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2Q WKH $FFHVVLELOLW\ RI +LJK n � 6WDWHV DQG
/RQJ 3XOVH 'XUDWLRQV LQ 7LJKW $VSHFW 5DWLR

3ODVPDV

$� 1LFRODL

)RUVFKXQJV]HQWUXP -�XOLFK *PE+� $VVRFLDWLRQ (85$720�.)$�

����� -�XOLFK� )5*

� ,QWURGXFWLRQ

'XH WR WKH HQFRXUDJLQJ UHVXOWV SURGXFHG E\ WKH 67$57 �6PDOO 7LJKW $V�
SHFW 5DWLR 7RNDPDN� H[SHULPHQW QHZ nHOGV LQ WRNDPDN SK\VLFV EHFDPH LP�
SRUWDQW� VXFK DV QDWXUDO HORQJDWLRQ RI WKH SODVPD FURVV�VHFWLRQ� HGJH VDIHW\
IDFWRUV ZKLFK VWURQJO\ H[FHHG WKH F\OLQGULFDO YDOXHV� SDUDPDJQHWLF VWDWHV DW
ORZ WRURLGDO nHOGV� SDUWO\ LVRG\QDPLF HTXLOLEULD� D QDWXUDO GLYHUWRU FRQnJX�
UDWLRQ� DYRLGLQJ WKH FODVVLFDO GLYHUWRU FRLOV DQG VWURQJO\ HQKDQFHG ERRWVWUDS
FXUUHQW DW ORZ DVSHFW UDWLR >�@�

+RZHYHU� VLQFH RQO\ D FRPSDUDWLYHO\ VPDOO SULPDU\ VROHQRLG FDQ EH LPSOH�
PHQWHG� WKH DFKLHYHPHQW RI ORQJ SXOVH GXUDWLRQV FRXOG EH D VHYHUH SUREOHP�

7R RYHUFRPH WKLV SUREOHP� HVVHQWLDOO\ WKH ERRWVWUDS HmHFW LV FRQVLGHUHG
>�@ ZKLFK LW LV SUHGLFWHG WR EHFRPH GRPLQDWLQJ LI n� DSSURDFKHV XQLW\� 6LQFH
WKH WRWDO n PXVW VWD\ EHORZ WKH &XOKDP � /DXVDQQH �
7UR\RQ
� OLPLW� LW LV
QRW SRVVLEOH WR LQFUHDVH WKH ERRWVWUDS IUDFWLRQ RQO\ E\ LQFUHDVLQJ WKH KHDWLQJ
SRZHU� ,QVWHDG RQH KDV WR FRQVLGHU DQ LQFUHDVH WKH PLQRU KDOI D[LV �DW FRQ�
VWDQW DVSHFW UDWLR�� 7KLV ZLOO DOVR GHFUHDVH WKH LQGH[ IRU WKH GLYHUWRU SRZHU
KDQGOLQJ , � � �  �� � � � �
� 3ODVPD HTXLOLEULXP

7KH WUHDWPHQW RI WKH VHPLIUHH DQG WKH IUHH ERXQGDU\ YDOXH SUREOHP LV EDVHG
RQ WKH *UDG � 6KDIUDQRY HTXDWLRQ� D SDUWLDO GLmHUHQWLDO HTXDWLRQ �3'(� �>�@��
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c � LV WKH VWDQGDUG WRURLGDO HOOLSWLF RSHUDWRU DQG M � �5� ]� �! �� WKH WRURLGDO
FXUUHQW GHQVLW\� � LV WKH SRORLGDO oX[ IXQFWLRQ� 7KH I � IXQFWLRQ I��� FDQ EH
REWDLQHG IURP >�@
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7KH SULPH GHQRWHV WKH GHULYDWLYH
�� � � 7KH H[SUHVVLRQ ��� DFFRXQWV IRU WKH �OR�

