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1. Introduction and conclusions.

In a recent investigation [1] it was found that the ideal magnetohydrodynamic equi-
librium of an axisymmetric gravitating magnetically confined plasma with incompressible
flows is governed by a second-order elliptic differential equation for the poloidal magnetic
flux function @ containing five surface quantities coupled with a Poisson equation for the
gravitation potential 2, and an algebraic relation for the pressure. For vanishing flows
this equation reduces to the Grad-Schliter-Shafranov equation. Analytic solutions of the
nonlinear Grad-Schliter-Shafranov equation for a plasma with vanishing poloidal current
at either low or high pressure confined by a dipolar magnetic field were obtained recently
in Ref. [2]. These studies were then extended to equilibria with purely toroidal flow [3]
and to gravitating magnetic dipolar plasmas without flow [4].

The purpose of the present work is to derive analytic magnetic dipolar equilibria for
a plasma at finite pressure and poloidal current with incompressible sheared flows having
non-vanishing toroidal and poloidal components, under the exertion of gravitational forces
from a massive body (a star or a black hole). In Section 2 the equilibrium equations for
the system under consideration are derived. Analytic magnetic dipolar solutions are
constructed in Sections 3 and 4 in the following regimes: (a) in the low-energy regime
Bo & Yo & 0y & € K 1, where By, 7, do, and ¢ (defined in Section 2) are related to
the thermal, poloidal-current, flow, and gravitating energies normalized to the poloidal-
magnetic-field energy, respectively, and (b) in the high-energy regime Gy ~ vy &~ §y ~
€0 > 1. It turns out that in the high-energy regime all four forces, pressure-gradient,
toroidal-magnetic-field, inertial, and gravitating contribute equally to the formation of
magnetic surfaces very extended and localized about the symmetry plane such that the
resulting equilibria resemble the accretion disks in astrophysics.

2. Equilibrium equations

With use of cylindrical coordinates (R, ¢, z) the equilibrium of an axisymmetric grav-

itating plasma with incompressible flow satisfies (in convenient units) the differential

equation for ¢ derived in Ref. [1] (where also other details are given)

2\ A K 1 N 2 1 X? , 2 [ pl ’ R P(q)/)Q ,_
0= aryane = gy vel + 4 () + R -+ I (A2) —o )

(stemming from the “radial” component of the force-balance equation p(v-V)v =jxB—

VP —pVQ) together with V*Q = Gop,. Here, Ps(1)), p(v), and ®(1)) are, respectively, the
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static pressure, density, and electrostatic potential which remain constant on magnetic
surfaces ¢ = const.; the flux functions F'(¢) and X (1) are related to the poloidal flow and
the toroidal magnetic field, respectively; M? = (F')?/p is the Mach-number of the poloidal
velocity with respect to the poloidal-magnetic-field Alfvén velocity; p; is the total density
including contributions from the plasma itself and from external mass sources; 47(Gyg 1s
the constant of gravity; A* = R*V - (V/R?); and the prime denotes differentiation with
respect to 1. Because of axisymmetry the equilibrium quantities do not depend on ¢.
The magnetic field, current density, and plasma velocity can, respectively, be expressed as
B=1(R,z2)Vp+VopxVip.j=AYVop—-Véx VI and pv = O(R,2)Vp+ Vo x VF(p).
Unlike to the case of static equilibria and vanishing gravity the pressure P = Py(¢) +
pv?/2+Q+ (R*(®')%) /(1 — M?)] is not a flux function.
Under the transformation U(y) = f(;p 1 — ]\/[2(9)]]/2 dg, M? < 1, Eq. (1) reduces
(after dividing by (1 — M?)'/?) to
o\’
/()

. 1 d X? , [ dPs dp R* d
AU+§%4TTMJ+R<ﬂJ_%W)+Eﬁ5

Eq. (2) is free of the nonlinear term 1/2(M?)'|V|* and, therefore, for M? < 1 the
equilibrium can be determined from the more tractable set of Eqs. V*Q = Gopy, (2), and

—0.  (2)

the above noted relation for the pressure.

