnetic field, with { the toroidal angle variable and g the poloidal flux function; py,
ppand B are the parallel and perpendicular plasma pressure and magnetic field magnitude; K
is the magnetic field line curvature; =, =(0_ +0)/(Q+0y) and =_ =1+(1-0_.)/Q+0
with  o_ :4Tr(p" ~pu)/B2, oy =4n(C+2p,)/B? and C=d3 (uB)Z(aF/OSf;
M =py/2-C, Ty =py/2+3p/2+C and I'3=pp +3p;/4-C; and d/ isan incremental
distance along the dipole magnetic field.

We begin by noting that the higher the toroidal mode number n, the more unstable the

mode (see Ref. [8] for details), and then minimize W with respect to the toroidal component
of the plasma displacement. Then we are left with

£, =(/rR?B2)0y, Q% =R2B2(BmE)
and perform the minimization with respect to  of the functional
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where H=(1/2);d%p&% and p is the mass density. Considering interchange modes
(BIIE =0) gives the genera finite beta interchange stability condition [7]
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while the generdl, infinite n, Euler integro-differential ballooning equation (Q?2 #0) can be
shown to be[7]
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As the physicd system is ymmetric with resped to the eguatorial plane, Eq. (5) has
two families of solutions: (1) up-down anti-symmetric, or “odd’, with = O at the equatoria
plane; and (2) up-down symmetric, or “even”, with BDE =0 at the equatoria plane.

As in Ref. [8], some important properties of the egenvalues A; of Eq. (5) can be
determined by considering the egenvalues A; of the mrrespondng hanogeneous differential
equation - Eq. (5) withou the right-hand side. Here j = 0, 1, 2, ...,with odd (even) j's
correspondng to the odd (even) modes. In particular it can be shown [7] that Agjyq =Agj4
and Apj S Ayj <Ay </Ayjyp. Consequently, if Ag=0 and A; =0 then A;20 and the
equilibrium is dable; while if Aj,, <0 then Ay <0 and if Ay, <0 then
Njjr1 =Apj41 <0, so that the low j ballooning eigenmodes are unstable. In the more subtle
casewhen Ay <0<A, itisnat clea if Ay ispositive (stable), negative (unstable) or changes
sign. However, this question can be resolved when the parallel and perpendicular plasma
presaures are propationa to ead aher: py =1+ 2p)p”, with p = constant an anisotropy
parameter. In particular it can be shown [7] that the lowest even mode of Eq. (5) is ballooning
stable if it is interchange stable and vice versa. Therefore, we ae ale to conclude that the
equilibrium with py =(1+2p)p; is balooring stable if A;=A;>0, A, >0 and the
equili brium isinterchange stable.

3. Stability of Anisotropic Plasma Pressure Equilibrium for a Point Dipole

Next, we @nsider the cae of the point dipoe equili brium of Ref. [4] as a spedfic example of
an equili brium with py = (1+ 2p)p”. Stable anisotropic presaure plasma ejuili bria do nd
exist for al plasma betas. For p;>py there is the fire-hose beta limit (g, (given by
1-0_=0), and for py>p there is a mirror mode stability beta limit B, (given by
1+ 05 =0). For the case of the plasma equili brium under consideration these two condtions
can be written as constraints on the equilibrium equetorial plane plasma beta, By, and
anisotropy parameter, p (p > -1/2), as (seeRef. [4])

1+p 1+p
Bmm > BO and th =2 BO’ (6)
p(1+2p) p

where (3 = 4T[(p” + pD)/B2 equals the constant 3, everywherein the equatorial plane [4].

Applying inequality (4) to the eguilibrium of Ref. [4] it can be shown that this
equilibrium is always interchange stable. Then, the results of Sec 2 can be gplied to
determine the ballooning stability of the eguilibrium. The ballooning equation (5) (or its
homogeneous analog) must be solved numericdly. The numericd solutions show [7] that the
behavior of the @genvalues clealy refleds the presence of the fire-hase and mirror mode beta
limits at the values given by Eqg. (6). The first even eigenmode of the homogeneous
differential form of Eq. (5) (without the right hand side) is unstable (i.e. Ay <0) for any beta,
whil e the first odd eigenmode and the second even eigenmode ae stable (i.e. A, A, >0) up
to some aiticd beta - below or at the mrrespondng fire-hose or mirror mode beta limit. The
eigenvalues of the integro-differential form of Eq. (5) (i.e. with the right hand side), A;, are
bigger than or equal to the correspondng eigenvalues of the homogeneous equation, A;, for
all betas, because of the stabilizing influence of plasma cmpresshility. In particular, the
lowest even mode of the integro-differential equationis dable (i.e. Ay > 0) for &l betasupto
a aitica value. For the eguilibria of Ref. [4] and for pp/p;>1, the beta limit is =t by the
mirror instability if p/p,>8 (i.e. p>7/2) and bythe ballooring modeif py/p; <8 (i.e. p<
712).
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4. Conclusions

The stability of a general anisotropic plasma pressure equili brium in a dipole magnetic field
was investigated. The Kruskal-Oberman form of the Energy Principle was rewritten, using a
Schwarz inequality, to gve a ‘fluid’” form of MHD Energy Principle. This expresson was
minimized with resped to the mmporent of plasma displacement in the toroidal diredion to
give a finite beta interchange stability condtion and an integro-differential balloonng
equation.

The general stability theory was then applied to a plasma equilibrium with
pg =@+ 2p)p”. It was found that for the periodic plasma displacanents, the plasma
equili brium is ballooning stable if it is interchange stable and the first odd and seand even
modes of the “simplified balloonng equation” are stable. Unlike the tokamak case where
there ae regions of favorable and urfavorable magnetic field line airvature, magnetic field
line arvature of the dipde field is always unfavorable. On the other hand, uri ke the tokamak
case, magnetic field lines are dosed for a dipae equili brium, which provides a stabili zing
plasma compresshility term (for the even modes) in addition to the usual magnetic field line
bending stabili zation.

Finally, the stability of the separable point dipoe plasma equili brium of Ref. [4] was
investigated. Both the full integro-differential balloonng equation and the simplified
differential equation were solved numericdly. It was found that for periodic boundary
condtions the equili brium is interchange stable for al plasma betas and kelloonng stable for
all betas up to some aiticd value, which is below the mirror mode beta limit 3, when the
presaure anisotropy parameter p < 7/2 (i.e. pD/p” <8) and is equal to B,y for p>7/2 (i.e.
Po/Py > 8).

/ : The field line tied boundry conditions case is more stable than the periodic boundry
condtions case becaise of the alditional li ne bending stabili zationin the even modes.
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