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Introduction

The drift waves in rotating toroidal plasma are studied for an axisymmetric, large-aspect-ratio
tokamak with concentric and circular magnetic surfaces. Plasma rotation has significant toroidal
component attributed e.g. to Neutral Beam Injection and relatively minor poloidal component
due to inherent diamagnetic drift of hot ions. Low-frequency drift type electrostatic oscilla-
tions of low-

�
plasma are considered in assumptions of almost adiabatic electrons and plasma

quasineutrallity. For the case of moderate velocity shear, a strong coupling approximation is
used which accounts for the toroidal coupling of a large number of normal modes centered on
the neighboring rational surfaces. The derived eigenmode equation gives either marginally sta-
ble global drift modes or propagating drift waves. We show that toroidal rotation plays key role
in the formation of global modes and in stabilization of the universal drift instability.

Basic Equations

We consider low-
�

toroidal plasma configuration which rotates both toroidally and poloidally.
The plasma is confined by inhomogeneous magnetic field � with vanishing component along
the equilibrium density �������
	 gradient. For low frequency electrostatic oscillations, electrons
behave almost adiabatically and their perturbed density follows the Boltzmann relation�������
 ���� � ����������	 with �����! " #� (1)

where � is the perturbed electrostatic potential and � � and
� � are the electron charge and tem-

perature, respectively. The phase shift � between the perturbed density and potential describes
the dissipative part of electron density distribution.
In equilibria, the rotation velocity for the ion fluid is$ �����
	 
 $ �&%'�(�)	+* $ ��,-���
	
where the toroidal component $ ��,-�(�)	 is attributed to median plane NBI and the poloidal one$ �&%'���
	 to the inherent diamagnetic drift of hot ions.

Considering electrostatic quasineutral perturbations, where the fluctuating parts are of the
order of . 
 �
/
021435/6387&9 with respect to the equilibrium quantities, we linearise the ion fluid
equations. In the first order, the continuity equation obtains the form:<;;>= * $@?BA�CEDGF ���� � �����H����	JI!* CKA6$ * $LA�CNMPO ��� 
 � (2)
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Separating the equation of motion into parallel and perpendicular to the magnetic field compo-
nents, we getQSRUTQ>VXW#YZ\[']�^@_B[�`ba�^ W#YZ"['](^L[�`ba�^@_\c2dfegihkjml Won hn�p ] l d�qsr
a�t YZu[�`bv (3)

for the parallel components and^xwyc�^�z W YZ{}|&h�~ j Q ^�zQ>V W ](^x_B[�`<am^xz W ]�^xz�[�`ba�^@_�t
(4)

for the perpendicular ones where the usual drift wave ordering was considered. The � ~�� drift
is given by ^xz�c �� jml W�n hn�p ] l dHq�r�aJt YZ ~ `<v
Choosing the simple toroidal coordinate system ( ��������� ), we express the magnetic field as� c ��� ] � a Y�U� W ��� ] l Wy�S���)� � a��S� Y��� , according to the tokamak approximation. Drift modes
are coupled in the poloidal direction due to toroidicity effects. The mode localised on the ratio-
nal surface � c ��� , defined by g � d��� ¡] �¢� a£c2¤

( g ,
�

the poloidal and toroidal mode number
and

 ¡] � a�c � �B��¥�¦\�5� ] � a is the safety factor) is coupled poloidally with the modes localised on
the neighbouring surfaces �¢�}§y¨�� such that g �}§ l c©�� >] �¢�ª§N¨�� a . So, we seek for solutions
which in terms of the azimuthal mode spectrum are centred around the poloidal mode g � . Thus,
we use an appropriate Fourier expansion« ] �����'����� V a¬c®­°¯�±ª]�q g ��� dHqs� � d�q { V aS²+³ « ³ ] � a¡­°¯�±´](q�µ � a
where

«
stands for

v
and

R T
. For further progress, we expand the coefficients that are functions

of � into Taylor series in the vicinity of the reference rational surface � c ��� and we reduce the
equations by eliminating

