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Analytic expression for neoclassical transport coefficients
including finite banana-width effect near the magnetic axis
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It is well known that a particle orbit near the magnetic axis is quite different from the
conventional banana orbit and a thin-banana approximation in the standard neoclas-
sical transport theory is broken down. The revision of the standard theory around the
magnetic axis has been done by many authors, and several expressions for the trans-
port coefficients at the magnetic axis are presented [1-3]. In this paper, we present
a simple interpolation formula between the neoclassical transport coefficients at the
magnetic axis and the conventional ones for an axisymmetric toroidal plasma. Us-
ing this formula, we also discuss the possibility of a tokamak sustained only by the
bootstrap current.

Let us consider a tokamak configuration B = I(¥)Vy + V¢ x V), where 9 is the
poloidal flux and ¢ is the toroidal angle around the magnetic axis. The trajectory of
a charged particle in this configuration is determined by using the constants of energy,
magnetic moment and canonical angular momentum. The boundary in velocity space
for a trapped particle that reverses the sign of v = v-B/B was discussed in detail by
Chu [4]. A particle with the parallel velocity v at a radial position r and a poloidal
angle = w/2 is approximately shown to reverse the sign of parallel velocity when the

conditions
v v
‘%‘ <& foreqvy >0 and ‘%‘ < [é-| for eqv <0

are satisfied, where e, is a charge for species a, and the poloidal flux around the
magnetic axis is approximated as i = Byr?/(2gy) with the safety factor go and the
magnitude of magnetic field By at the magnetic axis. The parameters £, (> 0) and
€_(< 0) are two real roots of the quartic equation €' + 5,6 — € = 0, where the
inverse aspect ratio € = r/ Ry with the major radius Ry, and §, = 2qgp,/ Ry with the
Larmor radius p, = v/|Q,|. We rewrite the trapping condition in terms of a variable

A=(1- vﬁ/vQ)/B and propose the following approximate trapping condition

1 1—-¢2

B > A > Tf"' = A5 for e >0,
1 1—¢2

B > A > Bf_ = A, for ey <0.

The limiting forms for ¢ are given as follows: £, — +./e when /e >> 613, and
¢, — 0 and ¢ — —31/% when /e << §}/3. Therefore, the trapping condition reduces
to the conventional condition 1/Bp;, > A > 1/Bpay in the region where (/e >> §1/3
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is satisfied. In the region /e << 8}, it reduces to the trapping condition at the
magnetic axis [2].

Recently, Wang [2] proposed a simple theory for estimating the parallel current at
the magnetic axis. In his theory, the parallel current is obtained from the conven-
tional theory only by replacing the conventional trapping condition with the trapping
condition at the magnetic axis. Following this idea, we take into account the finite
banana-width effect near the magnetic axis by replacing the trapping boundary pa-
rameter A, with A} for eqv)| > 0 and with A7 for e;v < 0. Then, the bootstrap current

Jp and Ohmic current Jg can be written as

IBn,T, B) [ P. 1T;pt B 1o B) T/
- — L( ) e __cr L( ) L( ) 1
o= | ( T2mp) Tt g (1)
e’n,, < BE, > B
— e eeL(E) I 9
e Me <B*> "’ (2)

where 7,4, = 31/7/(4V4,) with the collision frequency v,,, Z is the ion charge number,

and < - > denotes a flux-surface average. The transport coeflicients L,(GB) and L(® are

given by
LY L | Ha (s 1) — pi(piy — b2)
LgB) - D lapzs + lapgy
L(E) ;L:3 + l3

and L = (v2u2y/D;)LB, where I, = Z, I, = 3Z/2, Iy = /2 + 13Z/4, D, = (u?, +
L) (s + l3) — (pty — 1,)? and D; = pfy (s + V2) — pi2. The viscosity coefficients u?,
are defined by

