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6WXG\�RI�WKH�DV\PPHWU\�RI�KHOLFRQ�GLVFKDUJHV

ZLWK�P� ���DQG�P� ���KHOLFDO�DQWHQQD�FRXSOLQJ

0��.UlPHU
�DQG�%��/RUHQ]

([SHULPHQWDOSK\VLN�,,��5XKU�8QLYHUVLWlW�%RFKXP��'�������%RFKXP��*HUPDQ\


HPDLO��PN#SODV�HS��UXKU�XQL�ERFKXP�GH

�� ,QWURGXFWLRQ

+HOLFRQ� GLVFKDUJHV� H[KLELW� D� SURQRXQFHG� D[LDO� DV\PPHWU\�ZLWK� UHVSHFW� WR� WKH� FHQWUH� RI� WKH

DQWHQQD� LI� WKH� UI� SRZHU� LV� ODXQFKHG� WR� WKH� SODVPD� FROXPQ� YLD� KHOLFDO� DQWHQQDV� >���@�� 7KLV

DV\PPHWU\� FDQ� EH� DWWULEXWHG� WR� WKH� GLIIHUHQW� SURSDJDWLRQ� EHKDYLRXUV� RI� WKH� KHOLFRQ�PRGHV�

5HFHQW� WKHRUHWLFDO�QXPHULFDO� VWXGLHV� KDYH� VKRZQ� WKDW� WKH� KHOLFRQ�PRGHV�ZLWK� QHJDWLYH� D]L�

PXWKDO�PRGH�QXPEHUV�P�FDQ�VWURQJO\�EH�GDPSHG�RU�HYHQ�EH�HYDQHVFHQW�LI�WKH�UDGLDO�GHQVLW\

JUDGLHQW�LV�VWHHS�HQRXJK�>�@��7KH�UI�SRZHU�LV�WKHQ�SUHGRPLQDQWO\�WUDQVIHUUHG�WR�WKH�P�!���KHOL�

FRQ�PRGHV�� ,Q� WKLV� FDVH�� RQO\� WKH�PRGHV�ZLWK� SRVLWLYH�PRGH� QXPEHUV� SURSDJDWH� DQG�� WKXV�

SURGXFH�DQG�VXVWDLQ�WKH�SODVPD��7KH�DLP�RI�WKH�SUHVHQW�SDSHU�LV�WR�VWXG\�WKH�D[LDO�DV\PPHWU\

RI�KHOLFRQ�GLVFKDUJHV�ZLWK�KHOLFDO�DQWHQQD�FRXSOLQJ�LQ�PRUH�GHWDLO�

�� ([SHULPHQW

7KH�LQYHVWLJDWLRQV�KDYH�EHHQ�FDUULHG�RXW�RQ�D�SXOVHG�ODUJH�YROXPH�KHOLFRQ�ZDYH�GLVFKDUJH�LQ

DUJRQ��7KH�SODVPD�LV�SURGXFHG�E\�UI�SRZHU�SXOVHV��35)�����N:��I5)� �������0+]��τSXOVH� ���¤�
PV�� � ISXOVH�  � ��� +]�� W\SLFDOO\�� DOWHUQDWLYHO\� WKURXJK� P� ��� DQG� P� ��� KHOLFDO� DQWHQQDV� VXU�

URXQGLQJ�WKH�TXDUW]�WXEH��)LJ������7KH�P� ���DQWHQQD�LV�D�6KRML�W\SH�DQWHQQD�FRQVLVWLQJ�RI�WZR

KHOLFDO� FXUUHQW� SDWKV�ZLWK� RSSRVLWH� GLUHFWLRQV� RI� WKH� UI� FXUUHQW� ������ WXUQ� RYHU� WKH� DQWHQQD

OHQJWK�/D� ����FP��ZKLOH�WKH�P� ���DQWHQQD�KDV���KHOLFDO�FXUUHQW�SDWKV�ZLWK�DOWHUQDWLQJ�UI�FXU�

UHQW�GLUHFWLRQV��7KH�H[SHULPHQWDO�SDUDPHWHUV�DUH�QH����[��
��
�P

���
��7H  ���¤���H9��%� ������7��US

 �����FP�DQG�/S� �����FP��'XH�WR�WKH�UDGLDO�UI�SRZHU�GHSRVLWLRQ�SURILOH�SHDNLQJ�RQ�WKH�D[LV�

WKH�P� ���GLVFKDUJH�FDQ�EH�VXVWDLQHG�LQ�D�ZLGHU�SUHVVXUH�UDQJH��QDPHO\�S� ���������3D�DUJRQ

JDV��ZKLOH�VWDEOH�FRQGLWLRQV�IRU�WKH�P ��GLVFKDUJH�ZHUH�DFKLHYHG�EHWZHHQ�S� ���DQG���3D�

)LJ������+HOLFDO�P� ����OHIW��DQG�P� ����ULJKW��DQWHQQDV
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�� +HOLFRQ�ZDYH�JXLGH�PRGHO

