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1. Introduction
The

���
particle-in-cell (PIC) method provides an approach to solving the nonlinear gyrokinetic

equations governing the ion-temperature-gradient-driven (ITG) instabilities commonly held re-
sponsible for core plasma transport. The method is, however, rather demanding with respect
to current typically available computational resources. The TORB[1] code implements this
method in a straight � -pinch geometry. The code now employs an adiabatic electron response
within surfaces of constant � . Thus the equations governing the ���
	���
�����	�� Fourier com-
ponent of the electrostatic potential, ����� , which gives rise to zonal ����� flows, are as for the
case of finite rotational transform. The underlying equations obey an energy conservation prin-
ciple allowing for an intrinsic check on the quality of simulation. This has been well satisfied
( � 20% deep into the nonlinear stage) though optimising the phase space sampling provided by
the markers.
2. The model
Under the geometry considered the equations of motion are� �� ! 	#"%$�&'$)( *,+ �.-/ �0&1$2
 (1)� " $� ! 	�( 324/5& $76 *,+ �.-28 (2)

Along these characteristics
�9�

evolves according to� �9��:! 	�( � � ; + �<-=�>& $/ 6 * � �� �5? 324/@& $A6 + �B-DC� ��E � �E " $GF 8 (3)

The quasineutrality equation with linearised polarisation density is+ � 4 -)(H�.�=	HI ���J�KML �N(PO�.Q
( *SRUT �.�/ 324 *SR �WVX8 (4)

Here
3Y4 	[Z 4 /]\ � 4

is the ion cyclotron frequency,
+ �.- , + �<- and

+ � 4 - and the gyro-averaged
potential, electric field and ion density and , O� is the magnetic surface average of the potential.
The quantity O� is given by ����� in this geometry. The quasineutrality equation is subject to the
boundary conditions,

EE � �1^9_ `)ab�:cccced ab� 	 �'^9_ `=fab� ccccgd ab� 	 �Ycccced a dih 	#��
 (5)
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which simply impose a vanishing tangential electric field at �:j , the outer boundary of the
plasma. Retaining the parallel nonlinearity in equation (1) allows for an energy conservation
principle to be satisfied �� !lknmbo 4 ^ ? mbp 4 Krqesut 	#�v
 (6)mbo 4 ^w	yx Cz � 4 "|{ � �%�}� ~ mbp 4 Krqes 	�x Z 4z k + � 4 -�(P�.� t � � � 8 (7)

3. Results
The simulations used 134 million (

z {�� ) markers over a cubic finite element basis of dimension� d 	����b
�����	 z�� ��
��.��	�� z . The time step was � ! 	�� � 3D4 . Fourier modes in � and �
in the range (����y��� ���:� and �y���5��� were retained in the filter. The initial ion
temperature profile

J 4 k � t is show in figure 3. A flat density ( ��� ) and electron temperature
profile (

J.K 	 J 4 k ��8 � t 	 �:� I�� ), were used. The radius of the pinch was ��j�	 C � �9� 4 � and the
periodicity length

z �9����j with
� 4 � the thermal Larmor radius at �B	���8 � . The magnetic field was

taken as
z 8 � T and the ions to be deuterium, Z 4 \ � 4 	#�b8����v� C � ��� \ �|� , giving

3D4 	 C 8 z �]� C �9�s.
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Figure 1. A log plot of the Fourier decomposition of the electrostatic field energy vs. time

Figure 1 shows the evolution of the ITG turbulence toward a saturated nonlinear state. The
most unstable linear modes are in the ranges k �A
�� t 	 k z 
 ��� ¡ t 
 k ��
¢� �:� t 
 k C 
¢���:� t andk ��
 �£�:� t , with �¤	¥��
 � and � linearly stable. Initially we see just the linear instabilities, but
at �:��¦ s the nonlinear destabilisation of �§	¨��
 � then � begins. Nonlinear feedback begins
with a first roll over at C �:��¦�© followed by a second at

z �:��¦�© . Finally past 400 ¦ s the system is
seen to be approaching a steady state with the expected inverse cascade in � dominated by ank �A
�� t 	 k ��
¢� t mode.

The top two traces in figure 2 show the absolute values of kinetic and electrostatic energy
of the perturbation. By equation 6 they should be equal for a perfect simulation. Energy is seen
to be well conserved with a relative error of �ª�:� « at the end of the simulation. The Fourier
filter contains ¬­�:¡ « of the signal throughout the nonlinear phase.

Seen in the bottom trace of figure 2 is the heat flux,® 	 C� x Cz � 4 " { + �B-=�>& $/ 6 * �¯ * � ¯ � �%�}� ~
(8)
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Figure 2. Top, the absolute value of the kinetic and electrostatic field energy (eq.7) of the perturbation
normalised to the thermal energy of the plasma and bottom, the normalised average radial energy flux

Q (eq.8) vs. time

Previous equivalent simulations [1] did not retain the O� term in equation 4, corresponding to a
volume adiabatic electron response. In the previous simulations

®
in the late nonlinear stage

was an order of magnitude larger than the value found here, with the field energy of comparable
magnitude. This is due to fact the the electron model used now allows for the generation of
zonal flows [3].

Figure 3 shows the radial profiles at 470 ¦�© . In orange and blue are shown the initial and
final effective temperature

J.K pup 	 + " {°²± 4 - profiles. What is immediately striking are the plateau
regions of low gradient/ high transport directly, corresponding with the regions of ITG turbu-
lence which are shown in red. In black is shown ( EW³ ��� \ E � which is proportional to the zonal�´�>� flow.

We now describe in detail the evolution of the radial envelope of ITG modes. In the linear
stage the ITG modes are centred around the maximum temperature gradient at �<	#��8 � . As the
modes spread radially and increase in magnitude the zonal flow becomes strong enough to shear
the primary ITG envelope radially in two. This is responsible for the first roll over at C �:��¦�©seen in figure 1. This region now settles into an essentially steady state consisting of a central
positive flow region in which ITG modes are suppressed, flanked by two bands of negative
flow in which they persist. The evolution continues on the inner and outer boundaries of this
envelope, where the initial sequence of events is repeated, the roll over at

z ����¦�© , leading now
to four regions of ITG activity. At � ����¦�© this bifurcation process is in the course of repeating
itself once more, with the splitting more advanced on the outer boundary.

We note that not only are the ITG convective cells restricted to the �¥�µ� stream they lie
in (shear flow suppression), they are suppressed throughout those streams rotating in a positive
sense. In purple is shown a histogram of the heat flux

®
in

�
radial bins. It is clear that it is

only at the boundaries of the ITG turbulence, which are still evolving, that a significant flux is
driven. In the middle of the envelope (bins � and � ) the flux levels have remained at a constant
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low level since �P��¡:��¦�© having peaked � z ����¦�© earlier. Presumably the large fluxes seen at
boundaries will follow the same behaviour as the entire radial interval reaches saturation.
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Figure 3. Radial profiles of the effective temperature ¶ K p p , ITG mode spectrum, ·M¸v¹ zonal flow and
binned heat flux Q. . Profiles have been rescaled for illustrative purposes

4. Conclusions

We have presented simulation of the suppression of ITG driven turbulence by zonal flows in
straight � -pinch geometry with very good energy conserving properties. The system is seen to
approach a steady state in the absence of any collisional terms. The use of an optimised phase
space sampling is crucial in attaining energy conservation. Finite rotational transform needs to
be introduced to be consistent with the electron model used. Further simulations will examine
the dependence of the radial scale-length of the zonal flows and the concomitant scaling of
driven flux.
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