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Basis of the model

ELMs are an important factor in determining tokamak perfance [1, 2]. Much theoreti-
cal research investigates the role of peeling and ballomades [3], and systematic integrated
modelling codes are also being developed [4]-[7]. In thisgpave outline an approach to mod-
elling ELMs in which we envisage edge current densify) driven ideal toroidal ‘peeling’
modes initiating and facilitating Taylor relaxation [8] aftokamak outer region plasma. The
model therefore assumes that the plasniglisw the ‘ballooning’ stability limit, and is perhaps
best suited to describe ‘type lII' ELMs [4, 9].

The stability criterion for ideal toroidal peeling modes {he large aspect ratio approxima-
tion) is given by [10]

a{%(l—q—lz)jtsdﬁ—fh—ft%} > quoé—!), Q)
wherea = —2(uoRoq2/B%) dp/dr (with pthe pressure profile}= (r /q)dq/dr is the magnetic
shear (withg the safety factor))q, the Shafranov shift andt the fraction of trapped particles.
As Eq. (1) shows, the pressure gradient term comprisesatdi(ising) Mercier, Pfirsch-Schlluter
and (destabilising) bootstrap components.

We assume that when the peeling stability boundary is cdpsseapid process of energy
release occurs producing the above mentioned post-ELMboiTayhte. This force-free state in
a tokamak has a flattened toroidal current profile, and wenasghat the pressure in the edge
is entirely lost. At first sight this would appear to generateeven more unstable situation for
peeling modes, as the stabilising LHS of Eq. (1) disappedtstive pressure, and the destabil-
ising RHS would in general increase, as a flattening of a atieal current density profile
would increase the edgg. However, it is known [11] that assuming the relaxation psx
occurs quickly compared to global diffusion times, a rethgasma-vacuum system generally
possesses a skin current distribution at its interfacessh@sv that current sheets generated
in edge tokamak relaxations generally have a stabilisifegebn peeling modes. In fact, pro-
viding the relaxation region is of sufficient radial extethis stabilising effect can balance the
destabilisation produced by the increasgjinand profiles that are marginally stable to peeling

modes can be produced. This balance provides a means olflataiguhe model ELM width.
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Outline of the analysis
Once edge pressure gradients are removed, the peeling rmode ¢reated in the cylindrical
approximation (at least in the large aspect ratio limit)eTdontrolling equation is marginal

(zero torque) force balance in the plasma

where (¢ is the perturbed poloidal flux,J the equilibrium current density, and
F = (Bg/r)(m—nq) with m n the poloidal and toroidal wave numbers. Equation (2) holds
everywhere in the plasma, but is subject to boundary carditboth at the plasma/vacuum
(£/7, r = a) interface and at the internal plasma radius that defineexbtent of the re-
laxed regiony = rg. We now introduce four quantities that represent physigallevant equi-
librium and perturbation quantities at the interfaceA3) = (1/gy —n/m) , a dimension-
less measure of the ‘distance’ between t##é7  interface and the resonance wheme= nq,

b) tod = (Bo/Ro)(1/r) d/dr (r?/q) , relating the toroidal current density to the safety factor
g,C) #a = Ro/(aBo)Uo-Las = [[1/q]]0§z , Where %4 is the surface skin current density, and
d) A, = [[(r/w)dw/dr]];/, the jump in the perturbed poloidal flux radial derivative wfnis
central to MHD stability analysis. The boundary conditiombe applied at = a andrg corre-
spond to demanding that the radial field on the perturbed flufases be continuous and that
the tangential stress also be continuous. After some ag#ie boundary conditions produced

by the sheet currents at= a andrg are found to be

’ ’ n
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(We have shown independently that the LHS of Eqg. (3) is dyeslated todW, the ideal
MHD energy perturbation.) To link Egs. (3) and (4) and cortgptbe mathematical model, we
connect thei!y&E across the relaxed region to gi&’g = —2m (A;—i— Zm) / (gA;—i— Zm) , Where
g=1—(rg/a)®
Therelaxed state

The original Taylor relaxation calculation [8] consisteicacconstrained minimisation of the
magnetic field energy. The relevant conserved quantitiea faghly conducting plasma were

the total toroidal magnetic fluX¥,, and the global helicityK of the magnetic field,
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K = JyA.BdV (with A the magnetic vector potentiBl= O x A). Within the cylindrical toka-
mak ordering, W, conservation is implicit, and the magnetic helicity reducéo

K = J&(r/g)(r?—rZ)dr . As we are dealing with aannular plasma region, and hence
two cylindrical boundaries, then it will be necessary tooke a further invariant of the system
to determine a final state. For a highly conducting Tokamakmla the natural second quan-
tity to be conserved throughout the relaxation processasatmular poloidal magnetic flux
YWy = fraE (r/qg)dr . Accordingly, our extended relaxation problem can be foated as find-
ing a minimisation of the poloidal magnetic enelyy, subject to conservation dbth K and

Wgo. Formally, we require variations in the functional

Wo — MK — AW = /a [r_z M (rP=12) = Aos | dr (5)
re LG q q
to be stationary (with A1»> Lagrangian multipliers). This problem has solution
q'(r) = r?/(Cr2+D) in re <r < a (the superscriptf denotes the final relaxed profile,
C,D are constants to be determined - thiprofile corresponds to uniform toroidal current
density). Note that the formalism has no fitted parameterd,gaves a uniquely defined final

state once the initial state has been specified.

An application

When edge peeling marginality, Eq. (1), is reached and edggspre gradient is lost, then
Egs. (3)-(4) become the equations governing stability. Wentneed to find a relaxed state
that is marginally stable tall possible peeling modes. To illustrate, we investigate &rain
parabolic safety factor profil§ = go+ (ga—qo)r?, 0<r < 1.For agiver(d,da), Egs. (3)-
(4) (with #3 g = 0) give a sequence @¢fm,n) values (concentrating & = ngg) for which the
initial profile is peeling unstable (LHS of Eq. (3) W < 0). For eaci{m, n) value we increase
dE =a—rE in Egs. (3)-(4) untildW = 0, and peeling marginality is regained. It is then natural
to assume that the model ELM width corresponds to the ladfest dE(max). Next, we may
ask how thedE(max) values vary as the initial equilibrium is varied. Figure bais the result
of such a calculation and we have plotigi(max) for gp = 1 and a range of;. Note that a
feature of this plot is the ‘deterministic’ scatter of theuts; the chaotic regions are caused by
intrinsic variability in the quantity\,. Figure 2 plots then values for which the maximal mode
exists.
For small ELM widths it proves possible to expand the entato equations determining the

system and derive an analytic expressiond&. The maximal relaxation width within this
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Figure 1:The maximal marginal dE, plotted Figure 2:The poloidal mode number mwhich

against the edge q value. gives the maximal marginal dE of Fig. 1.

expansion is given by
3 12
a ~ dn(aly)

(6)

(we have puty = (1oRo/Bo)Ja, and denotegl/dr). If we combine the results of Fig. 1 with the

value of the critical pressure gradient as given by Eq. (¥)can calculate the experimentally
measured values of ELM energy loss as a fraction of the plasreegy assuming a pressure
equal to the pedestal valuAWkLv /AW,eq). Putting in typical values for a highly collisional

(fy = 0) MAST discharge yieldAWg v /AWpeg Of ~ 1%, in accord with the observations.

Conclusions

We have considered a new model for ELM instabilities thatdtlgpsises an edge Taylor
relaxation initiated by peeling modes. The predicted ELMiths, energy losses and natural
scatter in the predictions are in general accord with erpental observations. More detailed
comparisons will be the subject of future work.
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