7KH� KHOLFRQ� ZDYH� SURSDJDWLRQ� LQ� D� UDGLDOO\� QRQ�XQLIRUP� SODVPD� LV� JRYHUQHG� E\� WKH� ZDYH

HTXDWLRQ��(0+'�DSSUR[LPDWLRQ�
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DQG�WKH�SULPH�GHQRWHV�WKH�GHULYDWLYH�ZLWK�UHVSHFW�WR�U�

$VVXPLQJ�WKDW�WKH�SODVPD�LV�VXUURXQGHG�E\�D�SHUIHFWO\�FRQGXFWLQJ�WXEH��UDGLXV�UZ� � �US��� WKH

UDGLDO�FRPSRQHQW�RI�WKH�UI�PDJQHWLF�ILHOG�YDQLVKHV�GXH�WR�∇ �±�%� ����7KLV�HTXDWLRQ�DORQJ�ZLWK

WKH�ZDYH�HTXDWLRQ�FDQ�EH�VROYHG�VLPXOWDQHRXVO\�E\�VWDQGDUG�URXWLQHV�>�@�

,Q�D�QRQ�XQLIRUP�SODVPD�WKH�SURSDJDWLRQ�EHKDYLRXUV�RI�WKH�KHOLFRQ�PRGHV�ZLWK�SRVLWLYH�DQG

QHJDWLYH�D]LPXWKDO�PRGH�QXPEHUV�P�PD\�GLIIHU�FRQVLGHUDEO\��)RUPDOO\��WKLV�LV�GXH�WR�WKH�IDFW

WKDW�J�U��PD\�EH�QHJDWLYH�IRU��P�����LI�WKH�UDGLDO�GHQVLW\�JUDGLHQW�LV�VWHHS�HQRXJK��7KH�P����

PRGHV�FDQ�WKHQ�EH�VWURQJO\�GDPSHG�RU�HYHQ�EH�HYDQHVFHQW��7KH�SODVPD�LV�WKHQ�SUHGRPLQDQWO\

JHQHUDWHG�E\�WKH�KHOLFRQ�PRGHV�ZLWK�SRVLWLYH�P�VR�WKDW�WKH�GLVFKDUJH�EHFRPHV�D[LDOO\�DV\P�

PHWULF��$VVXPLQJ�D�*DXVVLDQ�GHQVLW\�SURILOH�RI�ZLGWK�Z�� RQH�FDQ�GHGXFH�DV�DQ�HVWLPDWH�IRU

HYDQHVFHQW�P�����PRGHV�WKH�FRQGLWLRQ
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ZKHUH� WKH�SDUDPHWHU�S�GHSHQGV�RQ� WKH� UDWLR�RI� WKH�SHUSHQGLFXODU� DQG�SDUDOOHO�ZDYH�QXPEHU

FRPSRQHQWV��)LJ����VKRZV�WKH�GLVSHUVLRQ�FXUYHV�RI�WKH�P� ����DQG�P� ����PRGHV�IRU�W\SLFDO

GLVFKDUJH�SDUDPHWHUV��QH��U ��� ����[��
��
�P

���
��%�  ����P7���7KH�FXWRII�RI�WKH�P� ����PRGHV

FDQ�EH�VHHQ�IURP�WKH�PHUJLQJ�RI�WKH�UHDO�DQG�LPDJLQDU\�SDUWV�RI�WKH�D[LDO�UHIUDFWLYH�LQGH[�

���� ���� ���� ���� ����
�

��

���

�1�
=U

�1�
=L

P� ����

P� ����

P� ����

P� ����

Z���P��

)LJ���'LVSHUVLRQ�UHODWLRQV�RI�P ���DQG�P ���KHOLFRQ�PRGHV
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�� ([SHULPHQWDO�5HVXOWV

