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Nonlinearly driven second harmonics of Alfvén Cascades
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Alfvén Cascades (ACs) have been observed in tokamaks insedveshear operation, and
have been theoretically explained as energetic particlomidicity induced shear Alfvén
eigenmodes localised around the minimgrsurface, [1][2]. In recent experiments in Alca-
tor C-Mod, [3], measurements of density fluctuations withgd&h@ontrast Imaging through the
plasma core show a second harmonic of the basic AC pertarbdthe present work describes,
assumingB = 0, poloidal mode numbem > 1 and inverse aspect rato< 1, the second
harmonic density perturbation as driven by the first harm@&@igenmode through quadratic
terms in the shear and compressional Alfvén wave equatidreselquadratic terms vanish in
a homogeneous straight magnetic field, but they can be iaupioit the tokamak geometry,
especially if there is also a density gradient.

Denote all quantities a¥;,; = X 4+ 0X, whereX is the equilibrium part, and the perturbed
partdX can be written .

oX = I;c‘ixj exp(—liwt) +c.c, (@D)

andoX; dominates over all other harmonics. Write the plasma dispieent, where the three

degrees of freedom are represented by three scalar fuaétiogmhand¥, as
_ b 1
5r:Eb-|—§><Dd)-l—EDLHJ:c‘SrE—i—c‘Srq,—i—c‘Srw, (2)

whereB is the magnitude anbl the direction of the equilibrium magnetic field. The conttgu
equationdp + O- ((p+ 6p)(5r + (5r -0)adr)) = 0, where dot denotes partial time derivative,
gives the second harmonic density perturbation in ternds @nd thus in terms of,, ®,, W,

é,, @, andW¥, as

1
op, = ED-(c‘irlD-(pc‘Srl)—p(c‘Srl-D)c‘Srl)—D-(pérz):
g2+ 00z + Oy + g, w, + Wy, ¢, + Wy, ¢ +0Pg, +Pg, +0py,. (3)

The first six of these contributions to the density pertudmaare determined by quadratic
terms of the first harmonic plasma displacement perturbstiand the last three contributions
are determined by the second harmonic plasma displaceregutipations. The first harmonic

coupling between the shear and the acoustic wave resultslawarsfrequency sweeping in
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the low frequency onset of the AC, but is unimportant for trempart of the cascade. For the
main part one can then neglect the pressure terms in the momd&malance equation, which is
used to determine the plasma displacement.

The first order (which is the first harmonic) momentum balarpeaton becomes
—471pyw?Sr, — (0 x B) x 6B, — (0 x 6B,) x B =0. 4)
and the second harmonic momentum balance equation becomes

— 471, (20)?8r 5 — (O x B) x 8B, — (O x 6B, ) x B =
= 41w St O, + ATBw?p,(Or 4 - 0)dr

+(Ox B) x 8Bo+ (0 x 5By xB+(6Bl-D)5Bl—%Dc‘SBZ, (5)

where we have put all the quadratic source terms on the right b@e and definedB, =
Ox [dr, x Bl anddBg = 1/2 0 x [((dry - 0)dry) x B4 0r x (0 x [dry x B])].

The vector component of the momentum balance equation &@awges the acoustic wave
equation, the divergence of the perpendicular componeesdhe compressional wave equa-
tion, and the shear wave equation is obtained by taking trexgitnce ob/Bx the momentum
balance equation. The first harmonic acoustic equation ey yieldsé, = 0, because of
the B = 0 assumption, and this implies th&bg12 = 5p‘“151 = 5p¢151 = 0. Using the fact that
the AC frequency is below the toroidicity induced Alfvén eigeode (TAE) frequency, so that

(B-0O) ~ kH ~ 1/(R0), the first harmonic compressional wave equation gives ttierorgs

2

£ m p
Wy~ M2 P = gy, ~ r2R2q2 B2

BT s, (6)
Assume that the shear perturbations can be writter- ®; (r)é(I"¢~IM6) whered®, /dr ~
m/r. In calculating the quadratic source terms, special casddbe taken to the fact that in a

homogeneous straight magnetic field the shear contritaitmthe terms Arwzpo(érl- a)or,
and(0B, - 0)dB, in Eq. (5) cancel. The second harmonic acoustic equati@sghe estimate