FDO� RKPLF FXUUHQW GHQVLW\ aM � � WKH ERRWVWUDS FXUUHQW GHQVLW\ aM �
� WKH GLDPDJ�

QHWLF FXUUHQW DQG WKH 3nUVFK � 6FKO�XWHU FXUUHQW GHQVLW\ >�@� 7KH TXDQWLWLHV

M � DQG M � DUH GHnQHG DV M �  � ��  !" #$ % & ' DQG M (  ) *+ , -. /0 . 1 / � 7KH ERXQGDU\ YDOXHV
IRU � RQ WKH UHFWDQJOH VXUURXQGLQJ WKH FRPSXWDWLRQDO GRPDLQ DUH REWDLQHG
IURP WKH FRLO GDWD DQG WKH SODVPD FXUUHQW GLVWULEXWLRQ� >�@�

7KH LWHUDWLRQ RI HTXDWLRQ ��� SURFHHGV XQWLO FRQYHUJHQFH FRQFHUQLQJ WKH
oX[ IXQFWLRQ ��5� ]� LV DFKLHYHG�

%\ PHDQV RI oX[ IXQFWLRQ � DQG WKH I � IXQFWLRQ I��� WKH �G � GLVWULEXWLRQ
RI WKH WRURLGDO FXUUHQW GHQVLW\ M 2 � WKH SRORLGDO FXUUHQW GHQVLW\ M3 � WKH SRORLGDO
nHOG %3 DQG WKH WRURLGDO nHOG % 2 FDQ EH REWDLQHG� $OVR WKH JHRGHVLF nHOG
OLQH FXUYDWXUH FDQ EH FRPSXWHG E\ PHDQV RI WKH oX[� DQG I�IXQFWLRQ >�@�
7KH WRURLGDO FRPSRQHQW RI WKH ERRWVWUDS FXUUHQW GHQVLW\� ZKLFK LV QHHGHG

IRU WKH HTXLOLEULXP LWHUDWLRQ� LV JLYHQ E\
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7KH QHRFODVVLFDO FRHpFLHQWV DFFRXQW IRU WKH GLmHUHQW FROOLVLRQDOLWLHV RI WUDSSHG
DQG SDVVLQJ SDUWLFOHV� 7KH GHSHQGHQFH RI WKHVH FRHpFLHQWV RQ WKH WUDSSHG
SDUWLFOHV IUDFWLRQ DQG RQ WKH HmHFWLYH FKDUJH QXPEHU DUH JLYHQ LQ >�@�

� 5HVXOWV

,Q WKH IROORZLQJ WKH HTXLOLEULXP SURSHUWLHV RI D SODVPD ZLWK WKH SURnOHV
I N  I O P Q R �� b [ S T � U V DUH GLVFXVVHG� L � VWDQG IRU WKH SODVPD GHQVLW\� L �
IRU WKH HOHFWURQ WHPSHUDWXUH DQG L � IRU WKH LRQ WHPSHUDWXUH� 7KH SURnOH
SDUDPHWHUV DUH m W X Y  ���� n Z [ \  �� I ] ^ _ `  � �� a b FP c d DQG I e f g h i j  
��� NH9 �
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)LJ� � GLVSOD\V WKH oDW WRS SODVPD HTXLOLEULXP EHORQJLQJ WR WKH DIRUH�
PHQWLRQHG SODVPD SDUDPHWHUV� 7KH VKDSLQJ FRLOV DUH VZLWFKHG Rm VR WKDW WKH
SODVPD KDV LWV QDWXUDO HORQJDWLRQ RI � k l m  ����
,Q )LJ� � WKH GLYHUWRU FRLOV DUH VZLWFKHG RQ �, n o p  ��� 0$�� $V D FRQ�

