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The evolution (damping or growing) of electrostatic plasma waves (EPW) is
governed by the self- consistent Vlasov-Poisson system [1] which can be solved in the linear
limit by using the Landau method [2] or the Van Kampen technique [3]. The nonlinear
evolution [4] of EPW is still under investigation [5]. On the other hand, the interaction
(exchange of momentum and energy) of a stationary (constant amplitude) EPW with a
plasma was studied in the linear case by Dawson [6] and the nonlinear theory was developed
by O’Neil [7] using kinetic description of the plasma. In parallel, Stix [8] studied also the
linear case as an initial value problem using particle dynamics. In the present work we
extend the theory of Stix in the nonlinear case using a wavelet representation of particle
dynamics so that the transition from linear to nonlinear regime is manifested.

The motion of a plasma particle in a stationary EPW E = E_ cos(kx — ot) is governed

in the wave frame by

%=v ; %=gcos(kx) (D

where ¢ = gE_ /m. The formal solution of (1) 1s given by

t A t
x(6) = x'+ 't + & [ dr, [ coslkx(t)]dt, 5 v(t) = '+ & coslhx(t))1dt, )

0

Using Egs.(2) we can derive the coefficients b;, (t) of the amplitude expansion of the force
exerted on a particle

F(t) = me cos[k(t)] = m|eb, (6) + £75, (1) + £, (1) + -] 3)
where 51, (¢) have the form

b ()= B (v',1)cos(kx) + Q, (v',1)sin(kx")

by(t)=T,(0",t)+ P, (v',t)cos(2kx") + O, (v',1)sin(2kx")

53 () = 1331 (v',t)cos(kx") + Q31 (v',1)sin(kx")
+P,, (v',1) cos(3kx") + O, (', 1) sin(3kx")
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b,(1)=T,0" 1)+ P, (v',1)cos(2kx") + O, (v,1) sin(2kx")
+ P, (v',1)cos(4kx") + O, (v', 1) sin(4kx")
Detailed calculations [9] show that 7' (v',7); P[,j (',1); sz (v',1) are wavelets with respect to

o' which are well behaved for both »'=0 and v'=— oo and gradually transform into
singular integrable functions for ¢ >>¢,, where ¢, = (m/k’T)"?is the phase mixing time.

The force per unit volume exerted on a plasma by a stationary EPW is obtained by

averaging the force (3) acting on each plasma particle over initial conditions (x',0").

1, (F(O) vy = nmleB(0) oy + 2By (O) vy +-+] 4)
For a homogenous plasma only even power terms remain non-zero after space averaging
over wavelength / =27k so that the above force depends only on the irreducible wavelets

Tz ',1), T4 (v',1),...Up to fourth order we have

n, <F(t)>x',v' =n,m f[ngz (U'a t) + ‘947:’4 (D” t)]¢o (D’ - Ll)dl)’ (5)

where u = —w/k 1is the plasma fluid velocity in the wave frame. Introducing next
T,(v',t) = (7 /2k)oK ,(v',t)/ v and T, (v',t) = —(7kt* / 384)0K , (v',1)/ Ov’ where explicitly

K,'0) = sm(kz,) 1) ) 24 sin(kv't) — 5sin(2kv't) + 7kv't cos(kv I)}

> Ky = hcAt4p's L 2kv't cos(2kv't) + k20v'2¢2 sin(kv't)
are normalized wavelets [9] that become O -functions for ¢ >> ¢, we get

+00

T me? , &g2k? , 0 , ,
N (F (1) = —Eno . I {Kz (', 1) - 9 t4K, (v ,Z)}gﬁ)(v —u)dv
2 2 .2
~ Ly ME 94,(v) LI (6)
2 k 00 |k 192

The first term of this result gives the linear part of the force whereas the second term

describes the transition from linear to nonlinear regime. Clearly nonlinear effects reduce the
linear force by a universal function M(r)=1—(z*/192)+O(z*) which is independent of
the velocity distribution and depends only on 7 =¢/¢,, where ¢, = (ke)™"* is the trapped

particle oscillation period.

The energy rate per unit volume transferred to the plasma by a stationary EPW is

given in the wave frame by W(t)=mo(t)a(t) and in the plasma frame by

W(t) = m[z)(t) - u]a(t) . In both cases the final velocity o(¢) and acceleration a(?) are given in
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terms of initial conditions (x',»’) in the wave frame so that in both cases »' will be

distributed according to ¢ (0" —u). In the wave frame we have

[
n, (W(t))x, =n, ?J‘ [u’ + 8151 )+ 5252 )+ .1851 @)+ 5252 ) +-- .]dxr 7

n, (W (0) ., = mT{gz b7, @0+ R, 0) |+ £* ' T, (0, 0) + R, 0'.0) g, 0 — )’ (8)

It can be shown [9] that for 7 >> ¢, we have

. 7 00" ., Vs 00(v")

T ,t)~— T ) ——— ket =2

Oy T ke

R.(0,6)~ 280 ; R (1)~ ———kt*S(0") (9)
270 2k T 384

Substituting Egs.(9); into Eq.(8) we find in the wave frame:

2 +00 ’
n, (W), = %n ’"l‘: {1—19%2521«214}]{0' 625: ) +5(u')}¢0 @' —w)dv' =0 (10)

Thus in the plasma frame the energy rate simplifies as follows
n, (W (O = —n,m{[o(t) —ula(®)) ., = —un, (F (), (11)
where (F'(¢)), ,was derived for ¢ >> ¢, up to fourth order in amplitude in Eq.(6) so that in

the plasma frame the energy rate is given by

2
”0<W(t)>x',y' %—Zno me”- 2¢,(v) I_Lkzgzﬂ .. (12)
27k k| o |, 192

As in he case of the force [Eq.(6)], the nonlinear evolution of n (W(t)}x, , 1s governed

during transition from the linear to the nonlinear regime by the universal function
M(t)=1-(c*/192)+ O(z*) where r=t¢/t, . Note that if the wave amplitude is slowly
varying and the gain of energy of the plasma is equated to the loss of energy of the wave, it
can be easily proved from Eq.(12) that M(r)=y(r)/y, where y(r), y, are the Landau

and O’Neil damping rates respectively.

An approximate formula for the long time behaviour of the force exerted on a plasma
by a stationary EPW can be obtained by expanding Eqn.(3) within the argument:

F(t) = me cos{k[x' +0't + &b, ()]} = me cosl[kx’ + ko't + psin(kx' + )] (13)
where y,u are independent of x'. Taking the space average of F(¢) and using 6 = kx' + v

we obtain
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(F(1)). jcos(e v+ 't + usin 0)d0 = 2mz> L (14)
27r y7;

0

where J, (1) 1s the Bessel function and p 1is given explicitly as

kg, 2 { 1= costD ] + ko't —sin(ko )| (15)
1))

For ¢ >>t, we have T, (v',t) = (7 /2k)05(v")/6v’ so that

ﬂ:

me? TJ () 85(1))

O 4 (' —u)do
:_Zn m_g‘z{a¢0(v):| {4J1(8kt2/2)} (16)
27 k o .. ekt’

We observe that the above result is a product of the linear damping force and a

universal function M (r) which 1in the present approximation has the form
M(z)~(4/t%)J,(z?/2); r =t/t,, characterized for ¢ >>¢, by an oscillatory decay.

In conclusion, the wavelet representation of the solution of the equations of motion
provides a new framework for the evaluation of macroscopic variables in the theory of wave-
plasma interactions and in particular the nonlinear problem is reduced to the determination

of a universal function M (r)which is independent of the velocity distribution.
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