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A mechanism for enhanced acceleration of charged particles using crossing radio frequency 

(RF) waves propagating at different angles with respect to an external magnetic field is 

investigated. The idea is to launch low amplitude secondary waves in order to improve the 

parallel momentum transfer from the high amplitude primary wave to the charged particles. 

The use of two parallel counter-propagating waves has recently been considered and 

numerical tests have shown that the two-wave scheme may lead to higher averaged parallel 

velocity [1,2]. On the other hand in Refs. [3,4] it has been concluded that it is more effective 

to accelerate electrons when the waves propagate obliquely to the external magnetic field. 

The majority of the existing works are based on the description of a single particle dynamics 

in one (or more but under condition of equality of their parallel refractive indexes) plane 

monochromatic radio frequency waves. In this paper, a mechanism is discussed for the 

acceleration of electron populations resulting from the effect of crossing electromagnetic 

waves propagating in a dispersive medium according to the geometry represented in Fig.1. 

To analyze this mechanism, the resonance moments (RM) of the distribution, i.e. velocity 

moments computed inside the RL only, are evaluated. The first order RM suggests that a 

peculiar angle of the primary wave launching s1 results in a maximal averaged parallel flux. 

Although the RM approach has to be considered as an approximation, this prediction is 

reasonably confirmed by direct statistical simulations.  

The electromagnetic configuration that is considered (Fig.1) is the combination of a strong 

magnetic field (assumed to be along the OZ direction), a primary wave propagating 

obliquely with respect to the magnetic field and a secondary wave propagating 

perpendicularly to the magnetic field. Both the primary and the secondary waves are 

assumed to be in the plane (XOZ).  

Fig.1: Proposed Optimal two-wave plane Configuration 
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QQuuaalliittaatt iivvee  PPhhyyssiiccaall  DDeessccrr iipptt iioonn,,  RReessoonnaannccee  LLaayyeerr ss,,  RReessoonnaanntt   MMoommeennttss  MMeetthhoodd  
((RRMMMM)) 

 

Let us consider a large population of charged particles and only the average effect of the 

waves on this population. The fraction of the particles close to the Doppler resonance 

condition, which define resonance layers (RL)N in the velocity space, becomes then as 

important as the time these particles remain resonant.  PPrriimmaarryy  wwaavvee  tteennddss  ttoo  ppuusshh  rreessoonnaanntt 

particles  oouutt  ooff  tthhee  rreessoonnaanntt  llaayyeerrss  ((RRLL))..  The low amplitude secondary wave is introduced 

tending to re-fill RL maintaining a pseudo-equilibrium velocity distribution, that 

continuously interact with the primary one. This secondary wave does not carry any parallel 

momentum and cannot induce any net parallel motion of the particles. These assumptions 

generate a basis for the applications of a Resonance Moments Method (RMM) in which 

moments of the velocity distribution are computed by using an average over the resonant 

layers only instead of a complete phase-space average. The flow parameters can be 

effectively approximated by the Resonance Moments (RM) defined by: 

                                       . The RLN correspond to ellipses in the velocity space and the integral I* 

can be evaluated analytically using elliptical coordinates.  For instance, assuming a 

Maxwellian distribution, the evaluation of I for g=v||, which will be denoted I* can be done 

explicitly. This quantity corresponds to the averaged parallel flux of the particles that 

belongs to the RL. It is related to the net averaged parallel current produced by the particle-

wave interactions tending to remove the particles from the RL while the pseudo-

thermalization of the particles due to the combined effect of the two waves is to refill 

constantly the layer. The pseudo-thermalization is thus expected to add a net averaged 

parallel velocity proportional to I*. The exact expression even for I* is quite long. It is thus 

more illustrative to present the Fig.2 in which I* is a function of s1, the angle of the primary 

wave. 
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FFiigg..22  AAvveerraaggeedd  ppaarraalllleell  fflluuxx  I*  ((iinn  aarrbbiittrraarryy  uunniittss))  

ooff  tthhee  ppaarrttiicclleess  iinn  tthhee  RRLL    aass  aa  ffuunnccttiioonn  ooff  the 

angle of the primary wave, s1 (in  two-wave plane 

Configuration – Fig.1) for different particle 

densities. We see a clear maximum of the particle 

flux at non-zero propagation angle of the primary  

wave as expected due to asymmetry of the resonance layer (RL) in velocity space and 

pseudo-stochastization of the particle population by the secondary wave. 
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To confirm our analytical predictions we perform  direct numerical simulations for the two 

wave scheme (Fig.1) with thhee  pprriimmaarryy  wwaavvee  tthhaatt  iiss  nneeaarr  tthhee  22nndd  hhaarrmmoonniicc  ((XX22))  ooff  tthhee  EECC  

ffrreeqquueennccyy  aanndd  tthhee  sseeccoonnddaarryy  wwaavvee  ––  ttoo  tthhee  33rrdd  hhaarrmmoonniicc  ((XX33)),,  which are used for instance in 

the TCV tokamak experiments [5], aanndd  ccoommppaarreedd  rreessuullttss  wwiitthh  oonneess  ffoorr  llaauunncchhiinngg  tthhee  oonnee  