The equilibrium of a plasma confined by the magnetic field of a current ring lying
on the symmetry plane and centered at the origin of the system of coordinates is now
considered. Employing spherical coordinates r, § and ¢ with y = cosf and R = rsin,

we seek separable solutions of Eq. (2) of the form

e (o3
Ul p) = Vo () (22) (3)
Here, H is an unknown function of y alone such that H(0) = 1, and U, and ry are

normalization constants specifying a reference flux surface location. The parameter «
plays the role of an eigenvalue of equations V2Q = Gyp; and (2). Tt equals unity or —2 in
the vacuum limit to recover the dipolar solutions ¢,,. o< (1 —p?)/r and yqe o< (1 — p?)r?
describing, respectively, the flux surfaces far away from and close to the origin. We are
interested in configurations symmetric with respect to the symmetry plane. Accordingly,
the boundary conditions H(pg — 1) o< 1 — p and dH/dM#:O = 0 are chosen to keep the
magnetic field finite at # = 0 and parallel to the axis of symmetry at § = 7/2, respectively.
A plasma subject only to gravitating forces from a star or black hole of mass M placed
at r = 0 is further considered; the plasma self gravity is neglected. Consequently, the
Poisson equation for € decouples from (2) and has the solution Q@ = —GoM,/(4nr).
Inspection of Eq. (2) with this gravitation potential implies that the separable solution
(3) is only possible provided Py = Py (U/U0)2+4/a, X?/(1 = M?*) = X§ (U/U0)2+2/a,
P = po (U/U0)2+3/a, and p(chI)/dU)2 = po (CI)O/UO)2 (U/U0)2+6/a, where Py, Xo, po, and

®( are normalization constants associated with the reference flux surface Uy. Inserting
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this ansatz, Eq. (3) and Q@ = —GoM,/(47r) into Eq. (2) we obtain

d*H +1
L olot1)

d/ﬂ 1— ,u2 H = _/Qoa(g + a>H1+4/oz _ ”YOOZ(l 4 Oz)(l - M2>_1H1+2/a

—doar(3 + a)(1 —MQ)H1+6/“ —eoa(3/2+0z)H1+3/“. (4)

Here, fo = Pao/(B2/2), 10 = [(Xofro*/2/(B/2), 80 = oo(®oro/Uu)/2}/(B2/2), and
€0 = [poGoM;/(4mro)]/(BE/2) are related, respectively, to the static thermal, poloidal-
current, flow and gravitating energies normalized to the poloidal-magnetic-field energy on
the reference surface. Solutions of Eq. (4) will be constructed in the low-energy regime,
Bo & 70 & do ~ €9 < 1, and in the high-energy regime, 3y & vo &~ dg & €9 > 1.

3. Solution in the low-energy regime (Gy ~ v & §y & ¢y < 1)

For this case it is convenient to put Eq. (4) in the form

% l(l - M2)2% (1 flﬂz)] —(1—a)(2+ a)H = —Boa(2 + a)(1 — p*)H'H*/

—yoa(l + a)H™ 2% — §ya(3 4 a)(1 — p?)2H "o/~ 60(% +a)(1 — ) He (5)

where H — 1 — p? as By & o & d & ¢g — 0. With the use of the boundary conditions
H(p — 1) o<1 —pand dH/du|,_, = 0, integration of Eq. (5) from =0 to u =1 yields

24 a)[(1 —a)Pr —aboPy] — a |v(l + a)Ps 4+ 6o(3 + )Py + ¢ <; —l—a) P5] =0 (6)

