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A relativistic bounce-averaged quasilinear diffusionatipn is derived to describe stochastic
particle transport associated with arbitrary-frequeregteomagnetic fluctuations in a nonuni-
form magnetized plasma. Expressions for the elements ofasivistic quasilinear diffusion
tensor are calculated explicitly for magnetically-trappearticle distributions in axisymmet-
ric magnetic geometry in terms of gyro-drift-bounce waweetjgcle resonances. The resonances
can destroy any one of the three invariants of the unpertugb@ing-center Hamiltonian dy-
namics. While our expressions explicitly involve bouneeraged wave-particle cyclotron res-
onances (which appear in the absence of wave-particle pleaserelation), local wave-particle
cyclotron resonances are also uncovered when relevantpaatiele phase decorrelation mech-
anisms are included within our Hamiltonian formalism.

Recent work by Brizard and Chan [1] presented a full quasdintheory for nonuniform
magnetized plasma in axisymmetric magnetic geomBtry L x ¢ (where the azimuthal
angle¢ is ignorable) by adopting a high-frequency gyrokinetic Hemnian approach. An ex-
plicit expression for the 3 3 relativistic quasilinear diffusion tensor was derivedha space of
unperturbed guiding-center invariamts: (Jy, Jg, E) for a magnetically-trapped relativistic par-
ticle of massM and chargey, whereJy is the relativistic gyroaction (canonically conjugate to
the ignorable gyroanglé), Jy = qy/c s the drift action (canonically conjugate to the ignorable
azimuthal angle), andE = (y— 1) Mc? is the unperturbed guiding-center kinetic energy. In the
presence of arbitrary-frequency electromagnetic fluanat{ed@, e6A), these guiding-center
invariants are destroyedi & £ {I', 6H} = £ 61') and quasilinear diffusion in-space occurs.

The high-frequency gyrokinetic Hamiltonian formalism piglds a relativistic quasilinear
diffusion equation describing resonant transport of nakdtc particles that either satisfy the
bounce-averaged (denoted py- )) wave-particle resonance condition

w = £{ox) + m{wy) + Ny (1)

or the local wave-particle resonance condition (at a pgialong a magnetic field line)
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W = Lux(S) + Mwy(So) + Ny, (2)

where the fluctuation frequency spectrum is assumed to loeeths wy; k= 1,2,...} while
=0, 0= 21/ 1y = 211(¢$ ds/|v) N1, andwy = ¢ denote the relativistic cyclotron, bounce,
and azimuthal drift frequencies, respectively. The validif the bounce-averaged condition
(1), which is a universal feature of the action-angle Hawnithin approach, is based on the
assumption that the resonant particles see wave fluctUaldg that are coherent over a bounce
periodt,. Since this assumption is perhaps not realistic for someespasma high-frequency
(VLF), short-wavelength waves (e.g., whistler-mode waweave-particle phase-decorrelation
mechanisms must be taken into account to smear out the b@wecaged resonance condition
(1) and leave only the local resonance condition (2). Wihig problem is often treated by the
standard orbit-integration approach [2], we modify ounpas work [1] in the present paper
by introducing a simple collisional phase-decorrelaticachanism.

We begin with the relativistic high-frequency gyrokinegiguation

dF _ JF

whereF = Ry + £ 0F and the perturbed HamiltoniaH retains full finite-Larmor-radius effects
[1], a simple Krook collision term is used to model wave-det phase decorrelatiorv (is a
constant collision frequency), and the background guidiegter distributior satisfies the
unperturbed relativistic gyrokinetic equation

doFo _ ( 0

0= dt at T

0 0 0
Vg5t g+ aigs )R @

wherev = o|v|| is the parallel guiding-center velocity. In the presenceelettromagnetic
fluctuations, the relativistic quasilinear diffusion etjaa for Fy = Fy(1, T = £2t) is derived at
second orderg?) by solving the first-order equation for the perturbed gerder distribution