RUT
, into the following oneQS¶ v ³Q>· ¶ W©¸º¹ � W�¹ ¶ ]�µ�dX» �½¼'¾ · am¿ Q v ³QS· WÁÀÂ¹ÄÃ8WX¹�Å ]Æµ�d�» �½¼'¾ · a W�¹ÄÇ ]�µ�d�» �½¼'¾ · a ¶½È v ³ W (5)Wy¸É¹BÊ}Wy¹ÌË ]�µ�dX» �½¼'¾ · am¿U]sv ³ÎÍ � W v ³ �S� a W©¸É¹BÏÐW�¹ÄÑ ]�µ�d�» �½¼'¾ · am¿ QQ>· ]sv ³ÒÍ � d�v ³ �S� a�c�¤

This is the model equation which describes the mode structure of a drift wave in a rotating
tokamak plasma around surface �¢� . It identifies an infinite system of coupled equations for the
poloidal harmonics

v ³
with

µucÓ¤ ��§ l ��§kÔ���ÕPÕÖÕ . The radial flux surface coordinate � has been
replaced by the dimensionless local coordinate

· c×] � d �¢� a ¥ ¼ , where ¼ is the ion Larmour
radius at temperature

] n�p W n h a . The coefficients
¹ �JØÙØÙØ Ñ depend on plasma parameters and rotation

velocity characteristics.

Strong Coupling Approximation

In the strong coupling approximation [Horton et al., Phys. Fluids 21, 1366 (1978)], a large
number ¨ µ ( g �BÚ ¨ µ Ú l ) of poloidal harmonics is assumed to be coupled due to toroidicity
effects. In this limit, the discrete set of functions

v ³ ] · a
can be replaced by a continuous functionv8] · � µ�a of two variables, v ³ÎÛ � ] · a�ÜÝv8] · � µÆa § Q v}] · � µ�aQ µ W lÔ

Q ¶ v}] · � µ�aQ µ ¶
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The mode equation obtains the 2D form but can be reduced to an ordinary second order dif-
ferential equation by introducing the single variable ÞXßáàãâ�ä�å)æ)ç½è'é . The resulted equation
can be written in Weber form by introducing an appropriate potential function ê¬ë(Þ>ì and shifting
linearly the variable Þ to í . îSï êî í ïÄðKñ�ò â�óôí ïöõ êLßø÷ (6)

This equation can be seen as Scrödinger equation with effective ”energy”ò ß æ)çöèùôú<û}ü(ýûÿþ è���
��� â û þû�� ð �¢ú� ð �¢ú	�
�è ���"ë � â�
��Sì¬â è��ú�� ú����� ë � ð�� � ì ð è��ú � �������� � � ð 
 �æ)ç½è ���è û þû}ü&ý

�
and effective ”potential” óÌß â ùôú� �!#" è� û}ü&ýû þ æ)ç½è'é��ú%$ ï
where ùôú ß � ð û}ü(ýûÿþ

�
æ)ç � é ï ��& é�â � ð ��ú& ��� ð ��ú& è �"ë � â'
��@ì �

A Doppler-shifted frequency has been introduced through û þ ß û ð æ)( � ú � â æ)ç � ú�� , due to
plasma rotation, where æ)ç�ß+* ú å ��ú and æ)(�ß®ê+å � . High order corrections have been neglected
with respect to , , supposing that û þ is of the order of dimagnetic drift frequency û�� . The scale
of inhomogeneity is ��� ß â!ë�-/.10£ê ú å2- � ì  �!35463�7 , the magnetic shear parameter é'ë � ìÿß �8� þ ë � ì�å � ë � ì ,the local poloidal/toroidal velocity � ú��:9 � ß<; ú��:9 � ë �¢ú ì , their shear � � 9 � ß ��ú � þú��:9 � å � ú��:9 � and � ß=?>A@ å>ë > ý ð >B@ ì . Furthermore, the dimensionless ”velocity factor” � has been defined through�NßDC 7FEüHG ð 3�7IH7�J C 7�KüLG .
The solutions of (6) are of two different types depending on the effective potential. The plasma
rotation has crucial role while it determines the well or anti-well character of the potential and
thus, the type of the drift eigenmodes.

