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Geometrical properties of plasma equilibrium near fixed magnetic surface
A.A. Skovoroda, A.V. Zvonkov

RRC Kurchatov I nstitute, Moscow, Russia

In the paper some properties of plasagailibrium near the fixed magnetic surface
are analyzed. The knowledge of these propertan be useful for the choice of plasma
boundary for 3D modeling and for consideratajrconstrains on plasma equilibrium. Two
issues are considered — the pbitity of magnetic field value gscription for specification of
the local equilibrium and possible constrains on pressure profile coefficient imposed by

surface shape.
1. Specification of the local equilibrium by magnetic field value prescription

It is known that for the specification ofgdma equilibrium near the fixed magnetic

surface it is necessary to prabernot only the shape of a surfacer, (0,5 ) and two profile

coefficientsp’, F' (or J'), but also an additionatction of the angle variables{ [1].

As an additional function the “distance” to adjacent suri{eg¢ ) = |V<I)|71 can be taken [1].
In [2] it was shown that the prescripri of the surface in magnetic coordinatesr, (em,g)

is sufficient also, in fadt means that the functiom(@,;) that relates the magnetic poloidal
angle with an arbitrary one is give,, = 8 + 1(6,¢). In [1] the possibility of the periodic
potential p(6,¢) prescription is discussed also. Weidy here the possibility to use the
value of magnetic field(&,¢ Pn the surface as additional function.

The analysis near the fixed surface means that the shape of a reference surface and

hence basic vectors, = 2—2 [ :2—2, the metrics components,,, 9,3, 033 and normal

vectorn = VO /[VO| = [e, x 63]/\/922933 — g3; are known.

The equilibrium equation entails the equatitia[B x V®]= 0, hence the vector

[B x V®] can be represented similarly B [3]

_(q,90m) s [, _0n)e€2.
ZﬂB—(1+aeJ\/§+(,u j 1)
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27z[BxVCD]:—(J+a—¢je—3+(F+a—¢]e—2. 2)

00 ) .\/g o¢ )\g
The square of the latter expression gives the equation for ¢, where all terms and coefficients
are known,
2 : opY A o9\
4z°B (g22g33 —g23)= [J +%) 833 _2(J +%)(F +§ng3 + [F +£j gxn- (3

The periodic solution of (3) should be found, the constants J, F' being used to satisfy the
conditions of periodicity and zero average < @ >=0.

This equation can be considered as a Hamilton-Jacobi equation and can be solved by

the method of characteristics. Introducing a momentum p with components

p, =J+0¢p/00, p,=F +0¢p/d , the equation (3) is expressed as
H=1/2)g'p,p,-27B* =|p| /2-22"B* =0,

here gs33 =82, /(822833 _ggz) ) gs22 = 833 /(€22833 —g§3) ) gs23 =—853 /(82833 —g223) .
This is the Hamiltonian of a particle with a unit mass and zero energy moving on a toroidal
surface with metrics g, L,Jj= 2,3, in a potential U =—-27°B*. It is evident that the
characteristics exist throughout the surface. The normalization of the surface metrics by
27°B* shows that the characteristics are the geodesic lines of a surface with the new metrics.
The freedom in characteristics direction (or p,, p;) allows to think that the periodic solution
for ¢ exists, though practical realization of a solution is difficult.

The other functions and constants can also be found in this way [1, 4]. For instance,
the scalar product of (1), (2) gives the equation for 7 and the vector product gives |Vd)| .

Let us consider as a simple example the axially symmetric equilibrium
B =B(#),¢=p(6) on a torus with the major and minor radii R, a. If € is the poloidal

angle counted off from the inside equator and & is the toroidal angle, the metrics

components are as follows: g,, =a’, gy =0,g4; = a’(4—cos 9)2 , A=R/a>1. In

dimensionless variables (J,F,¢ are scaled by 27zBja ) the equation (3) has the form

(J + (/)’)2 =b* —F*/(4~cos 9)2 , where b=B/B, . For solution

p=—JO+] b —F2 /(4—cosO) do the relation J =1/27[>"\[b> — F? /(4 - cos ) d

is valid, and solution needs F < F,(4) and J #0. The distance to adjacent surface is
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0 =9, /\/b2 (4-cos 9)2 ~ F? . For instance, if the field value is constant (b =1), the

distance is minimal at outer side of a torus, and decrease of the toroidal field is compensated
by increase of the poloidal field.

The example shows the well-known result that axially symmetric equilibrium on a
torus is possible only if J is not zero. The configurations with special features, for example,

the currentless systems or configurations with closed field lines restrict the choice of B .
2. The restrictions on pressure profile coefficient imposed by surface shape

Now consider the situation when the magnetic surface is fixed, but the equilibrium
near it has some freedom. Let us consider the question if the surface shape imposes any

restrictions on possible local equilibrium, for instance, on the pressure profile coefficient p’.
It is known that for any line on a surface the following relationship fulfills

ki +7) -2HKk, +K =0, (4)
here H, K are the properties of a surface - average and Gaussian curvature. The other
values are the properties of a line - x,, is normal curvature and 7, is “normal torsion” of a
line. They are defined as follows:

K :(b-V)b :K”n+/(g[b><n],

(b-V)n=-x,b+z,[bxn], (b-V)bxn]=-x,b-7,n,

here «, is the geodesic curvature. H and K depend on the point of a surface only, whereas
x, and 7, — also on the direction of a line on a surface.

If the surface is magnetic surface and the line is magnetic field line, from the

equilibrium and Maxwell equations it follows that
2
K, = n-v[p +BT]/32’

72 :%.([nxb].rot[nxb]—b-rotb)2 :%(s—j|/B)2,

n

here s is local shear, j is parallel current. Resolving quadratic (4) we find

Kk, =H+\H*-K-1>. (5)
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The choice of a sign here determines the direction of the field line: “minus” means that the

curvature «, is large (H is usually negative, so both terms have the same sign) and the field
line has predominantly poloidal direction, “plus” means smaller curvature and

predominantly toroidal direction of the field. The combination H> — K is always positive
for a toroidal surface and the large aspect ratio results in the increase of the combination.

If the equilibrium is known, the relationship (5) is fulfilled identically. In this way (5)
can be used as a check for 3D solvers. On the other hand, when the shape of a surface is

prescribed, the curvatures H and K are known. At the same time both x, and 7, depend
on the pressure profile coefficient p’. So, the relationship (5) may impose restrictions on the
pressure profile coefficient p’, because the expression under the square root should be

positive, and the value of the left side of (5) is also limited. But it is difficult to reveal the

restrictions explicitly because the dependence on p’ of some quantities in the expressions
for x, and 7, is not evident.

Some simple observations can be made nevertheless. Thus, the large pressure profile
coefficient can be obtained if both terms on the right side of (5) have the same (negative) sign,
what takes place for poloidal direction of field lines. In case of toroidal direction of field lines
two terms have different signs and the largest terms ~1/a cancel if aspect ratio is large. So,

greater pressure coefficient may be expected for small aspect configurations.

Conclusions

The local plasma equilibrium can be specified if the surface and magnetic field value
on it are prescribed as well as two profile coefficients. This approach can be useful for the
choice of plasma boundary with desirable field value properties. The shape of the surface can

constrain possible plasma pressure coefficient.
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