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Introduction
Improving the collisionlessα-particle containment in stellarators is one of the key issues in
stellarator optimization. The most consequent approaches for the investigation of this problem
are realized in codes which follow particle orbits and, therefore, allow for direct computation
of particle losses (e.g., [1]). To increase computing efficiency, of course, also simple criteria
which address this problem properly are of big interest (e.g., minimization of the geodesic
curvature of the magnetic field line, residuals in the magnetic spectrum of quasi-symmetric
systems, effective ripple, WATER parameter, etc. (see, e.g., [2]). The present work proposes a
set of new criteria which are based on the computation of the bounce averaged∇ B-drift veloc-
ity of trapped particles across magnetic surfaces. For this purpose, two new target functions
which are further denoted asΓv andΓw are introduced. For a given magnetic field the perti-
nent optimization parameters are numerically calculated using a field line following code. The
proposed criteria are applied to a number of stellarator configurations.

Basic formulae
In accordance with [3] the velocity of the bounce averaged∇ B drift of the trapped particles
across magnetic surfaces,van, can be presented as

van =
δψ

τb〈|∇ ψ|〉 =
v2

2ωc0〈|∇ ψ|〉
∂g j/∂b′
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with ψ being the magnetic surface label,τb being the bounce period andδψ being the incre-
ment inψ duringτb. The quantitiesg j andÎ j are given by
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whereB0 is some reference magnetic field,b′ = v2/(J⊥B0), J⊥ = v2
⊥/B, ωc0 = eB0/(mc), and

kG = (h× (h · ∇ )h) · ∇ ψ/|∇ ψ| is the geodesic curvature of a magnetic field line with the unit
vectorh = B/B. The quantitiessmin

j andsmax
j correspond to the turning points of the trapped

particle in thejth segment of the magnetic field line in which the particle is trapped. Averaging
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is performed by the rule〈A〉= limL→∞
∫ L

0
ds
B A/

∫ L
0

ds
B . For a certain particlevan (1) is a function

of it’s energyw and it’s perpendicular adiabatic invariantJ⊥. To determine an integral effect
of the ∇ B drift one has to integratev2

an over the phase space volume for the distribution of the
trapped particles,f , and perform an average over the magnetic surface according to
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where f = f (w,ψ) anddΓw,J⊥ is the phase space volume element. Transforming the integration
over the magnetic surface area to an integration along the magnetic field line and using the
mono-energetic distribution functionf = nm3/2δ (w−E)/(4

√
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√
E−eΦ), one obtains
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whereρL = v/ωc0 is the characteristic Larmor radius,R0 is the major radius of the torus and
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The quantityΓw (5) is calculated by integration over the magnetic field line length,s, over
the sufficiently large interval[0,Ls], and by integration over the pitch angle variableb′. The
quantitiesBabs

min andBabs
max are the absolute minimum and maximum ofB within the interval

[0,Ls]. The indexj is numbering the field line intervals [smin
j , smax

j ] whereb′−B/B0 ≥ 0 for a
givenJ⊥ andw.
Upon substitutingv2

an≡ 1 in (3) one obtains the phase space volume of the trapped particles
averaged over a magnetic surface with the weightf :
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Using the definition ˆv2
an = F∗

n /V∗ one can formulate the mean square average of the bounce
averaged∇ B drift velocity of trapped particles across the magnetic surface as
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√
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For the bounce averaged poloidal motion of the trapped particles one obtaines in Boozer coor-
dinates (ψ,θ ,ϕ) the following expression
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whereF(ψ) and I(ψ) are the poloidal and toroidal current functions,ι(ψ) is the rotational
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transform in units of 2π, 2πψ is the toroidal magnetic flux, andΦ(ψ) is the electrostatic
potential.