K1 1
G,d8

| == [t | e
N

Fas (”2/”2 - 5/2)2

Here f; = 1—f, vy = /2T, /m, is the thermal velocity, 2 (v) is the deflection collision

frequency, and
/*c_ AdA N /Aj’ AdA
0o <vV1i=AB> Jo <y /1-XB>]’

where we use the approximation < /1 —AB >~ /1 —AB, for A > A.. The vis-

cosity coefficients u?, reduce to the conventional ones fig; for /e >> 61/3, and these

3
ﬁE:§<BZ>

coefficients at the magnetic axis become

Fa1 /3 4 1

@ 2QMTye [ v \1/3
i | =0T [T o () Lol () | o252

* Mg J0 Ua Ya 2/ 2 2
Has (’l) /va. - 5/2)

for §1/3 << 1, where we have redefined the parameter 6, by using the normalized

Larmor radius p, = v,/|Q,| instead of v/|Q,|, and we will use this redefined 4§, from
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now. We note here that the effect of finite banana-width on the transport coefficients for
the bootstrap current and the Ohmic current comes through the viscosity coefficients
ph,. The transport coefficient L&B) for the bootstrap current is plotted as a function
of € for §. = 0.001 in Fig.1. Comparing with the conventional transport coefficient
plotted in dotted curve, we find that the transport coefficient L§B) is modified very
near the magnetic axis and it remains finite on the axis. At the magnetic axis, our
result agrees with the Wang’s one when we approximate the collision operator by the
pitch-angle scattering term.

Similar to the parallel current, we can estimate the effect of finite banana-width near
the magnetic axis on the radial particle and heat fluxes by replacing the conventional
viscosity coefficients pi,;, with newly defined ones p,. For instance, the radial ion heat

flux g; is written as

(]

b (feymm Lo VA
T;

*2
T < B? > v l)i 2

e - /1311“33) )
where we have used the definition of heat flux averaged over not only a flux surface
but also a typical orbit width [1]. The transport coefficient L; is shown as a function
of the inverse aspect ratio for §; = 0.05 in Fig. 2. The dotted curve represents the
conventional transport coefficient.

Finally, we discuss the impact of finite banana-width effect on the plasma equilibri-
um. The concept of a tokamak sustained only by the neoclassical bootstrap current is
quite attractive. However, this completely bootstrapped tokamak is considered to be
impossible since the bootstrap current vanishes at the magnetic axis and thus a seed
current near the axis must be generated by an external source. The bootstrap current
obtained by taking into account the finite banana-width effect remains finite at the
magnetic axis. This result indicates that the completely bootstrapped tokamak may
be possible.

In a straight cylindrical approximation, the poloidal magnetic field B, is calculated

by the Ampére’s law
——(rBp) = po (JB + JE) ,

where g is the permeability of vacuum. Assuming the radial profiles for the pressure

and temperature as

P2\ 27 P2\ ¥7e
Pezpo(l——2> and Te:Ti:TO(]-__2> )

a a

we solve the Ampére’s law with the use of (1) and (2). The resulting ratio of the
Ohmic current to the total current is plotted as a function of the poloidal beta 3, =
J(Pe+pi)dV/(V B2, /2p0) in Fig. 3. This figure shows that the Ohmic current decreases
with increasing 3, and finally it vanishes at the critical poloidal beta 3, = 1.86 for
Vpe = 2, vre = 1, and B,. = 1.75 for v, = 3, vre = 1. The current profiles for the
completely bootstrapped tokamak at the critical poloidal beta are depicted in Fig. 4.
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Fig. 1: The transport coefficient LEB) for the Fig. 2: The transport coefficient L; for the ra-

bootstrap current versus the inverse aspect ratio dial ion heat fluz versus the inverse aspect ratio

€ for §. = 0.001 and Z = 1. The dotted curve € for d; = 0.05. The dotted curve represents the

represents the conventional transport coefficient. ~ conventional transport coefficient.
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Fig. 3: Ratio F of the Ohmic current to the Fig. 4: Current profiles in the completely boot-
bootstrap current as a function of poloidal beta 3, strapped tokamak for vpe = 3 (solid curve) and 2

for vpe = 8 (solid curve) and 2 (dotted curve). (dotted curve).
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