with Py = [} Hdu, Py = [y (1 — p?YH"™ 2 Py = [} H'¥2dy Py = [](1 — )2 H@S/2 dy
and Ps = [y (1 — ,LLQ)[-F"'?’/CY dp. To appreciate the impact of finite pressure, finite poloidal
current, flow, and gravity on the vacuum equilibrium, the relations H = 1 —p* and o — 1
are employed into Eq. (6) except for the term 1 —a. The departure of a from unity is then
found 1 — a = (512/1001)80 + (16/35)y0 + (131072/230945)d0 4 (320/693)¢o. Therefore,
the modifications of the vacuum equilibrium from the finite pressure, poloidal current,
flow, and gravity are of the order of magnitude of 3y &~ v &~ dg ~ €¢p. As a result, an
analytic solution of Eq. (5) can be derived by using the vacuum solution H = 1 — p?
in the five terms in which H appears undifferentiated. Using the boundary condition
H(p — 1) < 1 — g at g = 1 and introducing ¢ = 1 — p? = sin®#, integration of Eq. (5)
from 1 to p yields

d (H 1 t o xdx t 28dx
dt <7> T a1 -0 [3(1 N 0‘)/0 -z 3*30/0 (1—z)72

3

t x%dx t 2%dx 5 t 2Sdx
9 7_45/7___/7.
70/0 G- k-7 2°h( —.7:)]/2] (7)

Evaluating the integrals in Eq. (7) and integrating again, using H(p = 0) = 1, we obtain

a low-energy solution, not given explicitly here, valid at all distances from a point dipole
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and which for vanishing poloidal current, flow and gravity (70 = do = ¢o = 0) reduces to
the low-pressure static equilibrium solution of Ref. [2] [Eq. (12) therein].
4. Solution in the high-energy regime (8y ~ o &~ do & ¢ > 1)

From the low-energy solution we anticipate that for Gy & 70 & dg & €¢o > 1 it holds
that |a| < 1 and, consequently, assume that 1/8, < |a| < 1, to be verified a posteriori.
The term a(1+a)H/(1—p?) in Eq. (4) is then small everywhere, and it can be neglected.
Also, the terms on the RHS of Eq. (4) are large at x4 = 0 and rapidly decrease to zero as
H decreases from H(y = 0) = 1 toward H(u = 1) = 0 since |a| < 1. In particular, the
variations of the terms vo(1 — p?)~'a(1 + o) H't¥* and §y(1 — p?)a(3 + o) H'1%/* from
1 — p? are much weaker than those from H't2/® and H't6/% respectively. Therefore, in
the above terms, 1 — u? can be approximated by unity and, consequently, Eq. (4) can be
written in the form

d*H
dp?

3
= —Q <2/80H1+4/a + ’}/0H1+2/a + 350H1+6/a + 560H1+3/a> . (8)

ultiplyin . mtegrating from y = 0 where = 0, and integratin
Multiplying Eq. (8) by dH/dyu, integrating from g = 0 where dH/dp = 0, and integrating
again the resulting equation from g = 0, where H(y = 0) =1, to g we find
1
_ 244 /a _ 242/a 246/
lajp = /H[ﬂo(l T )+70(1 T )+5O(1 x )

-1/2

)

To satisfy H(p = 1) = 0, Eq. (9) requires |a| = (8o + 70 + o + 60)_1/2 + O/ (Bo+ v +

80 + €0)). This requirement implies that the distance between adjacent flux surfaces at

dx 223 (1 —H)(ﬁo+70+50+60)_1/2- (9)

the symmetry plane p = 0 increases as either of 3y, 40, do, and ¢; increases. Indeed, as o
decreases the spacing must adjust to keep U a2 (r¢/r)* fixed and, therefore, the magnetic
surfaces become more extended and localized about the symmetry plane. The resulting

equilibria resemble the accretion disks in astrophysics.

Acknowledgment

Part of this work was conducted during a visit of one of the authors (GNT) to Max-
Planck Institut fiir Plasmaphysik, Garching. The hospitality of that Institute is greatly
appreciated.

References

[1] G. N. Throumoulopoulos, H Tasso, Azisymmetric equilibria of a gravitating plasma

with incompressible flow, unpublished.
[2] S. 1. Krasheninnikov, P. J. Catto, R. D. Hazeltine, Phys. Rev. Lett. 82, 2689 (1999).
(3] S. I. Krasheninnikov, P. J. Catto, Phys. Lett. A 258, 153 (1999).

[4] S. I. Krasheninnikov, P. J. Catto, Phys. Lett. A 260, 502 (1999).

659