Global Drift Modes

When óNMø÷ , the eigenfunctions of Eq.(6) are of the form of O�PRQªë�â�Þ ï ìTSVUÄë(Þ>ì ( SVU is the Her-
mite polynomial of W �YX order) and the corresponding eigenvalues are defined by the dispersion
equation ò å�Z ó�ß & W ð � Wfß©÷6[ � [ &]\F\ (7)

The corresponding solutions of Eq.(6) describe a non-propagating drift eigenmode localised
inside a ”potential well”, i.e. the global mode. This eigenmode is broad in its radial dependence
being composed of a superposition of localised -coupled- quasimodes. The necessary conditions
( ó^M ÷ , ò M ÷ ) for the formation of global drift modes are satisfied for positive shifted Doppler
eigenfrequencies of the interval� ð ���8� �è � �+_ û þúû`� _#â � � ���& � è

� ð æ ïç è ïæ ïç è ï é ï � � ð è��� ð ë & é�â � ì & è�¢ú �
and for negative shifted Doppler eigenfrequenciesâ � â ���8� �è �a�+_cb û þú bû�� _ � � ���& � è

� ð æ ïç è ïæ ïç è ï é ï � � ð è��� ð ë & é�â � ì & è�¢ú �



27th EPS CCFPF 2000;   I. Sandberg et al.
: Drift Wave Eigenmodes in Toroidally Rotating Tokamak Plasma
 

1291

It is worthwhile to note here that for rotating plasma, necessary condition for global mode
formation turns to be dfegih�jlk mn�oqpsrut
supposing that vxw ryr{z n g k}| n
o�~5nx���o . The dispersion equation (7) can be reduced to simple
dispersion relations for some limited cases. So, for frequency

d e rut that;� d eg �d�� r�r n:��n�o|2� m�� k��R�� m �� �� m � w � h�j�k mn�o p
with |�� z�� k ��� | ~ �|�� �� m �	� �g n8�o� � n gm h jlk mn�o p%� � � k

n g n�om � h j�k mn�o p#� �
we obtain the following dispersion relationh � d eg �d�� p ��� z | � k � ~ �� �� m � � �g n �o� � n g| m h�jlk mn�oqp
Propagating Modes

When � rut , the solutions of Eq.(6) are given by the Hermite functions ��� and are bounded in
the whole interval of   , only when ¡£¢ � ¢ t6¤ � ¤ | ¤:¥¦¥ . The dispersion equation in this case is
given by §

�8¨�© � � � ¢ | � k � (8)

and the corresponding solutions of (6) describe radial propagating drift waves with charac-
teristic frequency d egd`� � � k

n g� k n g n�om � j«ª mn g�¬ g�­®�¯ z � k�° ­ ~ k m� g � ¬ g²±®�¯ ° ±
and amplitude growth/decrement rate given by³d�� � d egdµ´�¶ n�om ·� � m ª ·

n g n�o� m j�ª z | � k � ~
d eg� d eg � w n
o� g � � k

d�´�¶d eg n g|2�y� � m w � h�jlk mn�oAp
The ”universal” drift instability term and the stabilisation character of magnetic shear (for

d e¹¸
t ) appear clearly in the latest equation. Nevertheless, plasma rotation has crucial role being
control mean in drift stability.

Conclusions

The eigenmode equation describing coupled drift waves in rotating toroidal plasma has two
classes of solutions depending on plasma rotation velocity. The global drift mode has a structure
of a quasimode, localised in radial direction with a small wavenumber along the confining
magnetic field. It includes a large number of rational magnetic surfaces due to toroidal coupling
of the modes localised on the neighbouring magnetic surfaces. This mode corresponds to the
bounded state in a potential well, which is marginally stable. The propagating drift waves
correspond to unbounded states which leave the magnetic surface on which they are excited.
The ”universal” instability can be compensated by the magnetic field shear but crucial role and
control feature on drift stabilisation has the rotation velocity.


