
Driven magneti
 re
onne
tion about an X-point inthe limit of no guide �eldG.L. Delzanno1, E. Fable2, F. Por
elli11 Burning Plasma Resear
h Group, Polite
ni
o di Torino, Turin, Italy2 CRPP-EPFL, Lausanne, SwitzerlandThe present work investigates the linear phase of driven magneti
 re
onne
tionabout a magneti
 X-point, in the absen
e of a guide �eld. Analyti
al results arepresented for the long-time asymptoti
 re
onne
tion rate.Mathemati
al Model. The starting point of our study is the two-dimensional,two-
uid model, 
onsisting of the following equations: quasi-neutrality 
ondition, 
on-tinuity equation, ion momentum balan
emi [�Vi=�t + (Vi � r)Vi℄ = eE+e=
Vi�B�e�J and ele
tron momentum balan
e E+1=
Ve�B = �me=e [�Ve=�t + (Ve � r)Ve℄+�J �rp=(en), where J = en (Vi �Ve). These equations are 
oupled with Maxwell'sequations: r � B = 0, 
r � E = ��B=�t and r � B = 4�=
J. The unknowns arefor the parti
le density, n, the ion 
ow velo
ity, Vi, the ele
tron 
ow velo
ity, Ve, the
urrent density, J, the magneti
 �eld, B, the pressure, p, and the ele
tri
 �eld, E. Wehave negle
ted the displa
ement 
urrent in Ampere's law and terms of the order of" = me=mi when 
ompared to unity. In order to 
lose our system of equations, we
onsider the pressure to be isotropi
 and assume 
onstant ele
tron temperature and
old ions: p = nTe, Ti = 0. We have 
hosen a 
artesian 
oordinate system, where allthe unknowns depend on x, y and t, while z is the ignorable 
oordinate.The following steps are applied in order to simplify the model equations.1. Representation of the ve
tor �elds as B = r (x; y; t) � ez + Bz (x; y; t) ez andVi = ez �r' (x; y; t) +r� (x; y; t) + Vz (x; y; t) ez.2. Linearization with respe
t to the 
urrent free equilibrium with no guide �eldde�ned by: Veq = 0, Jeq = 0, Beq = r eq � ez, neq = 
onst and  eq = B0?xy.3. Choi
e of the following normalization: t �! t=�A; x; y �! x=di; y=di; n �!n=neq; ('; �) �! (�A=d2i ) ('; �); Vz �! Vz=VA;  �!  = (d2iB0?); Bz �!Bz= (B0?di); the Alfven velo
ity is VA = B0?di=p4�mineq, the Alfven time is�A =p4�mineq=B0?, the ion and ele
tron skin depths are di =p
2mi= (4�neqe2)and de = p"di and the resistive 
ollisional time is de�ned by �� = 4�d2e= (�
2).Furthermore, we de�ne "� = d2e�A= (��d2i ) and � = 4�neqTe= (B0?di)2.4. Choi
e of the following orderings for the wave ve
tor, k? � kk � 1=bÆ, for thefrequen
y, ! . kkVA(bÆ) . 1, and for the ratio of the kineti
 to the magneti
 pres-sure, � � bÆ2. Note that bÆ (. 1) is a length s
ale 
hara
teristi
 of the re
onne
tivepro
ess. With these assumptions, one 
an show that the 
ompressible part of theion 
ow, �, 
an be negle
ted and the model redu
es to three partial di�erentialequations for  , ' and Bz, all the other unknowns enslaved to these three.5. Choi
e of a 
lass of solutions of the form [1℄:  (x; y; t) =  (x; t) +  (y; t),' (x; y; t) = ' (x; t)� ' (y; t) and Bz (x; y; t) = Bz (x; t) +Bz (y; t).