$�FKDUDFWHULVWLF�IHDWXUH�RI�WKH�KHOLFRQ�GLVFKDUJH�LV�WKH�SURQRXQFHG�DV\PPHWU\�ZLWK�UHVSHFW�WR

WKH�FHQWUH�RI� WKH�DQWHQQD�FDXVHG�E\� WKH� IDFW� WKDW� WKH�KHOLFDO� DQWHQQD�H[FLWHV�PDLQO\�KHOLFRQ

PRGHV�ZLWK�SRVLWLYH�D]LPXWKDO�PRGH�QXPEHUV�WUDYHOOLQJ�LQ�SRVLWLYH�PDJQHWLF�ILHOG�GLUHFWLRQ�

)LJ���D�VKRZV�D�FRQWRXU�SORW�RI�WKH�KHOLFRQ�ZDYH�ILHOG�
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)LJ�������'�3ORW�RI�WKH�UI�PDJQHWLF�ILHOG��%θ���OHIW��DQG�WKH�D[LDO�ZDYHOHQJWKV��ULJKW�

7KH��'�SDWWHUQ�RI�WKH�SHUSHQGLFXODU�UI�PDJQHWLF�ILHOG�VWUHQJWK��HVVHQWLDOO\�WKH�D]LPXWKDO�FRP�

SRQHQW��H[KLELWV�ZDYH�IURQWV�PRYLQJ�ZLWK�D�VPDOO�DQJOH� WR� WKH�PDJQHWLF� ILHOG�GLUHFWLRQ� LQWR

WKH�SODVPD��7KH�FRQWRXU�SORWV�KDYH�EHHQ�HYDOXDWHG�DQG�FRPSDUHG�ZLWK�WKH�ZKLVWOHU�ZDYH�GLV�

SHUVLRQ�UHODWLRQ�DV�ZHOO�DV�ZLWK�WKH�FRPSXWDWLRQV�IURP�WKH�KHOLFRQ�ZDYH�JXLGH�PRGHO�>�@��7KH

PHDVXUHG�D[LDO�ZDYHOHQJWKV�DUH�LQ�UHDVRQDEOH�DJUHHPHQW�ZLWK�WKH�ODWWHU�GLVSHUVLRQ�FXUYHV�LQ�D

ZLGH�SDUDPHWHU�UDQJH��)LJ���E��

,Q�)LJ����LW�FDQ�EH�VHHQ�WKDW�WKH�P� ����PRGH�LV�DOVR�H[FLWHG�DOWKRXJK�ZLWK�D�PXFK�VPDOOHU�DP�

SOLWXGH��7KH� WLPH�UHVROYHG�UI�PHDVXUHPHQWV� UHYHDO� WKDW� WKH�P� ����ZDYH� ILHOG� DSSHDUV� ILUVW

ZKLOH� WKH�P�  � ��� ILHOG� RULJLQDWHV�ZLWK� D� VLJQLILFDQW� WLPH� GHOD\�� )RU� VPDOOHU�PDJQHWLF� ILHOG

VWUHQJWKV�DQG�VPDOOHU�����YDOXHV�RI�QH�%���QH�GHFUHDVHV�PRUH�VWURQJO\�WKDQ�%���WKH�P ���PRGHV

SURSDJDWH�QR�ORQJHU��7KLV�LV�FRQVLVWHQW�ZLWK�WKH�FRQGLWLRQ�����IRU�HYDQHVFHQFH��7KH�UI�PHDVX�

UHPHQWV� LQ� WKH�DIWHUJORZ�RI� WKH�KHOLFRQ�GLVFKDUJH�SHUIRUPHG�ZLWK� VPDOO�UI�SRZHU� UHYHDO� WKH

VDPH�EHKDYLRXU��$Q�H[SODQDWLRQ�IRU� WKH�ZHDNHU�H[FLWDWLRQ�RI� WKH�P� � ���PRGHV�PD\�EH� WKH

VKRUWHU�D[LDO�ZDYH�OHQJWK�RI�WKH�P� ����PRGHV��VHH�)LJ����SURYLGLQJ�D�EHWWHU�PDWFKLQJ�WR�WKH

DQWHQQD�VSHFWUXP�
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,W�LV�REYLRXV�WKDW�QHDUO\�DOO�WKH�UI�SRZHU�LV�WUDQVIHUUHG�WR�WKH�P�!���KHOLFRQ�PRGHV�ZKLFK�SUR�

GXFH�WKH�SODVPD��,Q�FDVH�RI�WKH�P ���GLVFKDUJH�WKH�GHQVLW\�SURILOH�LV�VWURQJO\�SHDNHG�RQ�WKH

D[LV�ZKHUHDV�WKH�P ���GLVFKDUJH�UHYHDOV�D�UHODWLYHO\�EURDG�UDGLDO�SURILOH�>�@��7KH�GHJUHH�RI

DV\PPHWU\�LQFUHDVHV�ZLWK�JURZLQJ�PDJQHWLF�ILHOG��7KLV�ILQGLQJ�FDQ�EH�H[SODLQHG�E\�WKH�LQWL�

PDWH�UHODWLRQ�EHWZHHQ�WKH�UI�SRZHU�GHSRVLWLRQ�DQG�WKH�GHQVLW\�SURILOH��$VVXPLQJ�WKDW�WKH�WRWDO

UI�SRZHU�LV�RQO\�WUDQVIHUUHG�WR�GDPSHG�KHOLFRQ�PRGHV�ZLWK�SRVLWLYH�PRGH�QXPEHUV��RQH�ZRXOG

H[SHFW�WKDW�WKH�DEVRUEHG�SRZHU�VFDOHV�DV�H[S���N]L]��ZKHUH�N]L LV�WKH�D[LDO�GDPSLQJ�GHFUHPHQW�

,I�RQH�IXUWKHU�DVVXPHV�WKDW�WKH�GHQVLW\�KDV�WKH�VDPH�GHSHQGHQFH��WKH�GLVWDQFH�∆ ]�RI�WKH�FHQWUH
RI� PDVV� RI� WKH� D[LDO� GHQVLW\� GLVWULEXWLRQ� DQG� WKH� PLGGOH� RI� WKH� DQWHQQD� LV� DSSUR[LPDWHO\

����N]L���)RU�WKLQ�SODVPD�FROXPQV��NSHUS χ �US !!�N]U��ZH�REWDLQ�����N]L� �US FHω ��� FROOνχ ��� χ  

2�π ���,Q�)LJ�����ZH�SORWWHG�WKH�GHSHQGHQFH�RI� ∆ ]�RQ�WKH�SRZHU�GHFD\�OHQJWK�����N]L��IRU�WKH
P� ���KHOLFRQ�GLVFKDUJH��,Q�IDFW��WKHUH�LV�D�VLJQLILFDQW�GHSHQGHQFH�RI�WKH�DV\PPHWU\�RQ�WKLV

SDUDPHWHU��)RU�WKH�DERYH�DVVXPSWLRQV�RQH�ZRXOG�H[SHFW� ∆ ]�� �����N]L���7KH�WKUHVKROG�DW�ORZ
PDJQHWLF�ILHOGV�LV�SUREDEO\�GXH�WR�WKH�IDFW�WKDW�WKH�IRUPDWLRQ�RI�WKH�KHOLFRQ�GLVFKDUJH�QHHGV�D

PLQLPXP�PDJQHWLF� ILHOG�� 7KH� VPDOOHU� VORSH� RI� WKH� FXUYH� DW� KLJKHU� YDOXHV� RI� � ����N]L�� FDQ

HYHQWXDOO\�EH�DFFRXQWHG�IRU�FROOLVLRQOHVV�PHFKDQLVPV��H�J���GXH�WR�ZDYH�SDUWLFOH�LQWHUDFWLRQ�

ZKLFK�EHFRPH�SUHGRPLQDQW�DW�ORZHU�SUHVVXUHV��2I�FRXUVH��WKLV�KDV�WR�EH�FRQILUPHG�LQ�IXWXUH

LQYHVWLJDWLRQV�
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)LJ�����'LVFKDUJH�DV\PPHWU\

�� &RQFOXVLRQV

,W�ZDV�IRXQG�WKDW� WKH�GHJUHH�RI�D[LDO�DV\PPHWU\�RI� WKH�GLVFKDUJH�GHSHQGLQJV�RQ� WKH�SODVPD

SDUDPHWHUV�QH� DQG�%��� ,W� FDQ� SDUWO\� EH� H[SODLQHG� E\� WKH� KHOLFRQ�PRGH� SURSDJDWLRQ� LQ� QRQ�

XQLIRUP�SODVPDV��,W�LV�KRZHYHU�REYLRXV�WKDW�WKH�SK\VLFV�RI�WKH�GLVFKDUJH�DV\PPHWU\�LV�PXFK

PRUH�FRPSOLFDWHG��VHH�VHFRQG�FRQWULEXWLRQ�RQ�WKLV�FRQIHUHQFH��

>�@�)��)��&KHQ��,��'��6XGLW�DQG�0��/LJKW��3ODVPD�6RXUFHV�6FL�7HFKQRO����������������

>�@�0��.UlPHU��7K��(QN��DQG�%��/RUHQ]��3K\VLFD�6FULSWD�7���������������

>�@�0��.UlPHU��3K\V��3ODVPDV�����������������

>�@�7K��(QN��DQG�0��.UlPHU��3K\V��3ODVPDV������������WR�EH�SXEOLVKHG�


