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Abstract

In this work, we study the non-Gaussan dynamics of the magnetic field lines of a plasma confined in a
toraidal configuration (tokamak). We have used the Fourier paths technique in order to calculate the kurtosis
of the magnetic fidd lines. We have also calculate numerically this quantity. The magnetic field lines are
described by the standard mapping. A comparison between our analytical and numerical calculations have
been done.

1. Introduction

In the thermonuclea fusion, the quality of energy and perticle confinement in a tokamak is
strongly dependent on the structure of the magnetic field lines. The study of stochastic
magnetic field lines diffusion has been done in severa works (i.e. [1-3]). These studies are
based on the asumption that the behavior of magnetic field lines is Gausgan. However, a
numericd study [4], based on the cdculation of the quantity cdled kurtosis, has siown the
non-Gausgan dynamics of stochastic magnetic field lines in the interval [0,70] of the
stochasticity parameter and for values larger than 70, the dynamics becomes Gaussan. A
similar result was found by Zimbardo and al. [5].

Inthiswork ,we cdculate analyticdly the kurtosis using the technique of Fourier paths. This
tedhnique has been introduced in order to cdculate the velocity moments and have only been
applied to systems for which the standard mapping is a global representation. It has been
used by Redhester and al [6] to cdculate the diffusion coefficient of particles in the presence
of external stochasticity and by Abarbanel [7] without introduction of externa stochasticity.
Our cdculation is based on the method developed by Abarbanel given in the reference [8].
In thiswork,we cntribute to study the influence of the stochasticity, without taking acount
to the external stochasticity, on the behavior of magnetic field lines. These field lines will be
described by the standard mapping.

In the sedion 2, we introduce the definition of the kurtosis for the stochastic magnetic field
lines and we develop the analyticd cdculation of the kurtosis. In the sedion 3, we discuss
the results of our calculation.

2. Analytical calculation

To describe the magnetic field lines behavior, it can be used the Poincaré representation that
is reduced to discrete mapping [3]. In this work, we have used the standard mapping gven

by

704



27th EPSCCFPF 2000; R. Tabet et al. : contribution to study of the non-Gaussian dynamics of stochastic ...

e =1, +KSNG,),

Ois =0 * 1y, (1)
with 1, = 2mp, and K isthe parameter of stochasticity.
We have considered the radial displacement Al =1 -1, as a random variable. The
parameter kurtosis writes therefore as
4
kurt = <(A|) >2 (2)
(@)
For a non-Gausdan dynamics this quantity is different to 3. In the opposite cae, i.e.
kurt = 3, we have a Gaussian behavior.
To obtain a aayticd expresson of the kurtosis, we cdculate M, =[{Al)*0 and
M, = [{AI)?Oin terms of the conditional probability w that an initial state (1,,0,) a n=0
evolves to a final statd ,0) at stem [8]
M, :J’W(I 8.n/1,,8,,0)0( —1,)'dldé. (3)
w satisfy the following recursion property
w(l.8,n/l,, 90,0):Idl 'do'w(l,0,n/1',60',n-Yw(l"'6',n-1/1,,6,,0), (4)
where, from the standard mapping
w(l,6,n/1'8'’n-0)=56(1 -1"'-Ksin8)o(@ -6"-1"'-Ksing@') . (5)
Expandingw in a Fourier series i@ and a Fourier integral in
w (1,6,n/1,,8,,0) = ZJ’dqexp@mG +ilg)a,(mq). (6)

M, and M, can be written as

M,=E,-4l,E, +6l,°E, -4 °E, +1,"E,,

M, =E, -2l ,E, +,°E,, (7)
with E = [W(1.6,n/1,,6,,0)! 'dldb .
Using equation (6) in the expressionkf, we obtain

E, = <2n>2ﬁ%an ©.9)

a=0

E, = i(277)26‘5’.%3«’:1n (0,0)

a=0

E, = —(277)25’.72261n (0.9)

a=0

E, = —i<2n>2%an (0.q)

a=0

E, =(2m)*2,(0,9)] - (8)
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In order to explicit M, and M,, we need to calculate the Fourier coefficient a,. They
satisfy the following recursion relation

a'n (mn!qn) = Z ‘J|n (K|qn—1|)an—1(mn—l’qn—l)! (9)
n
with
m, =m,, —l,sgnq,_;,
On = Qh — M, (10)
The sgn function is defined as
na. = o1 if g 20
S E—l if g <0
Iterating n timesthe equation (9) yields a, intermsof a,
(M) = 3 Jiy (Klaea])-dy (Kldo D2 (m o). (12)
Ny
with
1 . .
a,(m,q) = (2 zeXp(_”neo —igl,). (12)

The set of nintegers {I eeeens I l}deffin&sthrough (10) apath inthe (m,q) Fourier space.
From the relations (8), the path mustend at m, =0 and g, =0.

We have shown using the Fourier paths technique that for large values of n, M ,and M,
take the following expressions

M, = 307K [ =3,(K) = 3,°(K) + 3,7(K) + 3,°(K)]

+3nK4[—é +2J,(K) +33,2(K) - 23,%(K) -33,%(K)
+ J,(2K) + 3,2 (2K) + 3,2 (2K) + 3% (2K)
-2J,(K)J,(2K) = 2J,(K)J: (3K) — 23 (K)J, (3K)]
M, :nKZ(%—JZ(K)). (13)
Finally the kurtosisis

kurt = M 42

2

={ 307K L5 =3,(K) = ,2(K) + ,7(K) + 3 7(K)]

3K+ 20,(K) + B(K) - 23,7(K) ~0(K)
£3,(2K) +3,2(2K) +3,52K) + J2(2K)
~23,(K)3,(2K) - 23,(K)3(3K) - 23,(K)3,(3K)] }

x 1/ nZK“(; ~3,(K))?. (14)
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We have represented this result in the figure 1, where we have dso represented a numericd
cdculation of the kurtosis. To cdculate numericdly the kurtosis we have used the following
relations

1 A i ii
M; =5 2 (In~lo) (15)
1=1
whereN=3000 is the magnetic field lines and50 is the number of iterations.

3. Conclusion

In this work, we have studied the stochasticity influence on the non-Gausgan behavior of
the magnetic field lines in a the tokamak. We have cdculate analyticaly and numericdly the
kurtosis of the magnetic field lines. These cdculations have shown they have a Gausgan
behavior only for values of the stochasticity parameter larger than to 60. For K < 60, the
magnetic field cannot be described by Gaussian randum function.

We note finaly that we have taken an interest to the cae of stochasticity parameter K grea
than 4. For K <4, the dfeds of KAM surfaces becane increasingly important, requiring
the calculation of more Fourier paths.
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Figure 4:We plot both the analytic and numeric result of the kurtosis versus K, with the solid line
without starsisthe analytic result and the solid line with starsis the numerical one.
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