dO i dFO
(a +V) oF = —5| dl" (5)
whose solution is inserted into the slow-time (second-Qreleolution equation
o0F(LT) s
1~ <{5F7 5H}>7 (6)

where averaging is carried out with respect to the wave toatesand the angleSandé.
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The solution to the first-order equation (5) is facilitatgdibe Fourier expansion®F, oH) =
S mek (OF,8H) exp(i¢Z +im¢ —iwt) and the decompositions [1] for the perturbed gyrocenter

distribution
_ & v 2da iR
oF = SG+(5K c o5 ) 3E
iq R R R R
+c[£(ng+%dE)+m(de+%’aE) oa, (7)
and the perturbed gyrocenter Hamiltonian
~ ~ q 0 ~
5H55K—— vHa——l(aq(—Ewc—mwd) oda, (8)

where the parallel component of the perturbed vector piratleist&&” = dda/dsand thev-
independent perturbed Hamiltonian

oK = I (may + fea — )/5—§wds+q5E N ©)
= o\ TG | g 9% g

is explicitly expressed in terms of covariant or contrazaticomponents of the perturbed elec-
tric and magnetic fields. In addition, the nonadiabatic 5étdefined in Eq. (7) is the solution

to the linear high-frequency gyrokinetic equation

. : R R Fo
go(6+id) 0|V‘| ( —i0(6+i9) 5G) (cq< 3E + £an +m 5Jd) 5K, (10)

where the imaginary phas¥s) = v fSSL ds'/|vj| models wave-particle phase decorrelatign (
denotes the lower turning point on the trapped orbit), aedritegrated phase is defined as

Sds’
-l — My).

Next, substituting Eqgs. (7)-(8) into Eq. (6) yields the triatic quasilinear diffusion equation

ok _ 1 0 i dF
T T 6I'(bD(5L au) (11)

where the symmetric 3 3 relativistic quasilinear diffusion tensor is defined as
2 lw fm

DL = Wl o wm E)<5Rcosa>)2|m[_cot<@+m)], (12)
m;k m mwy mP ’
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where we have neglected collisional effects in the bounvesaged term (3K cos8)|? and
the bounce-averaged phases @res 3 1, (@ — ¢ (wx) — m{wy)) andA = 3 1v. First, in the
absence of collisional effectd = 0), which corresponds to our previous work [1], the last term
in Eq. (12) is expressed (making use of the Plemelj formwda) a

(o]

Im(—cot®) = § m3(©—nm) = i %5<w—€<%>—m<%>—n%>,

Nn=—o N=—o

and, thus, the quasilinear diffusion described by Eq. (Xp)ietly involves resonant particles
that satisfy the bounce-averaged wave-particle resonemoiedition (1). The high-frequency
gyrokinetic Hamiltonian approach also implicitly contsithe local wave-particle resonance
condition (2) in the bounce-average integ(rél? cosB), which can be extracted by stationary-
phase methods as follows. First, we introduce the boungkedfourier expansiodK (s) =

S n OKn exginé (s)], whereé (s) denotes the bounce angle, and the net exponential ghase

in the bounce-average integral is now

S

op(s) = gb(s) — né(s) = o/ — <a4<—€wc(§)—mwd(§)—nab>.

Next, by using stationary-phase methods, the dominantribotibn comes from points
along a magnetic-field line where=0 ¢/(s) = IVH(So)I_l[wk — L x(S0) — My (So) — Ny,
which yields the local wave-particle resonance condit®ypfovidedv (s) # O (i.e., the local
resonance does not occur at the turning points). Lastlyimvibur simple collisional phase-
decorrelation mechanism (wheve< «x), the last term in Eq. (12) yields

il A
(©@—nm)? + A’

Im[ — cot(©@+iA) | =

n<=oo
which smears out the bounce-averaged resonance con@itemr (if A ~ 1) and leaves the
local wave-particle resonance (2) in the bounce-averatggrial(élz cosO) intact.
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