((XX22))  wwaavvee  oonnllyy..    TThhee  ccoonnssttaanntt  mmaaggnneettiicc  ffiieelldd  BB00==11..4422  TT,,    ddiimmeennssiioonnlleessss  wwaavvee  aammpplliittuuddeess   

                                                                                                                         TThhee  wwaavveess  ssuupp--

ppoosseedd  ttoo  pprrooppaaggaattee  aaccccoorrddiinngg  ttoo  tthhee  lliinneeaarr  ddiissppeerrssiioonn  rreellaattiioonn  ffoorr  aa  ccoolldd,,  hhoommooggeenneeoouuss  

ppllaassmmaa  iinn  eexxtteerrnnaall  uunniiffoorrmm  mmaaggnneettiicc  ffiieelldd B0 ((SSttiixx,,  11996622)).. TThhee  ttrraajjeeccttoorriieess  ooff  tthhee  eelleeccttrroonnss  

aarree  ccaallccuullaatteedd  uussiinngg  HHaammiillttoonn  eeqquuaattiioonnss..  AAccccoorrddiinngg  ttoo  iinniittiiaall  ccoonnddiittiioonnss  aatt  tt==00  aallll  tthhee  

eelleeccttrroonnss  aarree  ccoonnffiinneedd  iinnssiiddee  tthhee  ssmmaallll  bbooxx  ppllaacceedd  iinn  tthhee  cceenntteerr  ooff  tthhee  rreessoonnaannccee  llaayyeerr  iinn  tthhee  

ccoonnffiigguurraattiioonn  ((ccoooorrddiinnaattee))  ssppaaccee..  TThhee  bbooxx  ddiimmeennssiioonnss  iinn  tthhee  ccoooorrddiinnaattee  ssppaaccee  aarree  aallll  aabboouutt  

1100--33hh  ((hh  ––  tthhee  wwiiddtthh  ooff  tthhee  rreessoonnaannccee  llaayyeerr  iinn  tthhee  ccoooorrddiinnaattee  ssppaaccee));;  iinn  tthhee  vveelloocciittyy  ssppaaccee  

iinniittiiaallllyy  wwee  aassssuummee  rreellaattiivviissttiicc  MMaaxxwweelllliiaann  vveelloocciittyy  ddiissttrriibbuuttiioonn  ooff    rreepprreesseennttaattiivvee  eelleeccttrroonnss..  

The Hamiltonian equations are solved using a 4th order Runge-Kutta method with variable 

time step. The Hamiltonian is not an invariant in this problem because of the explicit time 

dependency of the vector potential. However, an evolution equation is derived for H and has 

been solved using the same method with variable time step. This solution has then been 

compared with the analytical form of the Hamiltonian expressed in terms of the numerical 

solutions of equations. In the simulations presented hereafter the relative deviation between 

these two expressions of the Hamiltonian is always smaller than 10-5 for all time and all the 

electrons. A population of 5*104 electrons is used in the simulations. The results from the 

simulations confirm that the angle dependency is not trivial and that parallel propagation 

(s1=0 ) for the primary wave is not always optimal. Figs.3-4 show a significant increase of 

the average parallel velocity for low densities due to the secondary wave. Moreover, the 

angle dependency of the average parallel velocity appears to be maximal around    ss11  ==1100oo  --  

6600oo . This value thus appears to reasonably differ from the privileged value of the RM  I* 

(Fig.2). This is not too surprising since the RM have been computed assuming a Maxwellian 

distribution with zero mean. Thus, although the global picture from the RM description is 

reasonable, a more precise order RMM approximations including iterative approach, taking 

into account the averaged velocity suggested by the RM would be required for more accurate 

predictions. 
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Fig.3  For low density runs                        ,  averaged electron velocity versus the 

propagation angle of the primary wave s1 (in degrees) at the normalized times:  t=3000 (left 

picture),   t=7000 (right picture) for two wave scheme (blue line), and one wave (green) 
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Fig.4. PPrroobbaabbiilliittyy  DDiissttrriibbuuttiioonn  ooff  tthhee  ppaarraalllleell  vveelloocciittyy  ffoorr  ss11  ==4455oo 

 

  

Our simulations confirm that the secondary perpendicular wave is the most effective for a 

stochastization of the particle trajectories and, consequently, to maintain a pseudo-

equilibrium. The stochastization effect of the secondary wave yields promising increase of 

the average parallel velocity of the particles. It is energetically profitable to obtain this 

significant increase with addition just the secondary wave of ten times lower amplitude than 

the one of the primary wave. 
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