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In the paper some properties of plasma equilibrium near the fixed magnetic surface 

are analyzed. The knowledge of these properties can be useful for the choice of plasma 

boundary for 3D modeling and for consideration of constrains on plasma equilibrium. Two 

issues are considered – the possibility of magnetic field value prescription for specification of 

the local equilibrium and possible constrains on pressure profile coefficient imposed by 

surface shape. 

 

1. Specification of the local equilibrium by magnetic field value prescription 

 

It is known that for the specification of plasma equilibrium near the fixed magnetic 

surface it is necessary to prescribe not only the shape of a surface * +¦s ,rrr ?  and two profile 

coefficients p| , F |  (or J | ), but also an additional function of the angle variables ¦s ,  [1]. 

As an additional function the “distance” to adjacent surface * + 1
,

/Hı?¦sf  can be taken [1]. 

In [2] it was shown that the prescription of the surface in magnetic coordinates * +¦s ,mrrr ?  

is sufficient also, in fact it means that the function * +¦sj ,  that relates the magnetic poloidal 

angle with an arbitrary one is given, * +¦sjss ,-?m . In [1] the possibility of the periodic 

potential * +¦sl ,  prescription is discussed also. We study here the possibility to use the 

value of magnetic field ),( ¦sB  on the surface as an additional function. 

The analysis near the fixed surface means that the shape of a reference surface and 
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vector ] _ 2
23332232/ ggg /·?HıHı? een  are known.  

The equilibrium equation entails the equation ] _ 0Bdiv ?Hı· , hence the vector 

] _Hı·B  can be represented similarly to B  [3]  
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The square of the latter expression gives the equation for l , where all terms and coefficients 

are known, 
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The periodic solution of (3) should be found, the constants FJ ,  being used to satisfy the 

conditions of periodicity and zero average 0@?> l . 

This equation can be considered as a Hamilton-Jacobi equation and can be solved by 

the method of characteristics. Introducing a momentum p with components 

sl ••-? Jp2 , ¦l ••-? Fp3 , the equation (3) is expressed as  

?/? Â 2222/1 BppgH ji

ij

S r 022/ 222 ?/ Brp , 

here )/( 2
23332222

33
gggggS /? , )/( 2

23332233
22

gggggS /? , )/( 2
23332223

23
gggggS //? . 

This is the Hamiltonian of a particle with a unit mass and zero energy moving on a toroidal 

surface with metrics ijg , 3,2, ?ji , in a potential 222 BU r/? . It is evident that the 

characteristics exist throughout the surface. The normalization of the surface metrics by 

222 Br  shows that the characteristics are the geodesic lines of a surface with the new metrics. 

The freedom in characteristics direction (or 2p , 3p ) allows to think that the periodic solution 

for l  exists, though practical realization of a solution is difficult. 

The other functions and constants can also be found in this way [1, 4]. For instance, 

the scalar product of (1), (2) gives the equation for j  and the vector product gives Hı . 

Let us consider as a simple example the axially symmetric equilibrium 

* + * +slls ?? ,BB  on a torus with the major and minor radii R , a . If s  is the poloidal 

angle counted off from the inside equator and ¦  is the toroidal angle, the metrics 

components are as follows: * +22
3323

2
22 cos,0, s/??? Aaggag , 1@? aRA . In 

dimensionless variables ( l,, FJ  are scaled by aB02r ) the equation (3) has the form 

* + * +2222
cos/ sl //?|- AFbJ , where 0/ BBb ? . For solution 

* +Ð //-/? sssl dAFbJ
222 cos/  the relation * +Ð //? r ssr 2

0
222 cos/2/1 dAFbJ  

is valid, and solution needs * +AFF c>  and 0”J . The distance to adjacent surface is 
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* + 222
0 cos/ FAb //? sff . For instance, if the field value is constant ( 1?b ), the 

distance is minimal at outer side of a torus, and decrease of the toroidal field is compensated 

by increase of the poloidal field. 

The example shows the well-known result that axially symmetric equilibrium on a 

torus is possible only if J  is not zero. The configurations with special features, for example, 

the currentless systems or configurations with closed field lines restrict the choice of B . 

 

2. The restrictions on pressure profile coefficient imposed by surface shape 

 

Now consider the situation when the magnetic surface is fixed, but the equilibrium 

near it has some freedom. Let us consider the question if the surface shape imposes any 

restrictions on possible local equilibrium, for instance, on the pressure profile coefficient p| . 

It is known that for any line on a surface the following relationship fulfills 

0222 ?-/- KH nnn mvm ,         (4) 

here H , K  are the properties of a surface - average and Gaussian curvature. The other 

values are the properties of a line - nm  is normal curvature and nv  is “normal torsion” of a 

line. They are defined as follows: 

* + ] _nbnbbせ ·-?ı©? gn mm , 

* + ] _ * +] _ nbnbbnbbnb ngnn vmvm //?·ı©·-/?ı© , , 

here gm  is the geodesic curvature. H  and K  depend on the point of a surface only, whereas 

nm  and nv  – also on the direction of a line on a surface. 

If the surface is magnetic surface and the line is magnetic field line, from the 

equilibrium and Maxwell equations it follows that 
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here s is local shear, ||j  is parallel current. Resolving quadratic (4) we find 

22
nn KHH vm //‒? .    (5) 
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The choice of a sign here determines the direction of the field line: “minus” means that the 

curvature nm  is large (H is usually negative, so both terms have the same sign) and the field 

line has predominantly poloidal direction, “plus” means smaller curvature and 

predominantly toroidal direction of the field. The combination KH /2  is always positive 

for a toroidal surface and the large aspect ratio results in the increase of the combination. 

If the equilibrium is known, the relationship (5) is fulfilled identically. In this way (5) 

can be used as a check for 3D solvers. On the other hand, when the shape of a surface is 

prescribed, the curvatures H  and K  are known. At the same time both nm  and nv  depend 

on the pressure profile coefficient p| . So, the relationship (5) may impose restrictions on the 

pressure profile coefficient p| , because the expression under the square root should be 

positive, and the value of the left side of (5) is also limited. But it is difficult to reveal the 

restrictions explicitly because the dependence on p|  of some quantities in the expressions 

for nm  and nv  is not evident. 

Some simple observations can be made nevertheless. Thus, the large pressure profile 

coefficient can be obtained if both terms on the right side of (5) have the same (negative) sign, 

what takes place for poloidal direction of field lines. In case of toroidal direction of field lines 

two terms have different signs and the largest terms a/1~  cancel if aspect ratio is large. So, 

greater pressure coefficient may be expected for small aspect configurations. 

 

Conclusions 

 

The local plasma equilibrium can be specified if the surface and magnetic field value 

on it are prescribed as well as two profile coefficients. This approach can be useful for the 

choice of plasma boundary with desirable field value properties. The shape of the surface can 

constrain possible plasma pressure coefficient. 
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