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Abstract. Transport barriers at the plasma edge are key elements of high confinement regimes in fusion de-

vices. In typical configurations, such barriers are not stable but exhibit quasi-periodic relaxation oscillations. In

this work, a zero-dimensional model for such oscillations is presented describing the non linear dynamics of mode

amplitudes. The relevant modes are determined by applying a proper orthogonal decomposition to the results from

three dimensional turbulence simulations with a transport barrier generated by an imposed shear flow[4]. It is found

that the relevant modes depart from linear modes. This leads to a zero dimensional model which reproduces barrier

oscillations.

High confinement regimes in thermonuclear fusion devices are characterized by the appear-

ance of a transport barrier at the plasma edge . Such barriers are regions where the turbulent flux

of particles and energy is reduced by a sheared rotation of the plasma. As a consequence of the

local flux balance, the density, temperature and pressure profiles steepen in these regions. In the

most promising operational regime of future fusion reactors, the transport barrier is not stable

but exhibits quasi-periodic relaxation oscillations. A relaxation is characterized by an increase

of turbulent transport through the barrier and a decrease of the pressure inside the barrier. Cur-

rently, transport barrier relaxations are modeled by phenomenologically constructed dynamical

equations for the amplitudes of relevant modes [2].

Here we propose 1D and 0D models based on a fluid description of the plasma. We start from

3D turbulence simulations with a transport barrier generated by an imposedE×B shear flow. In

this simulations barrier relaxes quasi-periodically and, during such a relaxation a mode grows at

the center of the barrier. A 1D model for the amplitude of this mode is derived from a 3D system

of normalized reduced resistive MHD equations for the electrostatic potentialφand pressurep

[4]. For this purpose, the pressure is decomposed into a mean profile ¯p(r, t) and a perturbation

δp = p̃(r, t)ei(mθ−nϕ) localized at the barrier center (r = r0). The model is further simplified

by using a linear relation between potential and pressure fluctuations,φ̃ = ikθ/(γ0k2
⊥)p̃ with

kθ = m/r0 andk⊥ representing the poloidal and perpendicular wave numbers. Hereγ0 is the

linear growth rate in the presence of a mean pressure gradientκ and in absence of dissipation and

E×B shear flow. The poloidal shear flow is assumed to have the form ¯uθ = ∂r φ̄= ωE(r − r0).
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Figure 1:a)Time evolution of the pressure fluctuations
√

R

p̃2dr with and without frozen shear flow b)Time

evolution of pressure gradient[|∂r p̄|/(Γtot/χ⊥)] and turbulent flux
[

2γ0 |p̃|2/Γtot

]

at the barrier center observed

from the 1D model (1-2)

The evolution equations for the pressure become,

∂t p̄ = −2γ0∂x |p̃|2 +χ⊥∂2
x p̃+S (1)

∂t p̃ = γ0(−∂xp̄−κ0) p̃− iω
′
Exp̃−χ‖x

2p̃+χ
′
⊥∂2

x p̃ (2)

wherex = r − r0, ω′
E = kθωE, χ′

⊥ = kθωE, andκ0 = k2
θχ⊥/γ0. The system is driven by a source

S(r) modelling the total fluxΓtot =
R

Sdr In absence of shear flow (ωE = 0), the system evolves

to a stationary state. With increasingωE > 0, the system first shows regular oscillations (Fig.

1a) and then reproduces relaxation oscillations (Fig. 1b). The mechanism for relaxations os-

cillations is as follows. During a quiescent phase, the pressure gradient increases on a slow

timescale. When crossing the linear instability threshold fluctuations start growing rapidly and

are stabilized by the velocity shear only after a time delay of the orderτ =
(

1
4χ⊥ω′

E

)−1/3
[4].

This essentially non linear mechanism reveals that the role of the velocity shear is different from

a modification of the linear instability threshold. Indeed, if the coupling term with the shear flow

is replaced by a shift of the instability threshold, no relaxations oscillations are observed except

if the instability term is further modified (e.g. by a Heavyside function [2]).

We now derive a system of amplitude equations (0D model), describing the evolution of

the amplitudes of the relevant radial structures and reproducing main features of the differents

states observed in the 1D model. For this purpose, the relevant radial structures are determined

by applying a proper orthogonal decomposition (POD) method [1] to a spatio-temporal signal

obtained from the 1D model. The data are converted to anM×N matrix P j
i in which columns

correspond to time series. With the POD, the matrix is decomposed into a set of modesAn,Pn

which are orthogonal in space and time,

P j
i = P(xi , t j) = ∑

n
WnAn(t)Pn(r) (3)

These modes are sorted in a series of decreasing weightWn.

