
THEORY OF THE TIME-DEPENDENTCHILD-LANGMUIR SHEATHD. D. Tskhakayaa;b and S. Kuhnba Institute of Physi
s, Georgian A
ademy of S
ien
es,380077 Tbilisi, Georgia.b Department of Theoreti
al Physi
s,University of Innsbru
k, A-6020 Innsbru
k, Austria.For simpli
ity, the plasma-wall transition layer is usually split into a presheath anda sheath region [1℄, and the sheath (espe
ially for highly negative wall potentials) is fur-ther subdivided into two regions, namely the Langmuir-Debye sheath, where the ele
trondensity must still be taken into a

ount (but drops rapidly), and the ele
tron-free Child-Langmuir sheath, where the ele
tron density is pra
ti
ally negligible [2℄. In fa
t, thepresheath-sheath interfa
e, the sheath edge, represents the transition from the quasineu-tral presheath to the Langmuir-Debye sheath.In the present paper we show that the problem of the time-dependent Child-Langmuirsheath 
an be solved in quite general form, and that it only remains to apply the generalsolution to a given parti
ular physi
al situation. In an appli
ation of our general result,we 
onsider the limiting 
ase when he wall potential 
hanges adiabati
ally.We assume a 
ollision-free sheath in front of an absorbing plane wall lo
ated at z = 0:The plasma, 
onsisting of ele
trons and singly 
harged ions, o

upies the half spa
e z < 0:The ions are des
ribed by the hydrodynami
 
ontinuity and momentum equations�n�t + ��z nu = 0; �u�t + u�u�z = emE; (1)with the ele
tri
 �eld E = ��'=�z satisfying Poisson's equation and Amp�ere's law,�E�z = 4�e (n� ne) ; �E�t + 4� (enu+ Je) = 0: (2)Here, n and u are ion density and velo
ity, m is the ion mass, e is the magnitude of theele
tron 
harge, ' is the ele
tri
 potential, and ne and Je are the ele
tron density and
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the ele
tron 
urrent, respe
tively. Inserting n from Poisson's equation. into Amp�ere'slaw we �nd �E�t + u�E�z = �4�(Je + eneu): (3)Further we assume that the ion velo
ity is mu
h smaller than the ele
tron one, u� ue =jJej =ene; and hen
e 
an be negle
ted, The main equations than a
quire the form�u�t + u�u�z = emE; �E�t + u�E�z = �4�Je: (4)In what follows, we assume that the time dependen
e of the problem is di
tated by theion dynami
s, so that the 
hara
teristi
 time and spa
e s
ales of the problem, �� and�l; satisfy the inequality VTe � �l=��; where VTe = pTe=me is the ele
tron thermalvelo
ity. For the ele
tron distribution fun
tion we use the general solution of the Vlasovequation, fe = �fe�mev22 � e'(z; t)���r 2eme fj'w(t)j � j'(z; t)jg+ v� ; (5)where 'w(t) (6 0) is the time-dependent negative potential on the wall, �fe is an arbitraryfun
tion of its argument, and �(x) is the Heaviside step fun
tion des
ribing the 
ut-o�due to ele
tron absorption at the wall. To be spe
i�
, we 
hoose for �fe(s) the Maxwell-Boltzmann distribution fun
tion, �fe(s) _ exp (�s=Te) : Then for the ele
tron 
urrent weobtain Je(t) = �r 2�en0VTe exp�� eTe j'w(t)j�1 + erf nq eTe j'w(t)jo ; (6)where n0 is the unperturbed ele
tron density, ne(z; t)! n0 and '(z; t)! 0 for z ! �1;and erf(x) is the error fun
tion.Note that the ele
tron 
urrent (6) depends only on time. By means of the variabletransformation z = z(E; t) and u(z; t) = u(E; t) we �nd the general solution of Eqs. (4)in the formz = z(E; t) = em Z t dt0 Z t0 dt00�E + 4� Z tt00 dt000Je(t000)�++t ��1 �E + 4� Z t dt0Je(t0)� + �2�E + 4� Z t dt0Je(t0)� ; (7)where �1(x) and �2(x) are arbitrary fun
tions whi
h must be de�ned a

ording to the ini-tial and boundary 
onditions of the 
on
rete problem 
onsidered. However, the absen
e
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of a sharp sheath edge and the ignoran
e of a

urate boundary (or initial) 
onditionsfor the Child-Langmuir sheath 
ompel us to make simpli�
ations at the de�nition ofthese arbitrary fun
tions. When formulating the Child-Langmuir law, the ele
tri
 �eldand the ion velo
ity at the entran
e of the ele
tron-free sheath are usually negle
teddue to their smallness in 
omparison with their values inside of the sheath [2, 3, 4℄. Inthe present work, this 
ondition is relaxed by assuming a suitable ele
tri
-�eld valueE0 = 
onst; from whi
h on the ele
tron density is negle
ted. Obviously, the positionwhere E = E0; z0; will 
hange in time. The interval (0; z0(t;E0)) we interpret as thewidth of the Child-Langmuir sheath.For the further 
al
ulations it is 
onvenient to introdu
e the auxiliary fun
tion F (t);de�ned by the relation Je(t) = ��F (t)=�t; and the new variable E 0 instead of t0:E 0 = E + 4�F (t)� 4�F (t0): (8)The general solution (7) then assumes the formz(t) = z0 ft fE0 � E � 4�F (t)g ;E0g+ em Z EE0 dE 04�Je ft0 fE 0 � E � 4�F (t)gg Z E0E0 E 00dE 004�Je ft00 fE 00 � E � 4�F (t)gg (9)�u0 ft fE0 � E � 4�F (t)g ;E0g � Z EE0 dE 04�Je ft0 fE 0 � E � 4�F (t)gg ;where t0 fE 0 � E � 4�F (t)g is the solution of Eq. (8).For the limiting 
ase of an adiabati
ally 
hanging wall potential and ele
tron 
urrent(6) (!pi�� � 1; with !pi the ion plasma frequen
y), we 
an �nd from (8) the expli
itrelation t0 ' t� E 0 � E4�Je(t) : (10)Then from (9) we �ndz � z0 ft;E0g ' em 16(4�Je(t))2 �E3 + 94 14�J2e (t) �Je(t)�t E4� ; (11)where the se
ond term on the right-hand side des
ribes the small de
e
tion due to thetime-dependen
e of the wall potential, i.e.,����E 14�J2e (t) �Je(t)�t ���� � ���� E4�Je(t) ��� ����� 1: (12)
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Sin
e solving Eqs (9) and (11) for �nite E0 promises to be quite 
ompli
ated, we 
ontentourselves here with the usual approximation, E0 ! 0: For the potential in the sheath wethen �nd eTe� j'(z; t)j = eTe fj'(z; t)j � j'(z0; t)jg= 2�34�4=3� Je(t)en0vs�2=3(�z � z0�De �4=3 (13)+ 65 �34�1=3 1!piJe(t) �Je(t)�t � Je(t)en0vs��1=3�z � z0�De �5=3) ;where '(z0; t) is the potential at the sheath entran
e.From (13) follows the remarkable result that for slowly 
hanging wall potential (i.e., ��(!piJe(t))�1 �Je(t)=�t�� � 1) the Child-Langmuir 
ontains, besides the usual termproportional to (z � z0)4=3 ; an additional 
orre
tion term proportional to (z � z0)5=3.A
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