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Finally, two 
oupled partial di�erential equations are obtained for the 
urrent den-sity and magneti
 �eld perturbations along z (we have dropped the subs
ript z):8>>>><>>>>: �2J�t2 � " �4J�t2�x2 = x2�2J�x2 + 3x�J�x � �3�t�x2 �x�B�x � + "� �3J�t�x2�2B�t2 � " �4B�t2�x2 � x ��x �x�B�x � = x �2J�t�x + "� �3B�t�x2 : (1)The following initial 
ondition is 
hosen to represent an initial E�B drift 
ow, drivenby an externally applied ele
tri
 �eld E1 [1℄��t �J � "�2J�x2�����t=0 = E12 d2dx2 � x2x2 + Æ2� ; (2)where Æ is a length-s
ale 
hara
teristi
 of the initial velo
ity pro�le that should be ofthe order or greater than the ele
tron skin depth de (or p", in normalized units). Theother initial 
onditions are: J (x; 0) = 0, B (x; 0) = 0 and �B=�tjt=0 = 0. Model (1) is
ompleted by the the following boundary 
onditions: �B=�xjx=0 = 0, �J=�xjx=0 = 0,�3B=�x3jx=0 = 0, J(L) = 0 and B(L) = 0, L being the external boundary.By looking at Eqs. (1), it is interesting to note that if one sets to zero the axialperturbation of the magneti
 �eld, model (1) re
overs the model investigated in Ref.[1℄ (with strong guide �eld) in the limit of no sound Larmor radius e�e
ts, namely�s = 0. Furthermore, the parti
ular orderings we have 
hosen allow us to retain theHall term, thus 
oupling the dynami
s of J to a new equation for B.Results and 
on
lusions. The dynami
s of system (1) 
an be obtained numeri-
ally by a suitable dis
retization in time and spa
e. However, it is possible to performanalyti
al 
al
ulations by 
onsidering, for example, the long-time asymptoti
 limit.In order to do so, we apply the Lapla
e transform to Eqs. (1) and use asymptoti
mat
hing te
hniques to solve the transformed equations in the limit of s �! 0 (s beingthe Lapla
e variable). The 
urrent density perturbation at the X-point, J0(s), is thenantitransformed in order to obtain the asymptoti
 re
onne
tion rate, de�ned by Ohm'slaw at the X-line: Ez (0; 0; t) = 2"�J (0; t) =�t+2"�J (0; t). For brevity, we report hereonly the results of the analyti
al 
al
ulations. In the 
ase without a guide �eld, thelong-time asymptoti
 value of the 
urrent density perturbation at the X-line, in the
ollisionless ("� = 0) and resistive (labelled with the subs
ript 'res') 
ases areJ (0; t) �! E12Æ2t Jres (0; t) �! E14Æ2t : (3)These analyti
al predi
tions are in good agreement with numeri
al simulations, asshown in Fig. 1. Furthermore, the long-time asymptoti
 values of the magneti
 �eldperturbation at the X-line areB (0; t)E1 �! 