Results
The optimization targetsΓw andΓv have been calculated for a number of stellarators using a
field line tracing code being able to operate with configurations given in real space coordinates
as well as in Boozer coordinates: The idealized W7-X standard high-mirror configuration [4]
as well as the quasi-helically symmetric (QHS) stellarator [5] (see Fig. 1) and two quasi-
isodynamical (QI) stellarator configurations with poloidally closed contours ofB on magnetic
surfaces [6] (see Fig. 2). For a conventional stellarator with circular cross section of magnetic
surfaces and a sufficiently large aspect ratio the calculation of the factorsΓw, Γv andΓs results
in Γ(conv)

w = Γ(conv)
s =

√
εh andΓ(conv)

v = 1 with εh being the helical ripple. It follows from
Fig. 1 that for W7-X and QHS the parametersΓw andΓv are much smaller than those for the
conventional stellarator. Compared to the result for the conventional stellarator, the parameter
Γv is approximately 5 times smaller for W7-X and even 10 times smaller for QHS. These
results correlate with results of the effective ripple computations.
The QI configurations are the result of an optimization of quasi-poloidally symmetric configu-
rations with respect to collisionless particle confinement (1st QI configuration) and subsequent
optimization towards poloidal closure of theJ‖-contours (2nd QI configuration [6]). It turnes
out that effective ripple for the 1st QI configuration is smaller than that for the 2nd configura-
tion. However, from the viewpoint of poloidal closure of theJ‖-contours the 2nd configuration
has a clear advantage. It follows from Fig. 2 that the 2nd configuration is also preferable from
the viewpoint of theΓw andΓv parameters.
Using Eqs. (1) and (8) angles between theJ‖-contours and the magnetic surface cross section
are assessed as

γJ‖ = arctg
van

rdθ/dt
, γc =

2
π

γJ‖. (10)

For the magnetic surfaces atr/a=0.718 it is found that|γc| ≤ 0.22 and|γc| ≤ 0.17 for the
1st and the 2nd QI configurations, respectively, (Φ′=0). Fig. 3 shows the corresponding results
for a conventionall=2 stellarator with the magnetic field in the form of [7] in Boozer coordi-
nates. It follows from Fig. 3 that for a rather big fraction of trapped particlesJ‖-contours are
perpendicular to the magnetic surface (γc=1 for dθ/dt=0).

Summary
The main optimization target proposed here is the mean square average over the pitch angle
and over the magnetic surface of the bounce averaged∇ B drift velocity across magnetic sur-
faces, ˆvan, which is cast into the dimensionless factorΓv (Eq. (7)). Another useful target is
Γw (Eq. (5)) which corresponds to an integral effect of the square of the∇ B drift. Both para-
meters are calculated using a field line tracing code. Minimization ofΓv andΓw corresponds
to the optimization of the trapped particle collisionless confinement being of big importance
for α-particle confinement. A numerical analysis of velocities of the radial and poloidal drifts
(Eqs. (1) and (8), respectively) allows for a quick assessment ofJ‖-contours in the vicinity of
a given magnetic surface. This has to be done for a variety of positions of local minima ofB
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along a field line and for various pitch angles of trapped particles.
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Fig.1. FactorsΓw, Γv andΓs for the mag-
netic configurations of W7-X (number of
the field periodsnp=5) and QHS (np=6):
1, 2 and 3:Γw, Γv andΓs, respectively, for
QHS; 4, 5 and 6:Γw, Γv andΓs, respec-
tively, for W7-X.

Fig.2. FactorsΓw, Γv and Γs for the QI
magnetic configurations (np=6): 1, 2 and
3: Γw, Γv andΓs, respectively, for the 1st

configuration; 4, 5 and 6:Γw, Γv andΓs,
respectively, for the 2nd configuration.

Fig.3. Parameterγc as function of pitch an-
gle γ for l=2 stellarator (np=8) for various
minima ofB for the magnetic surface close
to the boundary;γ = v‖0/v⊥0, v‖0 is v‖ in a
point of a local minimum ofB. The curves
represent characteristic results. The elec-
tric field is assumend to be zero,Φ′ = 0.
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