32nd EPS 2005; G. Fuhr-Chaudier et al. : Zero Dimensional Model for Transport Barrier Oscillations in Tokama... 2 of 4



In a first time, the POD will be applied to the system when the frozen shear flow is absent.

In that case, the dynamics can be described using only one mode for the perturbed part of the

field:

p̄(r, t) = −κ(r − r0)+a0(t)p0(r), (4)

p̃(r, t) = aR(t)pR(r) (5)

The modesp0 and pR obtained from the POD can be approximated by the following analytic

expression :

p0 = βxexp(−2ax2) pR = α exp(−ax2) with a =

√ χ‖
χ⊥

kθ
2

(6)

and the normalization constantsα, β are such that
Z ∞

−∞
p2

0dx =

Z ∞

−∞
p2

Rdx = 1 .

The projection of the 1D model equations onto these modes leeds to the following evolution

equation for the amplitude :

∂ta0 = −3γsa0 +δ0(aR)2 (7)

∂taR = (Γ0−
δ0

2
a0)aR (8)

with : γs = kθ
√

χ‖χ⊥, κ0 = k2
θχ⊥/γ0, Γ0 = γ0(κ−κ0)−γs, δ2

0 =
γ2
0√
π
√

γs/(2χ⊥)
3

The system evolves to a stable fixed point defined by :a0 = Γ0/δ andaR = 1/δ
√

3Γ0δ/2.

The coupling betweenaR anda0 is not sufficient to produce oscillations. But, when the velocity

shear is included in the system, the POD reveals that more radial modes play a role in the

dynamics. However the steepness of the weight distribution suggests that the system can be

described using the first modes only (Galerkin approximation)

p̄(r, t) = −κ(r − r0)+a0(t)p0(r)

p̃(r, t) = aR(t)pR(r)+ iaI (t)pI (r)

The modespR andpI can be approximated by :

pR(x) = α cos(bx)exp
(

−ax2) , pI (x) = −ζα sin(bx)exp
(

−ax2) , b =
ωE

2√χ‖χ⊥
(9)

The normalization constantsα andζ are such that
Z ∞

−∞
p2

Rdx =

Z ∞

−∞
p2

I dx = 1 .
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Figure 2:Dynamics of the mode in the absence of flow shear (a) Time evolution of the amplitudesa0, aR, and

aI for γE/γs = 1.24 (b). Dynamics of the perturbation amplitudeaR for three different values of the flow shear (c).

The other parameters areγs = 0.25,γ0 (κ−κ0) = 1, andδ0 = 0.22.

Now, the projection leeds to the system :

dta0 = −3γsa0 +2δa2
R+2δ′a2

I , (10)

dtaR = (Γ−δa0)aR+Ω
(

aR

ζ
−aI

)

(11)

dtaI =
(

Γ−δ′a0
)

aI −Ω(ζaI −aR) (12)

with the coefficients :Γ = Γ0−γE, Ω = 2γE

[

exp

(

γE

γs

)

+1

]−1

, ζ = tanh−1/2
(

γE

2γs

)

,

δ = δ0

[

exp

(

γE

2γs

)

+1+
γE

γs

]

cosh−1
(

γE

2γs

)

δ′ = δ0

[

exp
(

γE
2γs

)

−1− γE
γs

]

sinh−1
(

γE
2γs

)

The system(10-12) reproduces oscillations due to the coupling betweenaR andaI . For low

values ofγE/γs, the oscillation frequency is found to increase withωE but for higher values

of γE/γs, the frequency decrease. Note that ˜p is different from a linear mode. The linear mode

corresponds toaR = ζaI , and in that case, the coupling betweenaR and aI disappears. The

system becomes similar to the one obtained in the case without shear. Note also that in the

system (10-12) the effect ofωE is different from a shift of the linear instability threshold.

In conclusion we have derived a 0D model based on a 1D system which reproduces relaxation

oscillations of transport barriers. The dominant radial modes are different from the linear modes.

The dynamical system for the amplitudes of this modes (0D model) reproduces the frequency

dependence with velocity shear. In particular, for large shear, the frequency decreases with

shear. This can leed to a frequency decrease with heating power in the case where velocity

shear increases strongly with heating power.
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