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Introduction. The interaction of Alfvén waves and the ions plays an important
role in both space and laboratory plasmas. In particular, the acceleration of the ions by
Alfvén waves is a possible source of the energetic particles in solar-terrestrial environ-
ment, various mechanisms of such an acceleration being proposed, see, e.g., Ref. [1-3].
In this work, we consider the particle motion influenced by Alfvén waves of finite am-
plitude through non-linear resonances on sub-harmonics of the ion gyrofrequency. Note
that these resonances are known as long as for more than 45 years [4], but only recently
it was recognized that they can lead to the stochastic motion [5]. In contrast to Ref. [5],
we study the particle motion in the presence of the elliptically polarized Alfvén waves,
E,/E, = —i(w/wp)(kj/k1), where w is the wave frequency, wg is the particle gyrofre-
quency, kj and k; are the longitudinal and transverse wave numbers, respectively, E is
an electric field. The finite ratio of w/wp (we are interested in w/wp ~ 1/4 —1/2) makes
the E, component non-negligible and affects the features of the particle motion.

Basic equations. We begin with a derivation of an equation of the particle motion
in the electromagnetic field. With this purpose, we use the Lagrangé equation, with the
Langrangean
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L=—"+ %@Aj — ed(r), (1)

where r = (z,y, z), A is the vector potential of the electromagnetic field, ® is the field
scalar potential, two repeating subscripts (j) in a product mean the summation, 7"]2- =TT,
and 7; = dr;/dt. The Lagrangé equation with L given by Eq. (1) can be written as
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We assume that the electromagnetic field consists of the equilibrium homogeneous
straight magnetic field, By = (0,0, By) and the waves propagating in the (x, z) plane.
In this case Ag = (—Byy,0,0) and &y = 0, where the subscript ”"0” denotes the equi-
librium (unperturbed) quantities and the waves are described by the perturbed vector

potential A and scalar potential d. We take a perturbed quantity, X , in the form
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X = S Xk =Dk Xkexp(ilﬁk) with VU, = k,x + k.z — wit, where k is the wave vector

and wy, is the corresponding wave frequency. Then Eq. (2) yields:
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If w were negligible compared to wg, the ideal MHD approximation could be used.
Then Alfvén waves would be characterized by vanishing longitudinal magnetic field,
BH = 0, and they would be linearly polarized, [E = (E,,0,0)]. Due to the condition
BH — 0 in the ideal MHD one can take A, = 0, in which case Egs. (3)-(5) lead to
Eq. (12) of Ref. [5]. However, we are interesting in waves with finite w/wg. For these
waves, EH # 0. Therefore, only one component of the perturbed vector potential (or
515) is arbitrary. We use the gauge A, = 0 in order to describe elliptically polarized
Alfvén waves, Ey,/Ep, = o, with a = —zwk‘ /szk2 The longitudinal component of
the electric field of these waves is small, Ej. ~ fw?/w%, (8 is the ratio of the plasma
pressure to the magnetic field pressure) and will be neglected in our analysis.

Let us express all the perturbed quantities through the y component of the wave
magnetic field. This can be done by using the following equations: Ay, = —0k, By, /k2,
Ay, = —DByy/ik,, @ = iwBy,/ck.k,. Then integrating (4) one time and taking into
account that Ay, = i, Ay, = i(kp® + k.2 — w) Ay, we obtain:
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where the normalized quantities are introduced: l;k = Bky /By, T = wpt, space coordi-
nates are normalized to p., p. = Vi /wg, \7,4 =Va/Vi, Uy = kpxps + k,2p. — OpT, ps and

V. are some characteristic Larmor radius and particle velocity, respectively.
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These equations differ from the corresponding equations of Ref. [5] not only by the
presence of additional terms proportional to the wave amplitude but also by the presence
of a term proportional to the square of the wave amplitude. The latter term affects the
wave-particle interaction. To see it we linearize Egs. (6)-(8) by following the procedure

of Ref. [5]. As a result, we obtain an equation of the following type:
5+ as = eexp(2iT)s + peexp(2iT) + ge* exp(4iT), (9)

where s = ky(x — 19) < 1, § = d?s/dT?, 2T = kyxo + k.29 + (k.v. — w)t, € o l;k, a,
p, q are constant coefficients. v, = const. We solve Eq. (9) perturbatively by using a

small parameter e. Writing s = 3, s;, with s; oc € and ¢ = 0,1,2...N.., we obtain the

5\1,) = N?  which corresponds to a Mathieu equation [5] and, in addition,

() — 9N2. Taking into account that a = 4w /w? we have the following

resonances a
the resonances a
resonance frequencies: w) /wp = 2/N (Mathieu resonances) and w® /wp = 1/N (new
resonances). We conclude that the presence of the quadratic term provides additional
resonances (for given ).

Analysis of the particle motion. We choose v, = vp;, where vr; is the ion thermal
velocity, Va=10 (which corresponds to 3; = 1%). In order to choose the wavenumbers
of interest we take into account that when wy ~ kjva, kjp. =~ Wr/0a, where we take
Wy satisfying a resonance condition. We made calculations for two cases: first, when
the wave is monochromatic, and second, when there are several waves with the same
amplitude. The results are presented in Figs. 1-4. We observe that the motion is regular
in the case of a monochromatic wave with b = 0.1 (Fig. 1) and in the presence of several
waves with b = 0.001 (Fig. 2b). However, it becomes chaotic when there are several
waves with the same amplitude as in Fig. 1, see Fig. 2a.

Summary and conclusions. We have derived the equations of the particle motion
in the presence of elliptically polarized Alfvén waves. It is shown that these equations
contain more resonances at the given approximation order than the Mathieu type equa-
tion considered in Ref. [5]. A numerical code solving the derived equations is developed.
Using this code it was found that the motion in the presence of a monochromatic wave
with b = 0.1 is regular whereas it is chaotic in the presence of several waves of the same
amplitude. The developed numerical tool will be used to analyze the motion of the
thermal ions during Alfvén instability caused by the energetic ions with an anisotropic
velocity distribution [6].
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FIG. 1.
k1p« = kjp« =1/20 and v4 = 10.
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FIG. 2. Time evolution of the particle perpendicular energy in the presence of several waves,

W =2/3,1/2,1/3, 1/4; k1 px = kyp« = 0x/10; v4 = 10: (a) b=0.1; (b) b= 0.001.



