
An a

urate Riemann solver for Godunov methodsa

ounting for relativisti
 e�e
tsD. Durante and G. Ri

ardiDept. of Aerospa
e and Me
hani
al EngineeringSe
ond University of Naples - ITALYAbstra
tWe analyze a dis
ontinuity de
ay in an ideal gas, a

ountig for relativisti
e�e
ts in a �at Minkowski spa
e-time. As in the 
lassi
al 
ase, we solve the Rie-mann problem through an iterative Newton method, whi
h �nds pressure andvelo
ity in the intermediate state. Here, the di
ussion is fo
used on the initial-ization te
niques and on the primary variables re
onstru
tions for the Godunovs
heme.1 Introdu
tionAfter the analyti
al solution of the Riemann problem [1℄, Riemann solvers be
amea key tool for sho
k-
apturing methods in numeri
al relativisti
 hydrodynami
s [2℄.Re
ently, also the Riemann problem in presen
e of tangential velo
ity has been solved[3℄, leading to the possibility to develop multi-dimensional splitting te
hniqes. In thepresent paper, the numeri
al solution of the 1D equations will be addressed through aGodunov method.By using rest mass density ρ0, velo
ity u (nondimensionalized with the light ve-lo
ity), Lorentz fa
tor w = 1/
√

1 − u2, pressure p, spe
i�
 entalpy h and total en-ergy µ = 1 + h 
ombined in the integration variables D = ρ0w, S = Dwµu and
τ = Dwµ − p − D, the 1D equations of motion are the following ones [4℄:















∂tD + ∂xDu = 0
∂tS + ∂x(Su + p) = 0
∂tτ + ∂x(S − Du) = 0
h = γp/[(γ − 1)ρ0] .

(1)Hereafter, the integration variables and their �uxes will be 
onsidered in the ve
tors
U = (D, S, τ) and F = (Du, Su+p, S−Du), leading to the 
ompa
t form ∂tU +∂xF =

0 of the system (1). The analysis of 1D-motion of simple waves generated by the de
ayof a dis
ontinuity (Riemann problem) may be 
arried out in the (u, p)-plane, as it willbe shown in the next se
tion.
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2 Relativisti
 Riemann problem in the (u, p)-planeThe de
ay of a dis
ontinuity in an ideal �uid leads to the rising of three waves, twoof them are rarefa
tions or sho
ks and the third one is a 
onta
t dis
ontinuity. Fouruniform states are identi�ed between the waves, whi
h may be analyzed in the (u, p)-plane, as in the 
lassi
al gasdynami
s. Here, any possible relation f(u, p) = 0 betweenvelo
ity u and pressure p behind a wave (state 4) is represented (solid lines in Fig. 1), fora spe
i�ed ahead state 1. These 
urves separate four regions for (u4, p4), in whi
h twosho
k waves (SCS), a sho
k and a rarefa
tion wave (SCR or RCS) and two rarefa
tionwaves (RCR) are obtained. In order to �nd the intermediate states (2 and 3), the 
urve
g(u, p) = 0 (dashed line in Fig. 1) whi
h relates u and p in the ahead state may be also
onsidered, for the �xed behind state (u4, p4).
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-1 -0.5  0  0.5  1RCR SCR RCS SCSFigure 1: (u, p)-plane (p is in logarithmi
 s
ale in the �rst two 
olumns) for thefour test 
ases that will be shown in Fig. 2. A dashed line p ≡ p2,3 is also drawn.The initialization of a Newton method for �nding pressure and velo
ity in the inter-mediate state may be dis
ussed in the (u, p)-plane, too. In the 
lassi
al 
ase this stepis quite obvious: it is generally addressed by using homoentropi
 
onditions. On the
ontrary, it resuls a non trivial task in the relativisti
 framework. Two pro
edures areproposed, using se
ants or tangents to the above 
urves.3 First order Godunov s
hemeThe exa
t Riemann solver is used to integrate equations (1), through a Godunov s
heme.The spatial domain is divided in a 
ertain number of 
ells, in whi
h spa
e-mean values
U of the integration variables are only 
onsidered. Given U at time tk, the U at the
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new time tk + ∆t = tk+1 is obtained as:
U(tk+1) = U(tk) −

∆t

∆x
(F b − F a) ,where ∆x is the length of the 
ell and F b,a are the �uxes, evaluated at the two ends ofthe same 
ell by solving lo
al Riemann problems. Sample 
ases are shown in Fig. 2.
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 0  0.2  0.4  0.6  0.8  1Figure 2: Numeri
al solutions (solid lines) of the Riemann problem, 
ompared withthe 
orresponding analyti
al ones (dashed lines), are drawn for waves of kind RCR(times 0.1 and 0.2), SCR (0.15, 0.30), RCS (0.25, 0.50) and SCS (0.25, 0.50). ρ0,
u and p are shown vs. x in the �rst, se
ond and third 
olumns, respe
tively. The ps
ale in the SCR 
ase is logarithmi
 and the states have been spe
i�ed in Fig. 1.
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4 Primitive variables re
onstru
tionA problem raising in Godunov relativisti
 numeri
al s
heme of Se
tion 3 lies in re
ov-ering the primitive variables u, p and ρ0 by the integration ones (D, S and τ). Twodi�erent pro
edures in velo
ity and pressure are proposed and tested, both based on theanalyti
al solution of a fourth order algebrai
 equation. The �rst one uses the positions
u = sin θ and y = tan(θ/2), whi
h lead to the equation in y:

S(1 − α)y4 − 2(τ ′ + αD)y3 + 2S(α + 1)y2 − 2(τ ′ − αD)y − (1 − α) = 0 , (2)where α = (γ−1)/γ and τ ′ = τ +D. Equation (2) has only one root whi
h is physi
allyadmissible. Another pro
edure uses the new variable η = τ ′ +p, for whi
h the followingequation holds:
(α′−1)2η4−2α′(α′−1)τ ′η3+[α′2τ ′2+2(α′−1)S2−D2]η2−2α′τ ′S2η+S2(D2+S2) = 0 ,(3)
α′ being 1/α. Equation (3) has two roots physi
ally admissible (η > 0), but only oneof them still gives the 
orre
t values of D, S and τ .At the present time, the e�e
ts of tangential velo
ities on the Riemann problem,as well as on the Godunov solver, are under investigation. The next step will be theimplementation of a splitting pro
edure, extending the above numeri
al te
hnique to
3D relativisti
 �ows.Referen
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s in spe
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