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The presence of a magnetosonic-whistler wave instability may be the reason for the observation

that the number of runaway electrons produced during disruptions in large tokamaks depends

sensitively on the magnetic field strength. A linear instability growth rate of these waves in the

presence of a runaway avalanche is calculated both perturbatively and by numerical solution of

the dispersion equation.

During the current quench in a tokamak disruption, a large toroidal electric field is induced,

which sometimes generates a beam of highly relativistic runaway electrons with energy of order

20 MeV. These energetic electrons can cause damage to the wall, which is a potentially seri-

ous problem for reactor-scale tokamaks with large currents. In such devices, it is expected that

the runaway beam may form particularly easily because of theefficacy of the so-called “run-

away avalanche” mechanism [1]. In a runaway avalanche, existing runaway electrons generate

new (“secondary”) ones in collisions at close range with thermal electrons. The strength of the

avalanche increases exponentially with the plasma current, and will be the dominant mechanism

in the next generation of tokamaks. In present experiments,up to about a half the pre-disruption

current can be converted to runaways, and it is feared that this fraction will rise in future devices

because of avalanching. However, it is observed the number of runaway electrons generated

varies widely between different disruptions for reasons that are not understood. In particular,

several tokamaks have reported that no runaway generation occurs unless the magnetic field

exceeds 2.2 T [3, 4]. In the present paper, we explore a possible reason for this observation.

The runaway beam has a strongly anisotropic velocity distribution function and may excite

various kinetic instabilities. Previous work has analyzeda number of such possible instabilities

using simple models for the runaway distribution function.We analyze the linear instability of

magnetosonic-whistler waves destabilized by secondary runaways at Doppler-shifted harmonics

of the cyclotron frequency. The unstable wave frequency will be shown to be well below the

non-relativistic electron cyclotron frequencyωce but above the ion cyclotron frequencyωci.

The most important resonant interaction occurs whenω−k‖v‖ = −ωce/γ (anomalous Doppler
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resonance), whereω is the wave frequency,k‖ andv‖ are the wave number and particle velocity

parallel to the magnetic field, andγ is the relativistic factor. The free-energy source drivingthe

instability is the anisotropy of the electron distributioncaused by the electric field accelerating

the runaway electrons. When the degree of anisotropy exceeds a critical level, unstable waves

are excited at the anomalous Doppler resonance, and the interaction with these waves leads to

pitch-angle scattering of resonant electrons. We assume that the dominant damping mechanism

in the cold post-disruption plasma is collisional damping,which then determines the instability

threshold.

Runaway distribution function

The distribution of secondary runaways is obtained by solving the kinetic equation and using

the Rosenbluth-Putvinskii [1] avalanche growth rate as a boundary condition:
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wherep= γv/c is the normalized relativistic momentum,α = (E−1)/(1+Z), E = e|E‖|τ/me0c

is the normalized parallel electric field,nr = 2πcZCα−1exp[(E−1)t/τcZ] is the runaway den-
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Stability analysis
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wherevA = cωci/ωpi is the Alfvén velocity and the superscriptr denotes the runaway contribu-

tion to the dielectric tensor. The instability growth rate for a small perturbation due to runaways

ω = ω0 + δω, whereγi = Imδω, is given byγi/ω0 = −(k2v2
A/2ω2

pi)Imχ r
11 where the runaway

contribution to the susceptibility is
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whereωpr =
√

nre2/me0ε0 is the non-relativistic runaway electron plasma frequency, Jn is the

Bessel function of the first kind and of ordern, andΩ = eB/me = ωce/γ, z= k⊥cp⊥/ωce. Sub-

stituting the runaway electron distribution from Eq. (1) into the expression forγi and evaluating

the derivatives we obtain:
γi
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wherey= ω0/k‖c, K⊥ = k⊥c/ωce, K‖ = k‖c/ωce, λ = K2
⊥/(2a−1), a−1 = αK‖(y−1)/2, b−1 =

α (1−y)−K‖(1−y)−1/cZ, In are modified Bessel functions of the first kind and of ordern, and
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. Assuming thatλ ≪ 1

andα ≫ K‖ the growth rate can be simplified to
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to the lowest order inλ . At low frequencies the growth rate increases monotonically, and at

higher frequencies we can use the whistler branch of the dispersion relation (ω0 = kk‖vAc/ωpi).

The growth rate of the fastest growing wave can be obtained using the condition∂γi(k‖,k)/∂k‖ =

0, leading tocZk‖c(1−kvA/ωpi) = ωce. This condition can be used with (3) to derive the max-

imum growth rate. Theγi(k‖) function also has a maximum, determined by the∂γi/∂k‖ = 0

condition, givingk‖c = 2ωce/cZ so thatγmax
i = 1.3 ·10−9nr/BT (whereBT denotesB in Tesla)

is the growth rate of the most unstable mode. The most unstable wave has wave number

kvA/ωpi = 1/2, parallel wave numberk‖c = 2ωce/cZ, and wave frequencyω0 = ωce/cZ.

In the cold post-disruption plasmas collisional damping dominates and the wave is destabi-

lized when the growth rate is larger than the electron-ion collisional damping rate:γd = 1.5τ−1
ei

[2]. The thresholdγk ≡ γi −γd > 0 can be written as

nr

ne
>

Z2BT

20T3/2
eV

. (4)

whereTeV is the background plasma temperature in eV andnr/ne is the fraction of the runaways.

This inequality is the local threshold for the instability of the magnetosonic-whistler wave,

where every quantity is to be understood at a given location.
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Figure 1. Stability threshold from Eq. (4) forZ = 1 and different runaway fractions.

The results of the perturbative stability analysis are confirmed by the numerical solution of the
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dispersion relation.

Quasi-linear analysis

The distribution of the relativistic runaway electrons evolves in time according to

f (p⊥, p‖, t) =
C
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Thus, pitch-angle scattering increases the mean perpendicular energy linearly with time. As-

suming a narrow spectrum of unstable waves centered aroundkc = ωpi/2vA ≃ 3 ·103n20/BT

and k‖ ≃ ωce/clnΛ ≃ 30BT and assuming that the time-evolution of the spectral energyis

Wk(t) = 1
2Tee2γkt , the time scale for perpendicular energy increase can be estimated to bet =

(1/2γk) ln
(

τ̂γkm2
ec3/π3e2Tek2

c

)

≃ 3·10−7 s, for γk ≃108 s−1, γ = 40,Te= 10 eV andτ̂ ≃ p‖/(2α )≃

0.1.

Conclusions

The threshold of the instability depends on the fraction of runaways, the magnetic field and

the temperature of the background plasma. The quasi-linearanalysis shows that the main result

of the instability is rapid pitch-angle scattering of the runaway electrons. It appears possible

that this instability could explain why the number of runaway electrons generated in tokamak

disruptions depends on the strength of the magnetic field [3,4]. One reason for the absence of

runaways could be that the whistler instability scatters runaways and prevents the beam from

forming. The observed critical field is of the same order of magnitude as our instability thresh-

old. Taking, for instance, a plasma densityne = 3 · 1019 m−3 and a runaway current density

jr = nrec= 2 MA/m2 typical of JET, gives a threshold temperatureTe = 17 eV (for Z = 1).

Experimentally, the post-disruption temperature is highly uncertain, but is commonly believed

(on various grounds) to be around 10 eV. It is thus clear that the instability threshold is in the

right parameter range.
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