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Abstract. Within the frame of standard 2D reduced MHD, the time evolution equation
for a nonlinear tearing island width w is computed rigorously for a general current
gradient at orders wln (1/w) and w. Several technical improvements with respect to

previous works enable this to be done with reasonable algebra and without any Ansatz.

Introduction. A fundamental problem in magnetohydrodynamics (MHD) is the deter-
mination of the nonlinear evolution and of the saturation amplitude of tearing modes.
Rutherford [2] found that the linear stage, where the island growth is exponential, is
followed by a nonlinear one where the island width w grows linearly with time on the
resistive timescale. Later on Biskamp made rigorous this calculation [3]. The satura-
tion of the island width was described in the same limit by White et al. [4] who gave
a criterion for saturation predicting w to be proportional to A’. For non-zero current
gradients, a calculation of Thyagaraja [5] showed that A’ ~ wln (1/w) and computed
the corresponding coefficient. For zero current gradients, Refs. [6] and [7] showed in-
dependently that A’ ~ w and computed the corresponding coefficient. This was done

rigorously in Ref [7] which further gave the time evolution equation for w.

This work yields the time evolution equation for w for a general current gradient, by
using the standard 2D reduced MHD equations for a sheet pinch. Several technical
improvements with respect to previous works enable the rigorous calculations of orders
wln (1/w) and w with reasonable algebra: (i) using flux-angle coordinates enables to
stick to the geometrical structure of the magnetic island; this brings a strong simpli-
fication of the algebra, in particular by a simultaneous treatment of the trapped and
untrapped domains, (ii) no Ansatz is made on the solution, which simplifies the no-
tations; the non vanishing orders w™[In (1/w)]" show up successively. The evolution
equation for w, as a rule, can be computed to arbitrary order in the w™[ln (1/w)|"
expansion. The first two orders wln (1/w) and w are explicitly computed, since they
provide contributions with the same order of magnitude for practical purposes. The cal-
culation combines the Rutherford and saturation regimes, and shows that the current

profile has the same algebraic structure in both regimes.
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Model. As is usual when dealing with the nonlinear tearing mode [2, 3], inertia and

viscosity are neglected in the 2D reduced MHD equations, which leads to the basic

equations
[4,J] = 0, (1)
O+ o] = 1-n(z)], (2)
V2’(/} = _J7 (3)

where v is the magnetic flux function, ¢ is the electric potential which plays the role
of the stream function, and n(z) = 1 + Y o0 a;2° is the resistivity profile. Moreover,
for any two fields A and B, [A, B] = 0,490,B — 0,A0,B. We consider a perturbation
to a static equilibrium defined by ¢ = 0 and J = Jy(z) such that n(x)Jp(z) = 1 and
¥,(0) = 0. z and y may be viewed as the radial and poloidal coordinates in a tokamak
(where z = 0 corresponds to a given finite radius). Accordingly we assume periodicity
in y. Lengths and times are normalized, as usual, to a suitable macroscopic scalelength

a, and to the corresponding Alfven time 74 = a/Vy4, where V4 is the Alfven speed.

We consider a tearing magnetic island corresponding to the £ = 0 magnetic flux surface,
with a wavenumber £ in the y direction, and a normalized width w scaling like a small
parameter §. In the weakly nonlinear regime of the tearing mode, we expect a boundary
layer centered on z = 0 to scale similarly. The rest of the system is called the outer
domain. In the following instead of z and y we use the stretched ’radius’ £ = z/¢ and
X = ky, and we define a rescaled magnetic flux ( = —1)/§%. Equations (1), (2), and (3)

respectively become

[Tl = 0, (4)
0+ K[ B,y = 1= (1+0mé+8%at® +0(6%)) J, (5)
02 + 82K202¢ = J, 6)

where [A, B](g,x) =0:A0,B — 0,A0:B.
Method of solution.
As usual for the nonlinear tearing mode, the outer system is described by linearizing

(1). This provides an expansion for £ small of the order 0 and 1 Fourier harmonics of

Cout in X
2

1 1
Cout ~ % —cosx — 01lnéb€cosy + 5(%—153 - [52'5 + 5A'|§| +bi&1n |§|] cos x + ,ui>
(7)
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where >’ and A’ are the sum and difference of the logarithmic derivatives of (,,; at
£ = £0; A’ is the usual tearing mode stability parameter. The constant p* is introduced
because the inner solution (that inside the boundary layer) turns out to bring in a jump

of magnetic flux between the left and right outer domains.

