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The object of this report is to derive the variational principle that governs the stationary ideal
axisymmetric MHD flow and to show its application to the solution of open-boundary problems.
We shall start deriving the governing differential equation and the Bernoulli’s constraint, both

characterizing the solution. The equations to be considered are:

O-(pv) = 0, v-0S=0, (1)
p(v-Oyv = —Dp-i—%(DxB)xB, 2
Ox(vxB) = 0, 0-B=0, (3)

wherep is the mass density,is the plasma velocityp is the scalar pressurB,is the magnetic

field andSis the entropy per unit mass. In what follows we use cylindricat, z) coordinates,
where¢ represents the azimuthal angle. The axial symmetry allow us to express the poloidal
magnetic field in terms of the derivatives of a flux functigrasB, = Oy x[¢, and the perfect
conductivity equation yieldg, = x(r,z)By. It is well known that this set of equations presents

five field-line constants that can be expressed as functiops. of

drpx = F(y),  Sp,p)=9y), 4)
%(V¢—K‘B¢) = G(l[/), I’B¢—I’FV¢=H(I]/). (5)

The Euler equation (2) on the poloidal plane gives the two fundamental equations of the prob-
lem: from the component alorig), we obtain the generalized Bernoulli constant:

+V2/2-1v,G = (y), 6)

w=const

[@prp)

while the component parallel {0y gives the generalized Grad-Shafranov equation

- F\aw — Fo(F ) oy= 7)
4mp v 4ntp V=

— 4gpr? (J’+rv¢,G’ — EKSB> — (H+rvF)(H +rvyF'),

whereA*y is defined ag\ y =r & (19¢) 4 2 2.
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Since the model is non dissipative we search for an equivalent formulation in terms of a
lagrangian functional extremization and, as a starting point, we decided to develop our analysis

through two simplified problems:

e Static plasma behaviour (classical Grad-Shafranov);

e Non-magnetic flow behaviour (hydrodynamic).

The first case has been widely studied and the differential approach yields

dp dl
J— * — 2_ _
ANy = 4nrx dw+ldw, (8)

wherep = p(y) andrBy = | (y) are the two field-lines constants of the problem. In variational

term the solution of the above expression is equivalently achieved finding an extremum of the
lagrangian functional (y) = [ -Z (X, y,Oy)dV, where the lagrangian density’ is defined

1 /Op\® 1 /1)?
f——g(7> —l-g(;) +p. (9)

Note that in this case the langrangian of the system is a functional of the flux function only and

as follows

. : . 2 B2
that the lagrangian density can also be writtertZas- —% + % +p.
In the hydrodynamic case there are three flux invariants: introducing the specific angular

momentum per unit mass about the symmetry akis, rv,, and theBernoulli ‘constant’

1 1A2
B:QV%+§r—2+/(dp/P)

: (10)

y=const

it is then easy to prove th& =B(y) , A= A(y) andS= S(y). From the equation of state

4
also followsp =C (y)p? = po (£) exp|(y—1) §2].
From the momentum equation we obtain a second order partial differential equation

d1/1dy Jd (ldy\| _,dB dA ,pdS
{rarr(p 8r>+az(p 82)}_pr dy pAdl// rdel//’ (11)

with p determined by the algebraic Bernoulli equation

C1/109\? 1[AWIE .y
B(‘l’)—§<;7> +§{ . ] +},_1PY 'C(w). (12)

A solution of eq. (11) with the implicit condition stated by eq. (12) is found talgrend v

such that the lagrangian of the system is an extremum of the functional

L(p7ll/> :/Q,%(x,p,y/,Dy/)dV, (13)
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where.Z , the lagrangian density, is defined by

1 /10y)\? 1 (A)? 1
L () L (A e L ”

We notice that this last expression can be regarde&’as pv%+ p and that the lagrangian
functional depends on two independent variables.
Finally, for the Grad-Shafranov generalized equation, we can find a solution that also satisfies

the generalized Bernoulli constraint just extremizing the lagrangian functional

L(p7llf> :/ch(x,p,l//,Dq/)dV, (15)

where.Z is now defined by

2 2 2
&= (;—p—1> % <DTW) +% (HJFrM) —%pv§+p (3+1vyG) —%1;)70.
(16)
As expected, the lagrangian density can be written in the f@tm —f—j‘; + g—; + p+pv% and the
Bernoulli constraint implies a double functional dependence for the Lagrangian. This variational
formulation can be obtained from an energy principle with the flux functions (4-6) imposed as
lagrangian multipliers (see ref[3]).
In the study of the functional (15) we have considered that the boundary conditions are the
values of the unknown functiogr assigned o@ Q. Another classical type of boundary condi-
tion that results very important for the variational problem we are attempting to investigate is
obtained when the values assumedybgn a pardQ of the whole boundaryQ are not speci-
fied. This condition is calledatural and yield a solution that satisfies the subsequent equation
onadQ
J dz  JZ dr _0
d(dy/dr)ds 0 (dy/dz)ds

wheresis the boundary arc-length. In fact, taking the first variation of our functional, we obtain

(17)

with some manipulations:
SL— / [z]wéwdv+/ .#], paV + / (zl,,ﬂ ~ %, d—z) SydS
Q Q Ple) ds ds
and, for the arbitrariness of the variatiobg anddp, the search for an extremum bimplies
v ], and the equation (17) for the bounda&rQ to

be satisfied. Substituting” in (17) and carrying out the calculation, it can be rewritten in the

both the Euler-Lagrange equatiop®|

form: riz (% — 1> Ow-n = 0. This relation definitely means that in our case, in the past@f
where we impose no condition am, we are asking for a solution with a poloidal velocity field
flowing perpendicularly to the boundary.
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We search for a simple approximationwfandp through the extremization of the functional
(15), for this reason we start assuming that the approximation functions belongs to a finite
dimensional subspace of the solution space, thus considering its expansion as a sum of base-

function, it can be written in the form:

N

v (xy) = Z)‘I/nFn X,y) = Z»Z)w' iR ) F (y (18)
p(x Z PmGm (X,y) = Z)Z)Plj (19)

whereF*Y and G*Y are two family of base-functions. It is usually preferred to approximate
the solution with smooth functions, choosing the base that best represents the solution as we
suppose it will be. It is also important to avoid singularities of the integral functions. First, we
impose the boundary constraints of the problem. Substitution of the obtained functions into (13)

implies
L(wl,...wn.,pl,.--,pm):/Qﬁ(x,mpm),w(wn%Dw(wn))dV, (20)
and the extremization process can be developed deriving (20) with respgcata pr,
oA 0%
= dv="R W Py s Py ) s 21
allfn 0 81’/” n(l[/]_, lVl’h P1 pm> ( )
0¥ 0%
= dv = e ) 22
o~ Joapm R (W1, - Wiy, P15 -+, Pmy) (22)

Hence we conclude that the approximation coeficients are a solution of the non-linear equa-
tion systemPy,...,Py, Ry, ...,Rm] = 0. Since each term of this non-linear equation’s system is

a smooth function of unknown coefficients, we decide to exploit the Newton-Raphson’s algo-
rithm. Except for flow regimes with discontinuities (i.e. shock waves or transonic points), the
method proposed has turned out to be accurate in describing general flows properties, proving
itself to be a reliable instrument for the study of axial symmetric MHD flows.
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