
Hydrodynami
 instabilities in 
ylindri
al geometrySelf-similar models and numeri
al simulationsP.H. Maire, J. Breil, M. Olazabal, L. HalloUMR CELIA, CEA, CNRS and Universit�e Bordeaux 1, Talen
e, Fran
eHydrodynami
 instabilities play an important role in the target 
ompression for inertial
on�nement fusion (ICF). We present the analyti
al solution of a perturbated isentropi
implosion. We 
ompare the analyti
al solution to the results obtained with perturbationand 2D Lagrangian hydrodynami
 
odes.1 Introdu
tionPerforman
e of dire
t drive high yield targets may be severely limited by hydrodynami
instabilities. Implosion pro
ess is generally a
hieved with a sequen
e of sho
ks emergingfrom the ablator to the DT in the target. It is known that in order to optimize the
ompression of hot spot at the end of implosion pro
ess, a spe
i�
 sequen
e of sho
ks isrequired, whi
h must be as 
lose as possible to an isentropi
 
ompression. The qualityhot spot is also limited by the growth of Rayleigh-Taylor instabilities around the ablatorinterfa
e. In order to understand and modelize su
h instabilities, two 
omplementaryapproa
hes are used in this paper. The �rst one is the modelization of both base andperturbed 
ows in the linear regime by a self-similar approa
h, the se
ond one is the vali-dation of numeri
al methods devoted to ICF appli
ations on su
h 
ows. We will presentanalyti
al solutions for base 
ow and for the perturbations in a 
ylindri
al geometry.These solutions will allow us to understand the e�e
ts of aspe
t ratio and 
ompressibil-ity during implosion. Then we will fo
use on two numeri
al methods. They are bothbased on the Lagrangian formalism for hydrodynami
 equations. The �rst one is ded-i
ated to the study of linear stability of unsteady 
omplex 
ows. The 
ode 
al
ulatesthe basi
 one-dimensional solution and �rst order three-dimensional perturbations. It isa so-
alled perturbation 
ode, named PERLE. The se
ond one is a two-dimensional La-grangian hydro-
ode, named CHIC, based on a new 
ell-
entered s
heme with a Godunovtype solver.2 An analyti
al model for linear perturbations of Kidder's self-similar solutionWe brie
y re
all the main features of Kidder's isentropi
 implosion of perfe
t gaz in
ylindri
al geometry [1℄ whi
h is a spe
ial 
ase of selfsimilar 
umulative 
ows in 
onvergesgeometries. This 1D solution will be used as our base 
ow. Let R(r; t) be the radius
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of a 
uid parti
le at time t whi
h was initially at r. We build the self-similar solutionusing R(r; t) = h(t) r and P = s �
 where s is a 
onstant and h(t) a fun
tion todetermine. Finally after variable separation one obtains two ODE whose solution areh(t) = q1� � t� �2 and � = q
�12 r22�r21
22�
21 , where � is the 
ollapse time, r1 and r2 are theinternal and external radii, 
1 and 
2 are the isentropi
 sound speeds lo
ated at r1 andr2. The initial density pro�le are given by (for r 2 [r1; r2℄):�0(r) = �r22 � r2r22 � r21 �
�11 + r2 � r21r22 � r21 �
�12 � 1
�1 :The isentropi
 
ompression is obtained by imposing the following pressure laws at theinternal and external interfa
es of the domain :8<:P (R(r1; t); t) = P1h(t)� 2