 � 1 + log (2L) + logt2Æ2t2 Bres (0; t)E1 � 
 � 2 + 2log� 2Lp"�� + logt8Æ2t2 ;(4)where 
 is Euler's 
onstant. We have also investigated the long-time asymptoti
 be-haviour for the model of Ref. [1℄ in the 
ase where ion sound Larmor radius e�e
ts are
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negle
ted, whi
h is formally equivalent to the �rst of Eqs. (1) where B is arti�
iallyset to zero. The long-time asymptoti
 values of the 
urrent density perturbation at theX-line, in the 
ollisionless and resistive limits, areJ (0; t) �! E12Æ2t Jres (0; t) �! E14Æ2t : (5)The 
omparison among relations (3), (4) and (5) provides some 
on
lusions.� The presen
e of �nite resistivity does not 
hange the long-time asymptoti
 be-haviour (proportional to 1=t for J and log t=t2 for B) of the �elds, but only
hanges the 
oeÆ
ients in front of it. It is interesting to note that only Bres (0; t)shows a weak dependen
e upon resistivity.� The long-time asymptoti
 value of the B depends on the position of the externalboundary L, while the same does not hold for J . This is due to the fa
t thatthe mathemati
al solution for B(x; t) 
ontains logarithmi
 
ontributions with a
hara
teristi
 length s
ale of the order of L. Thus, the spatial stru
ture of B is notlo
alized within a 
ertain length s
ale but extends up to the external boundary.Consequently, a 
hange in L 
hanges the ma
ros
opi
 stru
ture of B.� The long-time behaviours of the 
urrent density perturbation of the full system(1), expressed by relations (3), are exa
tly equal to the ones obtained with themodel of Ref. [1℄ with �s = 0. This is the proof that, for the parti
ular 
ase underexamination, the magneti
 �eld perturbation (that is due to the presen
e of theHall term in the model equations) does not in
uen
e the long-time asymptoti
re
onne
tion rate. This result 
an be understood by looking at relations (4): atlarge times, the magneti
 �eld perturbation de
ays mu
h faster (/ log t=t2) thanthe de
ayment of J and 
an not a�e
t the asymptoti
 re
onne
tion rate.� A

ording to expressions (3) and (5), the total re
onne
ted 
ux is (0; 0; t) � �E1
� 2Ad2e2Æ2 �1t + 1�� log t�A� : (6)It is interesting to note from relation (6) that there 
an be a net amount of totalre
onne
ted 
ux only if resistivity is present. This is di�erent from what foundin Ref. [1℄, where in the 
ollisionless 
ase the presen
e of �nite �s leads to a netamount of re
onne
ted.� The total re
onne
ted 
ux being zero in the 
ollisionless 
ase 
an be understoodby looking at the evolution of the system. At t = 0, we apply an ele
tri
 �eldEz that moves the plasma towards the X-line: magneti
 �eld lines are pushedtogether in one dire
tion while pulled out perpendi
ularly and re
onne
tion isa
hieved by means of ele
tron inertia. We observe the formation of vorti
esmoving towards the X-line in the di�usion region, while the external region isreminis
ent of the initial 
ow 
on�guration but with the dire
tion of the 
owthat reverses periodi
ally in time. At later times, new vorti
es form but phasemixing redu
es the global intensity of the 
ow. Thus, re
onne
tion be
omes veryineÆ
ient as the 
ow is adve
ted around 
ir
ular paths and the transport of mass
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Figure 1: Time behaviour of jJ(0; t)j for di�erent ", obtained by solving numeri
allysystem (1) in the 
ollisionless 
ase ("� = 0, Æ = p"). The dotted lines 
orrespond tothe analyti
al predi
tion given by expression (3). The log-log s
ale is used.
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Figure 2: Behaviour of Ez(L; t) for a simulation with "� = 0, " = 0:1, Æ = p" andL = 5 in the 
ollisionless 
ase.is slow. We 
an understand why the total re
onne
ted 
ux is zero: it is due to aninitial phase of alfveni
 re
onne
tion, 
hara
terized by large transport towardsthe X-point, followed by a slower de
onne
tion pro
ess 
hara
terized by vortexformation and inversion of the 
ow. Note that this pi
ture is 
onsistent with theevolution of the axial ele
tri
 �eld at the boundary, whi
h os
illates in time andgoes asymptoti
ally to zero, as 
an be seen from Fig. 2. This is di�erent fromRef. [1℄, where the axial ele
tri
 �eld is sustained at in�nity: Ez(x �!1) = E1.In addition, the solution in Ref. [1℄ relies on �nite �s, whi
h represents a singularperturbation to our problem. Thus, our solution 
an not be re
overed from thatin Ref. [1℄ in the limit �s �! 0.Referen
es[1℄ J. J. Ramos, F. Por
elli, R. Verastegui, Phys. Rev. Lett. 89 (5), 055002 (2002).
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