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The system of charged dust particles in a plasma with ion feog. (in a plasma sheath) repre-
sents a non-Hamiltonian system [1] because of the nonyn@m@pinteraction @(r) # @(—r)]
(wake field) and spatial charge variations: the system dalpealescribed by a Hamiltonian,
and, hence, no energy is conserved. Thus, the system of altisigs can exhibit some proper-
ties unusual for Hamiltonian systems.

One of these properties was demonstrated in experimemdg®jely, the melting of the 2D
dust crystal due to the coupling instability of vertical dmatizontal (longitudinal) dust-lattice
modes. While the physics of phase transitions in Hamiltorsgstems is usually related to
the competition between thermal and interaction energiesdjtion for a phase transition is
some relation between the temperature and the intergadistiance), the physics of the melting
observed in experiment [2] is quite different: the dust talymelted when the neutral pressure
was small enough so that the dust-neutral friction was fitsemt to suppress the growth of
oscillations of particles in a dust lattice.

In Ref. [2], the melting was explained by the theory of Ref, fflamely, by non-hamiltonicity
due to interaction anisotropy only. In Ref. [4], it was shathiat the simultaneous presence of
vertical charge variations (i.e., charge variations duesttical displacements) can substantially
increase the effect. In the present paper, we considerrthdtsineous presence of the following
three effects: interaction anisotropy, vertical chargeatens and horizontal charge variations
(i.e., charge variations due to perturbations of the destarbetween particles). Although in
experiments the horizontal charge gradient is believe@tmbch smaller than the vertical one,
we will show that it can be nevertheless significant: to coraplae effects, one should compare
the product of the horizontal charge gradient and the \adratectric field of the sheath with
the product of the vertical charge gradient and the horaalectric field acting on a particle
from the neighboring particle. Moreover, the simultanepressence of both charge gradients
gives rise to a new effect: the coupling instability can na@awitiggered even in the absence of
the interaction anisotropy.

We consider an infinite string of dust particles with equilion charge(—Q) < 0 and equi-



32nd EPS 2005; R.Kompaneets et al. : Dust-lattice waves Role of charge variations and anisotropy of dust-dust ... 20f4

librium separatiorL. The equilibrium positions of dust particles are on the ramtal X-axis.
The Z-axis is directed vertically downward. We consider ith@tion of particles to be in the
XZ-plane. The forces acting on the dust particles are thetgréorce, the force of the electric
field of the sheath, the dust-dust interaction, and the destral friction. In the XZ plane, the
electric field of the sheath is directed vertically downwand depends only on the coordinate
E = E(z). As for the dust-dust interaction, we consider only intéoacwith neighboring dust
particles and apply the following model: each dust partictitices the electrostatic potential
given by

B(x.2) = (~Qn) F(|X— Y|, 2~ 20) ()

where(—Qp) < 0 is the momentary value of the charge of théh particle,x, andz, are the
coordinates of the-th particle, f (|x— xa|,z— z,) is some function of the specified arguments.

We use a power series expansion of this function pearx,| =L, z—z,=0:
f(IX—Xn[,z—20) = fo+ ([X=Xn| = L) fx+ (z—2) f;

1 1
+§(|x— Xn| — L)% fxx+ §<Z_ Z0)? 22+ (|X—Xn| = L)(Z2— Z1) fxz+ ... 2)

Concerning the dust charge variations, we apply the folhgwnodel: the linear perturbations

of the dust charge are given by

00Qn = (0Xnt1 — OXn—1)Qx+ (021)Q; (3)

where the symbod is used to designate the deviations from the equilibriunnesildQ, =
Qn — Qs the perturbation of the absolute value of th#h particle chargedx, = x, —nL is the
perturbation of the-coordinate of the-th particle, 0z, = z,.

To normalize distances, we use some arbitrary ledAgtithis lengthA can be associated,
for example, with the Debye radius or the length of the dusttdnteraction. The set of our

dimensionless parameters is as follows:

A2 dE(z)| A3 L QA QA
=E0)=; e= = K=7 = ; =
( )Q dZ -0 Q A qX Q qZ Q
Ox = fx)\z; 0z = fz)\z; Oxx = fxx/\s; Ozz= fzz/\s; Oxz = fxz)\g 4)

Assuming the perturbations are proportional to(@km — iwt) where the time is normal-
ized byA%2y/M/Q (M is the dust mass), we obtain the dispersion relation