�1 ;P (R(r2; t); t) = P2h(t)� 2

�1 :This fully analyti
al solution is obtained under the assumption that 
 = 1 + 2=� where� = 1; 2; 3 whether we have a planar, 
ylindri
al or spheri
al symmetry. Here we 
hoose
 = 2. We are now going to perturb the internal and external fa
es of the shell in order tostudy hydrodynami
al instabilities [2,3,4℄. Let �!� (�!r ; t) be a small displa
ement aroundthe unperturbed eulerian traje
tory �!R (�!r ; t). By linearising Euler equations around thebase motion, one obtains to �rst order in �!� (�!r ; t) :(L)8>><>>:h4(t)� 2d2�!�dt2 +�!r divr�!� � 
� 2�0 gradr �P 0divr�!� �� gradr�!� � �!r ��!r � rotr�!� = �!0 ;where �!r denotes the lagrangian position ve
tor, �0 and P 0 are density and pressure ofthe base motion. In order to solve (L), let us introdu
e �!� (�!r ; t) = �!X (�!r )G(t). Aftersome rearrangement, we �nd for t 2 [0; � [ and r 2 [r1; r2℄ :(T ) h4(t)� 2d2Gdt2 + �G(t) = 0;(S) (�� 1)�!X + (
 � 1)��!r + 
� 2P� gradr� + gradr(�!r � �!X ) = �!0 ;where � = divr�!X and � is a separation 
onstant. We impose the initial values G(0) = 1and dGdt (0) = 0, then (S) is solved under in
ompressibility assumption, i.e. � = 0,
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therefore thanks to (S), rotr�!X = �!0 , hen
e �!X = gradr� where �(r; �) satis�es theLapla
e equation 1r ��r �r���r �+ 1r2 �2���2 = 0;whi
h admits the following two independant solutions : �1 = r�n 
os(n�) and �2 =rn 
os(n�) with n 2 N . Then we de�ne the two fundamental solutions of (S) : �!X 1 =gradr�1 with �1 = n + 1 and �!X 2 = gradr�2 with �2 = �n + 1. After time s
aling(t! t=�), we solve the two evolution equations for G1 with �1 and for G2 with �2 :8>>>><>>>>:G1(t) = p1� t2 
os �pn2 log�1� t1 + t�� ;G2(t) = 12p1� t2 24�1� t1 + t�pn2 + �1 + t1� t�pn2 35 :We noti
e that limt!1�G1(t) = 0 and for n > 1 limt!1�G2(t) = +1 with G2(t) � 2pn�12 (1�t) 1�pn2 for t ! 1�. The time evolution of ampli�
ation for the point with initial radiusr and � = 0 is given by�r(r; t) = n ��A1r�n�1G1(t) + A2rn�1G2(t)� ;where the 
onstants A1, A2 are determined by the initial levels of perturbations �1 and�2 at r1 and r2, following 8<: � nr�n�11 A1 + nrn�11 A2 = �1;� nr�n�12 A1 + nrn�12 A2 = �2:3 Perturbation 
ode PERLEThis tool is dedi
ated to the study of linear stability. We 
onsider the base one-dimensional solution and its �rst order 3D perturbation in the lagrangian formalism.After a Fourier de
omposition versus transverse spa
e variables, the 3D problem redu
esto the resolution of a 1D system for ea
h wavelength. Thus we dire
tly 
al
ulate the 1Dbase 
ow and the perturbation amplitude. This 
on
ept has been known sin
e the 70's[5℄. Here we use re
ent methods developped at the end of 90's, based on Godunov types
hemes (see for example [6℄). No spe
i�
 assumption on the base 
ow ex
ept symmetryallow us to 
onsider unsteady 
omplex dynami
s.4 Hydrodynami
 
ode CHICThe numeri
al method in CHIC is based on a new s
heme. This s
heme uses a 
ell
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entered di
retisation based on a total energy formulation. The verti
es velo
ity andthe 
uxes are evaluated using a nodal solver. This solver has been built from 
onser-vation arguments and one entropy inequality. It 
an be viewed as a two-dimensionalextension of the a
ousti
 Godunov's solver. This method fully answers an importantquestion 
onserning Lagrangian hydrodynami
 : one 
an 
ompute in a 
oherent way, thedispla
ement of verti
es as well as the fa
e 
uxes. This method is 
urrently the subje
tof a publi
ation [7℄.5 Numeri
al ResultsWe now present results for the following 
ases : mode n = 8 with a perturbation ofthe external interfa
e and, mode n = 8 with a perturbation of the internal and externalsurfa
es. In all the 
ases we use a0 = 10�6, r1 = 0:9, r2 = 1, P1 = 0:1, P2 = 10 and�2 = 10�2. From this we get �1 = 10�3, s = 105 and � = 7:265 10�3. The 
omputationaldomain is de�ned using the symetries of the mode 8 i.e. (r; �) 2 [r1; r2℄� [0; �2 ℄. We useequiangular meshes with (nx; ny) = (25; 44), (nx; ny) = (50; 88) and (nx; ny) = (100; 176).For the perturbation 
ode, we present 
onverged 
al
ulations. Figures 1 and 2 show theresults and we 
an see the good agreement beetween all the solutions.
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Figure 1: �1 = 0, �2 = 1 -1
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Figure 2: �1 = 2:565293, �2 = 1Referen
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