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                                                          Abstract 
 
Transport coefficients for both toroidal and poloidal momentum transport have been 
derived for the Weiland model. The  turbulent drive also gives  source terms due to 
Geodesic Acoustic Modes (GAM’s).  A rather complete model has been obtained for the 
shift in the eigenfunction due to flowshear. The reactive closure of the model enhances 
diffusivities and source terms  associated with temperature perturbations. Momentum 
pinches are obtained for both poloidal and toroidal flows. The pinch in the toroidal flow 
is, however,  usually rather weak, making a model with only diagonal element 
reasonable. Nonlinear feedback between flows, flowshear, shift of eigenfunction and 
turbulence level makes simulations sensitive and it frequently becomes necessary to 
freeze one or more variables. 
 
Introduction 
The interest in momentum transport has recently increased strongly. This is mainly 
because of the need to understand the formation of internal transport barriers1. While the 
poloidal momentum transport has been assumed to be neoclassical, the toroidal 
momentum transport has been considered to be anomalous with the transport coefficient   

iχχϕ ≈   where  iχ  is the ion thermal conductivity.  Because of this the so called Prandtl 

number  Pr = iχχϕ /  has been introduced and early models even predicted Pr = 1 for 

comparison with the thermal conductivity of the slab ITG mode2. Recent results from 
JET, however, typically give  0.2 > Pr > 0.53. Recently also experimental results from 
JET have put the assumption that the poloidal momentum transport is neoclassical in 
serious doubt since rotation velocities about an order of magnitude larger than the 
neoclassical have been observed4. This also lead to modified conclusions regarding the 
ability of different transport models to predict transport barriers5. In the following we will 
present theories for both toroidal and poloidal momentum transport. While the toroidal 
momentum transport already has been compared to experiment with reasonably good 
result the poloidal momentum transport is still a very open question although good 
possibilities for dominance of turbulent poloidal momentum transport have been found. 
 
Formulation 
We start by deriving the diagonal element of a general variable since this is can be 
applied  for both  toroidal and poloidal momentum. ExB convection of a general variable 
F, using Fick’s law leads to: 
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    With the saturation level given by6: 
 
                                 ;                                                                                           (1) 
 
 
We arrive at: 
                                                                                                                              (2a) 
 

 This result was also obtained by kinetic orbit integration7. It  is directly applicable to 

 momentum diffusivity mχ   (toroidal or poloidal). For comparison the diagonal element of 

iχ  has the same form but also gets a Doppler shift due to the diamagnetic heat flow 
 (closure term). 

                                                                                                                               (2b) 
                                                                                                                               
Thus we see that the Doppler shift has a direct effect on the Prandtl number .The result is 
typically for JET 0.2 < Pr< 0.5 in agreement with experiment3,8. We also note that the 
normalization of diffusivities here follows the original normalization of our model6.   
 
Off diagonal transport elements 
A problem with deriving transport equations for momentum  is that we can get several 
nonlinear terms in addition to the usual Reynolds stress. This is partly related to using 
low frequency drifts in the momentum equation. These drifts were derived from the 
momentum equation. For this reason it is necessary to compare with derivations of zonal 
flows, using some systematic perturbation scheme or to compare with nonlinear 
gyrokinetic theory9. As it turns out this also gives us a contribution from the nonlinearity 
in the energy equation which is particularly strong close to marginal stability.  
 
 
 
It enters as a nonlinear source term for Geodesic Acoustic Modes. 
 
Toroidal momentum balance 
We will now, first consider the off diagonal parts of the toroidal momentum balance. 
We write the equation of toroidal momentum as: 
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We here want to rewrite (3) as a transport equation in the radial direction. There will only 
be average transport in the radial direction. Thus  
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Here the convective velocity, rv  is only the ExB drift while the convected velocity, φv  
includes also the diamagnetic drift and the parallel velocity.   The poloidal component of 
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= .  The same applies to the diamagnetic drift.  This leads to the 

perpendicular contribution from Reynolds stress: 
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The contribution from the parallel velocity is usually larger. It can be written: 
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where 
                                                                                                                                
                                                                                                                                 (5) 
                                                                                         
 
Here a complication arises because k enters only to first power. An average  

< k > of  k over the mode profile then gives zero in the absence of background flows. 

We then need this average in the presence of background flows. This was derived in Ref  
10 and leads to: ( ar /=ρ ) 
 
 
                                                                                                                                      (6a) 
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Thus we see that both gradients of toroidal and poloidal flows contribute.  

Now assuming  3.0≈∝ sk
qR

a ρθ    we can estimate 

            < k >  
qRL

a 1∝                                                                                                    (7) 

where L is the smallest of the length-scales of poloidal and toroidal flows. This value 
is typically considerably smaller than the usual estimate 1/qR in the interior  but can 
eventually become comparable to it. Thus usually the diagonal element dominates for 
toroidal momentum transport. 
 
 Poloidal momentum transport 
We write the equation for poloidal momentum transport as: 
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 We can now write a transport equation for θV  in the form: 
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We here consider transport of   
θθθ iE vvv ∗+=  

where  θEv is the cross field drift and  θiv∗  is the full perturbed ion diamagnetic drift 
including temperature gradient. This actually gives us  Eq (4a) but without the factor 

q/ε .  Thus 
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An interesting observation is here that the pure ExB part always gives a pinch which just 
means that the usual Reynolds stress generates zonal flows. The part due to the pressure 
perturbation is due to the diamagnetic drift. It introduces a dependence on the fluid 
resonance in the energy equation and can go in both directions. However the convective 
part usually leads to a more peaked equilibrium. 

 
Discussion 
Using the saturation level (1) in (4) and (10) we find that the diagonal element typically 
dominates for toroidal momentum transport while the off-diagonal elements tend to 
dominate for poloidal momentum transport. An interesting aspect is that the diagonal 
element of iχ  has a Doppler shift as seen in Eq (2b). Since the ITG mode typically has 

Dir ωω 2≈  this is sufficient to give us a Prandtl number between 0.2 and 0.5. This has 
been verified by simulations8. A consequence of this is that we expect Prandtl numbers 
larger than 1 for the trapped electron mode. 
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