&, ~ mP®?2/(r?RgB), and the second harmonic compressional wave equationesdoic

mo? ) . )

0. (Bzérw2> = —%D' (BZ[(c‘Srq,l ‘ D>5rq>lh> +0 (m

From Eqg. (3) one sees thgp, + 0py_ =
1 2

1 m_p’) PP o)

1 1
=50 (0re, U-(pore, ) —Up- <§[(5rml‘m>5r¢lh+5rw2) ~ <R+ o ) B2
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which makesSpq,lLIJl andc‘SpE2 insignificant anchq)% + 5pw2 thus only competes witﬁpq,z. To

find @, one has to solve the shear wave equations, which can be sedbfi

~ -2
1d do, me -~ ldkH -
o (PG ) D - ©
1d / _db, e - dk,”
S ar (rD dr )_16r2 P D+ A P2 =
im [dD /1d?(®?) _n?_,\ .d d(kf)  1d®?d2D
= —|—= (/Y _ 2o —(AD A+ -1 1
(B | dr (2 dr2 r2¢1)+3dr( o AMoar a0 19

where bar denotes flux surface averdges w?/va — k]z, andA = ®,d?®, /dr? — (dd, /dr)2.
To derive Eq. (10), a flux surface average has been perforsivest terms proportional to sth
or cosf only couples the first harmonic wave to them2 1 modes, which are not close to
resonance. Taylor-expandilk_g around the zero shear surface- r, where the AC is situated,

using the normalised coordinate= (r —r,)m/r,, enables us to rewrite Egs. (9) and (10) as

d do . .

(S T (54300, +Qb, = 0 (11
d 2 d&JZ 2\ & N

4&(S+x )W —16(S+x°)D, +4QP, =

2 2

whereT?2(x) = im?®2/(r3B) and

S— 2(w — o)y MG ﬁzqg (13)
- & rfggm-ngy
The effects of hot ions and toroidicity has been added indneesway as in [2] through
_ o @R gy [, rdp, 2me (&, + 240)
Q= b wle oar) * ) a9
va(m—ngp) rggg \ @y \ p dr /. 1-4(m—nqy)

It was shown in [1] and [2] that solutions to Eq. (11) exist wi@p- 1/4. Through rewriting
Eq. (11) for the functiorG,(x) = ®,(x)v/S+x2, and using a variational approach with the
ansatzG, = A exp(—x?/(2a?)), one obtains foQ = 1 thata, = 1.247 andS= 0.0983, in
agreement with the lowest order radial eigenmode solutioh]ir§olving Eg. (12) numerically
(shown in Figure 1) then gives the estiméig~ T2 ~ m?®?/(r2B) for Q = 1, which implies
thatdpg, > 8Py, y, + 6p¢% if (Inp)’ < R, since

B b b 1 )\ e pd?
c‘Spq>2 = —plo,- (D X §) — (§ X DCDZ) -Op ~ (ﬁ“‘ (Inp) ) PREvR (15)
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— TforQ=1
1 M| == szor Q=1
V| - TforQ=2
szor Q=2

Figure 1. Solution to Eq. (7) (left) and Eq. (12) (right) for Qand Q=2

Conclusions
The dominating part of the first harmonic density pertudratiomes from the shear wave,

_ by _ (b L npy) mP%s
5p1_—pD<Dl-(D><B)—(BdeDl)-DpN(R-i-(lnp))r B’ (16)

so, the estimate for the ratd@p,/dp,, taking resonant enhancement into account, i€¥er 1

op, mPd, mqloBy |
o, B € B

(17)

The numerical solutions show thap, decreases for increasi@ybecause of the widening of

the first harmonic radial profile, ard,, ~ 0.1T?2 already forQ = 2. For highQ, the first term

in Eq. (8) will then dominatép,, if not higher order radial eigenmodes®f{ become excited.
In determining the accumulated phase shift for a laser besssipg the zero shear surface

one has to note that the partsdagf, which are odd functions of will give small contributions,

and also that the terms containifig< (b/B) will have a dependence on the poloidal angle.
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