[W? +iyw— Qf(K)][w? +iyw—QF(K)] = Uc(k) (5)
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wherey > 0 describes the dust-neutral frictiog (s the dimensionless damping rate in the

absence of any forces except the dust-neutral friction hichvcasew, » = 0, w3 4 = —iy), and
QF(K) = 4 [oxxsinP (KK /2) + 0xax it (KK) | (6)
Q2(K) = €1 + el + 40,,SirP (KK /2) + 40,0,c05 (kK /2) (7)

Uc(K) = 4Sirf(KK) [~ 0% + Oy20x0z — Oxoix€o + Ox0x0z€0
—40y,0,0x CoZ (KK / 2) + 40x070x0, O (KK /2)] (8)

We have two modes (characterized®y(k) andQ,(k)) damped by the dust-neutral friction
and coupled with each other through the coupling coefficigyik). The frequencie€ (k)
andQy (k) are respectively the horizontal and vertical frequenaigbeé following sense. If we
assume the particles can move only along the X-axis (i.euseéz, = 0 instead of considering
forces in the vertical direction) ang= 0, Qn(k) will be the frequency of these horizontal
oscillations. Analogously, if we assume the particles cavenonly vertically (i.e., we use
o, = 0) andy = 0, the frequency of these vertical oscillations will 8¢(k). The first four

terms in the coupling coefficiehiz (k) (8) are related respectively to:
1. only interaction anisotropy (considered in Ref. [3]),
2. interaction anisotropy and vertical charge variatimmnéidered in Ref. [4]),
3. interaction anisotropy and horizontal charge variatjon
4. vertical and horizontal charge variations.

In the laboratory experiments, all these four terms can bgpewable with each other, while two
remaining terms are negligibleéf > |g;| (i.e., if the force of the electric field of the sheath is
much greater than the vertical component of the dust-dtestaation in the equilibrium state).
It is easy to perform the stability analysis of the dispansielation (5) with any arbitrary
real functionsQ?(k), Q2(k), Uc(Kk), using the inequality > 0 only (e.g..Q2(k), Q2(k) can be

negative, andl;(k) can be large). The instability conditions for a gideare as follows:
o when[QZ(k) — Q2(K)]?+4Uc(k) < 0, we have oscillatory instability if
[QF(K) — QA(K)]? -+ 4Uc (k)| > 2y?[Q(K) + QR (K)] 9)

otherwise the system is stable;
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e when [QZ(k) — Q2(K)]? + 4U¢(k) > 0, we have nonoscillatory instability if any of the
following is satisfied
Q2(k) +Q2(k) <0 (10)

QR(KIQT(K) < Ue(k) (11)
otherwise the system is stable.

For a system with weak coupling, the oscillatory instapitan occur only in the case of
crossingof the horizonta), (k) and verticalQ, (k) frequencies at some The instability con-
dition is

Uc(Keross) < O; |Uc(Keross)| > VZQgross (12)
where Keross Qcros9 1S the crossing point. In this case, the oscillatory insitatoccurs in a
small interval of wave numbers near the crossing point.

We give a numerical example with parameters of experimgrifd2more details, see our pa-
per [5]). We assume that (i) the dust-dust interaction istima of the screened Coulomb poten-
tial and the non-screened dipole field (dipole is directedrdoard), in which casey = —(k +
1)exp(—K)/K?, 0, = —p/K3, Oxx = (K2 + 2K +2) exp(—K) /K3, Ozz= — (K + 1) exp(—K) /K3,

Oxz = 3p/k* (the lengthA used to normalize distances in (4) is assumed to be the screen
ing length;p > 0 is the dipole moment in units @A), and (ii) the charge gradients and the
interaction anisotropy (i.e., the paramef@rare small. We us€ = 1550@, A = 0.5 mm,

M = 5.5x 10719 g, vertical frequency of a single particte,/2rT = 15.5 Hz, argon pressure
2.8 Pa. This give®g; ~ 12,ey ~ 24,y ~ 0.1. Thus, the crossing of modes occurs #o¢ 0.96,
while for k < 0.66 the vertical mode becomes unstable due to mutual repuigiparticles.
Therefore, the melting can occur in the rangé8 k < 0.96. In the case of no charge varia-
tions, the melting becomes possible at satmfeom this range ifp is greater than about 18.

For thisp, all the first four terms in the coupling coefficient (8) ardluf same order ap ~ 1071
anday ~ 10~2. Thus, each of these four terms can be sufficient to triggep#illatory insta-

bility observed in experiment [2].
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