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Alfvén Cascades (ACs) have been observed in tokamaks in reversed shear operation, and

have been theoretically explained as energetic particle ortoroidicity induced shear Alfvén

eigenmodes localised around the minimumq surface, [1][2]. In recent experiments in Alca-

tor C-Mod, [3], measurements of density fluctuations with Phase Contrast Imaging through the

plasma core show a second harmonic of the basic AC perturbation. The present work describes,

assumingβ = 0, poloidal mode numberm≫ 1 and inverse aspect ratioε ≪ 1, the second

harmonic density perturbation as driven by the first harmonic eigenmode through quadratic

terms in the shear and compressional Alfvén wave equations. These quadratic terms vanish in

a homogeneous straight magnetic field, but they can be important in the tokamak geometry,

especially if there is also a density gradient.

Denote all quantities asXtot = X + δX, whereX is the equilibrium part, and the perturbed

partδX can be written

δX =
∞

∑
l=1

δXj exp(−liωt)+c.c., (1)

andδX1 dominates over all other harmonics. Write the plasma displacement, where the three

degrees of freedom are represented by three scalar functionsξ , Φ andΨ, as

δ r ≡ ξb+
b
B
×∇Φ+

1
B

∇⊥Ψ = δ r ξ +δ rΦ +δ rΨ, (2)

whereB is the magnitude andb the direction of the equilibrium magnetic field. The continuity

equationδ̇ρ +∇ · ((ρ +δρ)(δ̇ r +(δ̇ r ·∇)δ r)) = 0, where dot denotes partial time derivative,

gives the second harmonic density perturbation in terms ofδ r and thus in terms ofξ1, Φ1, Ψ1,

ξ2, Φ2 andΨ2 as

δρ2 =
1
2

∇ · (δ r1∇ · (ρδ r1)−ρ(δ r1 ·∇)δ r1)−∇ · (ρδ r2) =

= δρξ 2
1
+δρΦ2

1
+δρΨ2

1
+δρΦ1Ψ1

+δρΦ1ξ1
+δρΨ1ξ1

+δρξ2
+δρΦ2

+δρΨ2
. (3)

The first six of these contributions to the density perturbation are determined by quadratic

terms of the first harmonic plasma displacement perturbations, and the last three contributions

are determined by the second harmonic plasma displacement perturbations. The first harmonic

coupling between the shear and the acoustic wave results in a slower frequency sweeping in
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the low frequency onset of the AC, but is unimportant for the main part of the cascade. For the

main part one can then neglect the pressure terms in the momentum balance equation, which is

used to determine the plasma displacement.

The first order (which is the first harmonic) momentum balance equation becomes

−4πρ0ω2δ r1− (∇×B)×δB1− (∇×δB1)×B = 0. (4)

and the second harmonic momentum balance equation becomes

−4πρ0(2ω)2δ r2− (∇×B)×δBL − (∇×δBL)×B =

= 4πω2δ r1δρ1 +4π3ω2ρ0(δ r1 ·∇)δ r1

+(∇×B)×δBQ +(∇×δBQ)×B+(δB1 ·∇)δB1−
1
2

∇δB2
1, (5)

where we have put all the quadratic source terms on the right hand side and definedδBL =

∇× [δ r2×B] andδBQ = 1/2 ∇× [((δ r1 ·∇)δ r1)×B+δ r1× (∇× [δ r1×B])].

The vector component of the momentum balance equation alongb gives the acoustic wave

equation, the divergence of the perpendicular component gives the compressional wave equa-

tion, and the shear wave equation is obtained by taking the divergence ofb/B× the momentum

balance equation. The first harmonic acoustic equation immediately yieldsξ1 = 0, because of

theβ = 0 assumption, and this implies thatδρξ 2
1

= δρΨ1ξ1
= δρΦ1ξ1

= 0. Using the fact that

the AC frequency is below the toroidicity induced Alfvén eigenmode (TAE) frequency, so that

(B ·∇) ∼ k‖ ∼ 1/(Rq), the first harmonic compressional wave equation gives the orderings

Ψ1 ∼
ε2

m2q2Φ1 ⇒ δρΦ1Ψ1
∼ m2

r2R2q2

ρ
B2Φ2

1 ≫ δρΨ2
1
, (6)

Assume that the shear perturbations can be writtenΦ j = Φ̃ j(r)e
i( jnϕ− jmθ ) wheredΦ̃ j/dr ∼

m/r. In calculating the quadratic source terms, special care has to be taken to the fact that in a

homogeneous straight magnetic field the shear contributions to the terms 4πω2ρ0(δ r1 ·∇)δ r1

and(δB1 ·∇)δB1 in Eq. (5) cancel. The second harmonic acoustic equation gives the estimate

ξ2 ∼ m2Φ2
1/(r2RqB2), and the second harmonic compressional wave equation reduces to

∇ ·
(

B2δ rΨ2

)

= −1
2

∇ ·
(

B2[(δ rΦ1
·∇)δ rΦ1

]⊥

)

+
�
(

m2Φ2
1

r2R2q2

)

. (7)

From Eq. (3) one sees thatδρΦ2
1
+δρΨ2

=

=
1
2

∇ · (δ rΦ1
∇ · (ρδ rΦ1

))−∇ρ ·
(

1
2
[(δ rΦ1

·∇)δ rΦ1
]⊥ +δ rΨ2

)

∼
(

1
R

+
mρ ′

ρ

)

m2ρΦ2
1

r3B2 , (8)
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which makesδρΦ1Ψ1
andδρξ2

insignificant andδρΦ2
1
+δρΨ2

thus only competes withδρΦ2
. To

find Φ2 one has to solve the shear wave equations, which can be simplified to

1
r

d
dr

(

rD
dΦ̃1

dr

)

− m2

r2 Φ̃1D+
1
r

dk̄‖
2

dr
Φ̃1 = 0 (9)

4
1
r

d
dr

(

rD
dΦ̃2

dr

)

−16
m2

r2 Φ̃2D+4
1
r

dk̄‖
2

dr
Φ̃2 =

=
im
rB̄

[

dD
dr

(

1
2

d2(Φ2
1)

dr2 −2
m2

r2 Φ2
1

)

+3
d
dr

(AD)+
d(k̄2

‖)

dr
A+

1
2

dΦ2
1

dr
d2D
dr2

]

, (10)

where bar denotes flux surface average,D = ω2/v2
A − k̄‖

2, andA = Φ̃1d2Φ̃1/dr2− (dΦ̃1/dr)2.

To derive Eq. (10), a flux surface average has been performed,since terms proportional to sinθ

or cosθ only couples the first harmonic wave to the 2m± 1 modes, which are not close to

resonance. Taylor-expandinḡk‖ around the zero shear surfacer = r0 where the AC is situated,

using the normalised coordinatex≡ (r − r0)m/r0, enables us to rewrite Eqs. (9) and (10) as

d
dx

(S+x2)
dΦ̃1

dx
− (S+x2)Φ̃1+QΦ̃1 = 0 (11)

4
d
dx

(S+x2)
dΦ̃2

dx
−16(S+x2)Φ̃2+4QΦ̃2 =

=

(

4x+3(S+x2)
d
dx

)

(

T
d2T
dx2 −

(

dT
dx

)2
)

+x

(

d2T2

dx2 −4T2
)

+
dT2

dx
, (12)

whereT2(x) ≡ im2Φ̃2
1/(r2

0B̄) and

S≡ 2(ω −ω0)ω0

v2
A

mq0

r2
0q′′0

R̄2q2
0

m−nq0
. (13)

The effects of hot ions and toroidicity has been added in the same way as in [2] through

Q≡ ω2
0

q2
0R̄2

v2
A(m−nq0)

q0

r2
0q′′0

(

ωch

ω0

(

− r
ρ

dρ̄h

dr

)

r=r0

+
2mε0(ε0+2∆′

0)

1−4(m−nq0)
2

)

. (14)

It was shown in [1] and [2] that solutions to Eq. (11) exist whenQ > 1/4. Through rewriting

Eq. (11) for the functionG1(x) = Φ̃1(x)
√

S+x2, and using a variational approach with the

ansatzG1 = A1exp(−x2/(2a2
1)), one obtains forQ = 1 that a1 = 1.247 andS= 0.0983, in

agreement with the lowest order radial eigenmode solution in [1]. Solving Eq. (12) numerically

(shown in Figure 1) then gives the estimateΦ2 ∼ T2 ∼ m2Φ2
1/(r2B) for Q = 1, which implies

thatδρΦ2
≫ δρΦ1Ψ1

+δρΦ2
1

if (lnρ)′ ≪ R−1, since

δρΦ2
= −ρ∇Φ2 ·

(

∇× b
B

)

−
(

b
B
×∇Φ2

)

·∇ρ ∼
(

1
R

+(lnρ)′
)

m3

r3

ρΦ2
1

B2 . (15)
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Figure 1: Solution to Eq. (7) (left) and Eq. (12) (right) for Q=1 and Q=2

Conclusions

The dominating part of the first harmonic density perturbation comes from the shear wave,

δρ1 = −ρ∇Φ1 ·
(

∇× b
B

)

−
(

b
B
×∇Φ1

)

·∇ρ ∼
(

1
R

+(lnρ)′
)

m
r

ρΦ1

B
, (16)

so, the estimate for the ratioδρ2/δρ1, taking resonant enhancement into account, is forQ = 1

δρ2

δρ1
∼ m2

r2

Φ1

B
∼ mq

ε
|δBΦ1

|
B

. (17)

The numerical solutions show thatδρ2 decreases for increasingQ because of the widening of

the first harmonic radial profile, andΦ2 ∼ 0.1T2 already forQ = 2. For highQ, the first term

in Eq. (8) will then dominateδρ2, if not higher order radial eigenmodes ofΦ1 become excited.

In determining the accumulated phase shift for a laser beam passing the zero shear surface

one has to note that the parts ofδρ2 which are odd functions ofx will give small contributions,

and also that the terms containing∇× (b/B) will have a dependence on the poloidal angle.
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