VHTXHQFH WKH HORQJDWLRQ LQFUHDVHV WR �  �� 7KH SODVPD ERXQGDU\ GRHV QRW
WRXFK WKH FHQWHUSRVW DQ\PRUH�

7KH GLVWULEXWLRQ RI WKH ERRWVWUDS FXUUHQW GHQVLW\ �)LJ� �� LV FKDUDFWHUL]HG
E\ WKH ]HUR DW WKH PDJQHWLF D[LV DQG E\ WKH VWURQJ SHDN DW WKH LQERDUG VLGH
GXH WR WKH IDFW WKDW WKH M q VFDOHV URXJKO\ ZLWK rs � 7KH PD[LPXP YDOXH LV
M q t u v  ���� w xy z FRUUHVSRQGLQJ WR D WRWDO ERRWVWUDS FXUUHQW RI , {  ����
0$�

)LJ� � VKRZV D FRQWRXUSORW RI WKH WRWDO nHOG FKDUDFWHUL]HG E\ WKH SHDNV
GXH WR WKH SRORLGDO nHOG FRLOV DQG D PDJQHWLF ZHOO MXVW LQ IURQW RI WKH RXWHU
SRORLGDO nHOG FRLOV� ,W LV JHQHUDWHG E\ WKH GLDPDJQHWLVP GXH WR WKH ODUJH
SRORLGDO n|  ���� 7KH GLDPDJQHWLVP UHGXFHV WKH WRURLGDO nHOG DQG WKHUHIRUH
WKH WRWDO nHOG DW WKH RXWERDUG VLGH ZKHUH WKH SUHVVXUH JUDGLHQW LV ODUJH�
&DOFXODWLRQV DW ORZ n VKRZ WKDW WKH PDJQHWLF ZHOO GLVDSSHDUV� )LJ� � DOVR
VKRZV WKDW DW WKH RXWERDUG VLGH RI WKH PDJQHWLF ZHOO� L� H� IRU 5 ! 5 } ~ � � �
WKH OLQHV M a% � � � M  FRQVW DUH URXJKO\ SDUDOOHO WR WKH oX[ VXUIDFHV �  FRQVW�
�5 � � � � LV WKH UDGLXV RI WKH ORFDO PLQLPXP RI M a% � � � M��
7KH FDOFXODWLRQV VKRZ WKDW D 
/RQJ 3XOVHG 6SKHULFDO 7RUXV
� PDLQO\ UH�

VRUWLQJ WR WKH ERRWVWUDS FXUUHQW� VKRXOG EH IHDVLEOH LI WKH DIRUHPHQWLRQHG
SURnOH SDUDPHWHUV FDQ EH UHDOL]HG DQG LI WKH PLQRU KDOI D[LV RI WKH GHYLFH
LV ODUJH HQRXJK� 
/367
 nWV ZHOO WR WKH IDPLO\ RI 67
V DLPLQJ DW D n�  �
6LQFH WKH PLQRU KDOI D[LV RI H� J� 167; DQG 0$67 LV VPDOOHU WKDQ WKDW RI
/367 DQ LQFUHDVH RI 7 � � � 7 � � E\ URXJKO\ D IDFWRU � LV QHFHVVDU\ WR UHDFK WKH
VDPH n�  � DQG WKXV WKH VDPH ERRWVWUDS IUDFWLRQ� ,Q IDFW� IRU 167; D ODUJH
ERRWVWUDS IUDFWLRQV �{ ���� LV SUHGLFWHG DW { 7 � � � 7 � �  � NH9�
5HIHUHQFHV

>�@ $� 1LFRODL� (TXLOLEULXP 3URSHUWLHV DQG 0DLQ 'HVLJQ 3DUDPHWHUV RI D
/RQJ 3XOVHG 6SKHULFDO 7RUXV� 5HSRUW -XHO � ����� )= � -XHOLFK ������

>�@ +� 5� :LOVRQ� %RRWVWUDS FXUUHQW 0RGHOOLQJ LQ 7LJKW $VSHFW 5DWLR 7RND�
PDNV� 5HSRUW 8.$($ )86 ���� -XO\ ����
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