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The evolution (damping or growing) of electrostatic plasma waves (EPW) is 

governed by the self- consistent Vlasov-Poisson system [1] which can be solved in the linear 

limit by using the Landau method [2] or the Van Kampen technique [3]. The nonlinear 

evolution [4] of EPW is still under investigation [5]. On the other hand, the interaction 

(exchange of momentum and energy) of a stationary (constant amplitude) EPW with a 

plasma was studied in the linear case by Dawson [6] and the nonlinear theory was developed 

by O’Neil [7] using kinetic description of the plasma. In parallel, Stix [8] studied also the 

linear case as an initial value problem using particle dynamics. In the present work we 

extend the theory of Stix in the nonlinear case using a wavelet representation of particle 

dynamics so that the transition from linear to nonlinear regime is manifested. 

The motion of a plasma particle in a stationary EPW )cos( tkxEE o y/? is governed 

in the wave frame by  
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where mqEo /?g . The formal solution of (1)  is given by 
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Using Eqs.(2) we can derive the coefficients )(tb
i
%%  of the amplitude expansion of the force 

exerted on a particle 
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Detailed calculations [9] show that ),( tにT
i

| ; ),( tにP
ij

| ; ),( tにQ
ij

|  are wavelets  with  respect to 

に|which are well behaved for both 0?|に  and ‒¢?›|に  and gradually transform into 

singular integrable functions for  ott @@ , where 2/12 )/( Tkmto ? is  the phase mixing time. 

The force per unit volume exerted on a plasma by a stationary EPW is obtained by 

averaging the force (3) acting on each plasma particle over initial conditions ),( にx || . 
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For a  homogenous plasma only even power terms remain non-zero after space averaging 

over wavelength kl r2?  so that the above force depends only on the irreducible wavelets 
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where ku /y/?  is the plasma fluid velocity in the wave frame. Introducing next 

にtにKktにT |•|•?| /),()2/(),( 22 r%%  and にtにKkttにT |•|•/?| /),()384/(),( 4
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are normalized wavelets [9]  that become f"-functions for ott @@ , we get 
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The first term of this result gives the linear part of the force whereas the second term 

describes the transition from linear to nonlinear regime. Clearly nonlinear effects reduce the 

linear force by a universal function )()192/(1)( 84 vvv OM -/…  which is independent of 

the velocity distribution and depends only on osctt /?v  where 2/1)( /? gktosc  is the trapped 

particle oscillation period. 

The energy rate per unit volume transferred to the plasma by a stationary EPW is 

given in the wave frame by )()()( tatmにtW ?%  and in the plasma frame by 

] _ )()()( tautにmtW /?% . In both cases the final velocity )(tに and acceleration a(t) are given in 
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terms of initial conditions ),( にx ||  in the wave frame so that in both cases に |  will be 

distributed according to )uに(
o

/|h . In the wave frame we have  
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It can be shown [9] that for ott @@  we have 
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Substituting Eqs.(9);  into Eq.(8) we find in the wave frame: 
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Thus in the plasma frame the energy rate simplifies as follows 

] _ にxoにxoにxo tFuntautにmntWn |||||| Ï½/?Ï/½/?Ï½ ,,, )()()()(%                         (11) 

where にxtF ||Ï½ ,)( was derived for ott @@  up to fourth order in amplitude in Eq.(6) so that in 

the plasma frame the energy rate is given by 
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As in he case of the force [Eq.(6)], the  nonlinear evolution of にxo
tWn ||Ï½

,
)(%   is governed 

during transition from the linear""to the nonlinear  regime by the universal function 

)()192/(1)( 84 vvv OM -/…  where osctt /?v . Note that if the wave amplitude is slowly 

varying and the gain of energy of the plasma is equated to the loss of energy of the wave, it 

can be easily proved from Eq.(12) that LM iviv /)()( ?  where )(vi ." Li "are the Landau  

and O’Neil damping rates respectively. 

 An approximate formula for the long time behaviour of the force exerted on a plasma 

by a stationary EPW can be obtained by expanding Eqn.(3) within the argument: 

] _)sin(cos)]}([cos{)( 1 {oggg -|-|-|?-|-|? xktにkxkmtbtにxkmtF            (13) 

where  o{ ,  are independent of x | . Taking the space average of )(tF  and using {s -|? xk   

we  obtain 
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where )(1 oJ  is the Bessel function and o  is given explicitly as 
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For ott @@  we have ににktにT |•|•…| /)()2/(),(2 fr%%  so that  

にduに
に
にJ

k

m
ntFn

ooにxo
|/|

|•
|•

?Ï½ Ð
-¢

¢/
|| )(

)()(
)( 1

2

,
hf

o
ogr  

         
* +

Ý
Ü
Û

Ì
Ë
Ê

ÙÚ
×

ÈÉ
Ç

•
•

/?
?

2

2

1

/

2 2/4)(

2 kt

ktJ

に
に

k

m
n

kに

o
o g

ghgr

y

             (16) 

We observe that the above result is a product of the linear damping force and a 

universal function )(vM  which in the present approximation has the form 

)2/()/4()( 2

1

2 vvv JM … ; osctt /?v  characterized for osctt @@  by an oscillatory decay. 

In conclusion, the wavelet representation of the solution of the equations of motion 

provides a new framework for the evaluation of macroscopic variables in the theory of wave-

plasma interactions and in particular the nonlinear problem is reduced to the determination 

of a universal function )(vM which is independent of the velocity distribution.   
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