Since Eq. (4) implies that J(&,x) = j (C(£, X)), it is natural to perform the change of
variables (£,x) — (¢,x). As may be anticipated from the linear regime, this change
of variables is not one to one, and the following analysis shows that a given value of ¢
corresponds to two different values of ¢ defined by £ = X*((, x) where X¥ is computed
below. The X*’s define in the plane (£, x) two regions D~ and D* separated by a curve
close to £ = 0. Accordingly we define ®*(¢, x) = ¢[X*({, %), x|- Then in the stationary

case Eq. (5) becomes
kb 8,®* (¢, x) = 0 X* {1 — (1 + a1dX™ + a28*(XF)* + 0(6%)) 55(C) }, (8)

where j£(() is the value of J(¢) in the D* domains. For ¢ small our analysis shows that
the nonlinear tearing mode corresponds to a magnetic island topologically equivalent to
that of the linear regime. Therefore the curves ¢ = constant correspond to curves C,
with two possible topologies corresponding to trapping and untrapping in the magnetic
island. Integrating (8) on C; and using the fact that ®* is 2r-periodic in x and single-

valued on the curve limiting D~ and DT, we obtain
50) = FiH(¢) x (Fi*(Q) + abFH(Q) + axd® F5*(¢) +0(6) (9)
where

FE(() = / (X9 X d. (10)

Equation (9) was already introduced in [5]. Its structure suggests to solve Egs. (6) and
(9) for ¢ by perturbation expansion in §. This is done iteratively in a series of steps
which are now illustrated for the lowest order calculation. At this order Eq. (9) yields
j& = 1. Then Eq (6) provides (o(&,x) = €2 + A(x)¢ + B(x) where A(x) and B(x)
are two unknown functions which are now determined by matching with (. Since the
next order in the expansion of ¢ provided by Egs. (6) and (9) is 6, the matching brings
to A(x) and B(x) terms of order 1 and 61nd. As a result {; = (g + 0Ind¢3; where
Goo(€,x) = €% — cos x and (11 (€, x) = ar€ cos x. Then the leading order X§ of X* can
be computed by solving ¢ = (X5 (¢, x), X) + 6 In 61 (X5 (¢, x), x) at orders 1 and
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§1Ind for XF. This yields X5 (¢, x) = X5 (¢, x) +01In6X 11 (¢, x) where X3 = +X, (¢, x)
with X,(¢,x) = [2(¢ + cosx)]'/?, and X;; = —ajcosy. This ends the first iteration
of the perturbation calculation. We notice that indeed two values of £ are related to
one value of (. The next iteration starts by setting X7 in Eq. (9), which brings
orders 055(¢) + 621n 655 (¢) to j*. These orders are brought in Eq. (6), which brings
contributions 6¢;g + 621n ¢, to ¢, and so on.

The matching of the inner and outer (’s shows that A’ is at most of order ¢1n(1/4).
Indeed (o1 brings to A’ a contribution 6 In (1/§)A’; which was already computed in [5].
The next contribution in the expansion of A’ is brought by a term §2(y in the expansion
of ¢ and is of order 4. It contains a term proportional to as which was computed in
Refs. [6, 7]. This analysis can be simply generalized to the time varying case and yields

for the island width w = 46 an equation of the type

d
d—qf =1.229[A" — 0413w n (1/w) — w(0.41ay + c;a, ¥ + cpal)], (11)

where 7 is the scaled resistivity at x = 0 and the ¢;’s are constants given by definite

integrals. A similar result holds in the case of a constant resistivity and a non constant

Jo(z).
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